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Definitions

For background and further reading, see |5, 1]. For the pur-
poses of this poster,

= The unit disk,
D={zeC: |z] <1}

s the set of all points within 1 unit, exclusive, of the origin;
= The orbit of a point z

k oo
GEI
Is the sequence of successive maps of z under f;
= The filled Julia set for a given polynomial map f: C— C,

K(f) = {z e C: {f4 ()12 is bounded}

Is the set of points whose orbits by f remain bounded;
= The Julia set for a map f,

J(f) = IK(f)
IS the boundary of the filled Julia set;
= The Fatou set for a map f,
F(f) =C\J(f)
Is the compliment of the Julia set;
= The quibble of a polynomial p,
2=p (D)
s the preimage of the disk under p;
= The extended complex plane,
C=CU{e}
Is the complex plane together with the point at infinity;

= A periodic point z € C is periodic for £ with period k if
f*(z) = z and the points z, f(z),..., f*"!(z) are all distinct;

= The multiplier A of a periodic point z of period k,
k—1
A= () =1 @)
j=0
where if |A| < 1, then zis attracting; if |A| > 1, z is repelling;
it [A| =1, zo Is indifferent;
= A point z € C is preperiodic if, for some i > j > 0,
f1(2) = f(2);
= An attracting basin is a component A; C .%(f) where

fP(A;) =A; with some attracting periodic point w € A;
such that f"P(A;) — w as n — oo; and

= A polynomial is hyperbolic if every component of the
Fatou set is an attracting basin. Thus, K(f) = U’}ZIAJ-.

= For hyperbolic p, orbits of all points in .% (p) will be
attracted to a periodic attracting cycle, which we denote
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Abstract

An Abridged History

For maps of one complex variable, f,(z) = (p(z))"+ ¢q(z), where p and g are polynomials, we show that the geometric limit
as n — oo Of the filled Julia set of f, is almost always defined and determined by preimages of the unit disk by p. Additionally,
for maps g, given as the sum of two polynomials of which one is composed with itself n times, we show that the geometric
imit as n — o of the filled Julia set almost always fails to exist.

Sums with Powers: f,(z) = (p(z))" +q(z)

Theorem
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Let fu(z) = (p(z))" +4q(z), where p,q are polynomials with deg p >
2, and g hyperbolic with no attracting periodic points on dp~! (D)
if degg > 2. If p(qg(p~'(D))) N oD # 0, then

fim K(f,) = (g~ (r" (D)U 1 2;
j=0 '

Nn—roo

where
D= {ZI g“(z) € p ' (D) fork < j—1, and ¢/(z) € &p‘l(]D))}

Corollary

1. If p(g(p~ (D)) C D, then
lim K(f,) = p~ (D)

N—ro0

2. 1f p(g(p~}(D))) c C\D, then
lim K (f,) = dp~' (D)

Nn—r0

Right, top: K(f3z00) for two distinct families f;,.
Right, bottom: K (fi6) for f, where p(g(p~1(D))) C D (left) and

p(g(p~'(D))) C C\D (right).

Sums with Iterates: g,(z) = p"(z) + ¢q(z)

= Suppose p Is hyperbolic with periodic attracting cycle

Zlyene s Tk Conjecture

Suppose p is hyperbolic and g(z) + z¢ Is hyperbolic for each

= For each n, there exists some ¢ € {1,...,k} such that
¢e{l,...,k}. For fixed ¢, define the subsequence n,, = £+

g,(2) = q(z) +z¢

mk. Then
= Let Ay be the basin of attraction for z; of p¥, and @ o0
‘ lim K(ga,) = (&7 (P'(A) VU 7
A=]JA j=0 j=0
/=1 where

q(z) +z1, forz €A Fi=1{z:8(z) €J(p) and g€(z) € Afork=1,...,j—1}.

Define g: A— C by g(z) = :
Q(Z) T Zk; forze Ak°

Above: K(g,) for n =49,50,51 with p(z) =z — 0.1 +0.75i, g(z) = z> — 0.2 +0.3i. Although the limit does not exist through N, subsequential limits
exist along classes n mod 3.

Boyd & Schulz, 2012 [2]
Let fu(z) =7"+c.

flc| < 1, then lim K(f,) =D, and
n—roo

flc| > 1, then lim K(f,) = JD.
Nn—ro0

Kaschner, Romero, & Simmons, 2015 [4]
Let fu(z) = Z*+c¢. For almost all |c| =1,
lim K(f,) does not exist. If argc € Q, then

n—»o0

limsupK(f,) = D, and

n—o0

liminfK(f,) = dD.
Nn—ro0

Brame & Kaschner, 2020 [3]
Upgrade: gu(z) =7"+q(z). If g is hyperbolic with no attracting
periodic points on dD, then

oo oo

lim K(g,) = a7 MUulJs;
=0 =0

where §; = {ZED: g (z) eDfork < j—1, and ¢’(z) € QD}.

Top, left to right: K(g,) with ¢g(z) = 22— 0.1 +0.75i and n = 6,12,25,50.
Bottom left: K(g1s00). Bottom right: Sketch of K., where K, is green and
the sets S; are red.
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