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DHW Section 8.1, part 1 – Multistate Models & Markov Processes – Discrete Case 
 
Review/Warmup:  
 
Let Tx be the future lifetime random variable for (x).  Recall the notation… 
 
  ��� =  Sx(t) =       
 
  ���  
 
 We omit the t in the case t = 1 year. 
 
Relationships between  v,  d,  δ,  i: 
 
 
 
 
 
 
 
Example 1: A fully discrete two-year term insurance on (50).  The insurance pays 
  10 at the end of the year of death.   
 
  p50 = .99 ;  p51 = .98 ; i = .05 
  
  Find expressions for… 
  
 a. The net single premium. 
 
 
 
 
 
 
 b. The level annual premium. 
 
 
 
 
 
 c. The value of 0L (the future loss at time 0) if the insured dies (i) at time t = 1/3; 
  (ii) at time t = 1.5. 
 
 
 
 d. The values of 0V (cjw: illustrate the def’n and the Equiv. Pr.) and 1V. 
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Illustration 2: Multistate models. 
 
a. Alive-dead model. 
 
b. An insured life (x) has a whole life policy.  He/she could do any of the following: 
 
 (0) Live another year and pay another premium. 
 (1) Live another year but let the policy lapse. 
 (2) Die before the next birthday. 
 
c. (x) and (y) are married, and they buy a policy that pays  
 

 $B to (x) if (y) dies first and  
 

 $C to (y) if (x) dies first. 
 
 One could assume either that  
 

 (x) and (y) are independent lives, or that 
 

 Tx and Ty are not independent. 
 

 
d. Multistate annuity models: 
 

 A joint life annuity: payable until the first death of a group of lives 
(payable while the joint status is intact—think about our �: �⌉ notation) 

 
 A last survivor annuity: payable until the last death of a group of lives 

 
 

 A reversionary annuity, which makes payments that begin on the death 
of a specified life, e.g. paying B1 per year to the wife while the husband is 
dead but wife is alive, paying B2 per year to the husband while the wife is 
dead but the husband is alive 

  
e. A person could leave employment by retiring, getting fired, or dying.  The resulting cash  
 flows (pension, continuing health benefits, etc.) will be different in each case. 
 
 
 
 
f. A person could die by “Cause 1”, “Cause 2”, or “other causes”. 
 
 Consider the Makeham model μx = A + Bcx. 
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g. Temporary disability model:  A person could be in any of three states:  
 
 (0)  Alive and well 
 (1)  Sick/Disabled 
 (2)  Dead 
 
 An insurance policy might suspend premium billing or even provide disability income  
 during periods of disability, plus a death benefit.  So there will be differences in cash  
 flows anytime a transition occurs between these states. 
 
 Variation: Permanent disability model. 
 
 
 
 
DHW (temporary) Notation:   
 
 Let Y(t) denote the state of a model at time t. 
 
 We say that the set {Y(t)  |  t ≥ 0} of random variables is a continuous time stochastic  
 process. 
 
Three Permanent Assumptions for multistate models 
 
 (1) We assume {Y(t) | t ≥ 0}  is a Markov process (or satisfies the Markov property): 
 
   For any states  i  and  j  and for any three points in time 0 < t0 < t1 < t2 ,   
 
     Pr[Y(t2) = j  |  Y(t1) = i]   
 
   does not depend on Y(t0). 
 
 e.g. If the Markov property is satisfied by the weather, then 
  Pr[Snow tomorrow | Rain today] would not depend on yesterday’s weather. 
 
 

 Notation:  o(h)  ←  any function with the property that  ��� 
�→�

�(�)

�
= 0 

 
 (2) We assume that   
 
   Pr[Two or more transitions within a time period of length h] = o(h) 
 
  i.e.  We may ignore Pr[two transitions within any very short time interval]. 
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 (3) For  states  i ≠ j, 
 
    Pr[Transition to state j during [x, x + t]  |  Y(x) = “state i” ]   
 
  is a differentiable function of t. 
 

  Assumption (3) will allow us to define a “force of transition” � ��
���

  for i ≠ j. 

