CALCULUS II: TRIGONOMETRIC INTEGRAL EXAMPLE

ELEANOR WAISS

Example 1. Solve
/ tan® x sec xdz.

Solution. Normally, integrals involving tangent and secant terms multiplied together
(specifically some even power of secx) are nicely solved with the substitution u = tanx.
However, since the power on secant is 1, we will need to try something else altogether.

Begin by making the Pythagorean substitution of sec?x — 1 for tan? z:

(1) / (sec2 T+ 1) secxdx = /sec3 x — secxdx

(2) = /sec3 xdr — /sec xdx

Splitting the integral up linearly, we first consider only the integral of secz. We can keep
the integral unchanged by multiplying by 1, and we do so as follows:

t
(3) /sec zdr = /secx Janrsees

tanx + secx
B / sec xtan x + sec? x

(4) dz

substituting u = tan x + sec z, we get du = (sec z tanz + sec? x)dx:

tanx + secx

d
(5) :/Zuzln|tanx+secx|+0

We now aim to solve the first integral in Equation [2} Using integration by parts, we have
that

(6) /sec3 zdx = /(sec r)(sec? z)dx

(7) =secxtanx — /tan2 x sec xdx

and yet, the remaining integral is what we aimed to solve in the first place! Label this
integral as I, then

(8) I =secxtanx + In|tanz +secz|+C — 1

and so

1
9) /tan2 xsecxdr = 5 (secxtanz + In [tan x 4 sec x|) + C.