 
 
 
 
Permanent Notation: 
  

 a.  �� ��
�

   =  Pr[Y(x + t) = j  |  Y(x) =i] 

 
   =  Pr[(x) is in state j at time t  |  (x) observed in state i at time 0 ] 
 
  *Note that transitions to and from “state j” are permitted during (x, x + t). 
 

 b.   �� ��
�
   =  Pr[Y(x + t) = i  |  Y(x) =i] 

 
   =  Pr[(x) is in state i at time t  |  (x) observed in state i at time 0 ] 
 
  *Note that transitions in and out of “state i” are permitted during (x, x + t). 
 

 c.  �� ���
�
  =  Pr[Y(x + s) = i  for all s ∈ [0, t] | Y(x) = i] 

 
   =   Pr[(x) remains in state i throughout [0, t] | (x) in state i at time 0.] 
 
 d. As always, we omit the t in the case t = 1 year. 
 
 
Sometimes transition probabilities are collected in matrix form.   
 

Convention:  One-year transition probabilities � ��
�

  are given in the (row-i , column-j) entry of  

  a transition matrix. 
 
Row and column numbering schemes sometimes begin with a “row/column 0”.  
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Example 3: A discrete multistate example. 
 
An insurance company issues a special fully discrete 2-year insurance to a high risk individual 
(x).  The insurance pays a death benefit of B at the end of the year of death.  You are given the 
following multistate model: 
 
 State 0: Alive & Well 
 State 1: Disabled 
 State 2: Dead    i = .06 
 

Annual transition probabilities � ��
���

 for k = 0, 1 are given by the transition matrix 

 

 M =   �
. 7 . 2 . 1
. 1 . 6 . 3
__ __ __

�. 

 

 a. Find   �� ���
�
  for  i = 0, 1, 2 under the assumption that transitions occur at most once  

  per year (we won’t make that assumption for parts b, c, d). 
 
 
 
 
 b. Suppose that (x) is heathy at t = 0.  Find the probability that (x) will be healthy at  
  time t = 2.   Also give the notation for this probability.   
 
 
 
 
 
 
 
 c. What is the largest death benefit  B  that can be funded by a single premium of 
  1000 if (x) is healthy at  t = 0? 
 
 
 
 
 
 
 
 
 
 d. Suppose that the policy is funded by annual premiums of 1000, payable only if   
  (x) is in the healthy state.  What is the largest death benefit B that can be funded 
  under this premium structure if (x) is in State 0 at time 0?  
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Homework 8.1 day 1:

 
   Tip:     Year 2 begins at t = 1 (always draw a timeline.)   Answer:  439.91 

Optional study problem: 

 
  Tip: I smell a binomial random variable.  What is the n?  What is the p?  Answer: npq ≈ 17   
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8.1 Multistate Models – Day 2 
 
Recall:   
 

  �� ��
�

 =   Pr[(�) is �� State 1 at time �  |  (�) observed in State 0 at time 0 ] 

 
 

  �� ��
�

 =   Pr[(�) is �� State 0 at time �  |  (�) observed in State 0 at time 0 ] 

 
 

  �� ���
�
  =   Pr[(x) remains in State i throughout [0, t] | (x) in State i at time 0.] 

 
 
 

Additional Notation: �̈�:�⌉
��  = EPV of the following n-year term arrangement: 

     $1 paid at start of any year where (x) is in state k, given a  
     start in State i. 
 

    ��:�⌉
��  = EPV of the following n-year term arrangement: 

     $1 paid at end of each year* in which a transition to State k 
     occurs from another state occurs, given start in State i. 
 
*This symbol is carefully defined in the continuous case by the SOA syllabus readings but not in 
the discrete case—in the discrete case, the only use of this symbol involves payment of a death 
benefit, which can occur at most one time per policy.    
 
Example: To illustrate this notation:   
 
  Consider a whole life disability income policy on a life whose current age is x. 
  You use a model with (0) = Healthy; (1) = Temporary Disability; (2) = Dead.   
  You make the simplifying assumption that only one transition occurs per year.  
 
  There is an expense that (valued at the end of a given year) is 100 for each  
  transition into the disabled state. 
 
  The policy pays $30,000 at the start of any year if (x) is disabled at that time. 
 
  Write an expression for the EPV of the expenses and disability income payments  
  if (x) is currently healthy. 
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Example Based on Fall 2018 LTAM Written #1 
  

  
 

 
 
 
 
 
 
(b) Consider a 50,000, fully discrete 10-year term insurance policy issued to a 60-year old.   
 
 Annual premiums of 5000 are payable only while in the healthy state (waived in the sick 

state).   
 
 Each year has maintenance expense of 150 at the start of the year for all policies in force. 

 
 Let  ��(�) denote the (conditional) EPV of future losses at time 2, given that (60) is in  
 state i at that time.  Show how to calculate 2V(0) and 2V(1).   
 
 
 
 
(c) Write equations relating (i)  3V(0), 3V(1), and 2V(0); (ii)  3V(0), 3V(1), and 2V(1). 
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In-class practice examples: 
 
From Spring 2019 LTAM: 
 

 
 a. Calculate the probability that a healthy life age 70 dies within 2 years. 
 
 
 
 
 b.  
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From Fall 2018 LTAM: 

 
 
From Spring 2019 LTAM: 

 

   
 
 Calculate the EPV of the insurance benefits at i = 10%. 
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From Fall 2018 LTAM: 

 
 
a. Draw and put English labels on a transition diagram for this multistate model. 
 
b. Use an appropriate one-year recursion to calculate 6V(0). 
  



M A 3 9 8  | 13 

 
 
DHW 8.1, Day 3 – Multistate Markov models, continued – continuous-time Markov 
processes 
 
Key background information for understanding transition forces in multistate models 
 
Consider the alive-dead model. 
 
Recall relationships between  fTx(t) ,  FTx(t),  STx(t): 
   
 
Definition/interpretation: Force of mortality:  μx ,   μx+t  

 
 
 
 
 
 
Rearranging:  Get formula for fTx(t) – has useful interpretation (draw timeline-style tree diagram). 
 
 
 
 
 
 
 

  

 
Outline of how to get Sx(t) from μx+t: 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Hence:  fTx(t) = tpx μx+t  =  __________.  
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MA 397 Review example: 
 

Suppose that  μx+t = �
. 03  if  � ≤ 3
. 04  if  � > 3

  and  δ = .05. 

 
a. Find the probability that (x) survives at least 4 years. 
 
 
 
 
 (Remark:  Survive the “.03” force for three years, then…) 
 
b. Find the expected present value of a whole life insurance benefit of 1 on (x), payable at  
 the moment of death. 
 
 Here we are viewing our computation as the expected value of a function of Tx. 
 
 
 
 
 
 
 
 
c. Find the expected present value of a whole life annuity on (x) that pays at a rate of c dollars 

per year. 
  
 Here we are viewing our computation as the sum of the expected values of a bunch of 

random variables, namely PV’s of life-contingent payments of size c⋅ dt,  each occurring 
with probability tpx .   

 
 
 
 
 
 

d. Reminder concerning 2nd moments for the quantities in (b) and in (c).  In both cases, we 
must find  ��̅x. (We cannot use an integral to get the 2nd moment of the annuity pv random 
variable, because the random variables being summed in (c) are not independent and 
because those random variables do not individually represent possible values of the 
annuity itself—squaring them would not give us the square of a corresponding annuity 
value.)  

 
 
e. Find the present value of a fully continuous 3-year deferred whole-life benefit of 1 for (x).   
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Continuous-time Markov processes/multistate models 
 

Recall:   �� ��
�

   =  Pr[(x) is in state j at time t  |  (x) observed in state i at time 0 ] 

 

    �� ��
�
    =  Pr[(x) is in state i at time t  |  (x) observed in state i at time 0 ] 

 

   �� ���
�
  =  Pr[(x) remains in state i throughout [0, t] | (x) in state i at time 0.] 

 
We retain the assumptions we made earlier:  

 Pr[2 transitions during [t, t + h]] = o(h) 

  �� ��
�

 is a differentiable function of t 

 Markov property: For every x, t, i, and j, the transition probability  �� ��
�

 does not 

depend on any events/states that may have occurred prior to age (x).  
 

Definition:   For j ≠ i , we define  � ��
�

 = 
lim

ℎ → 0�  
 � ��

��
 

�
  . 

Intuition: For small time increments h (so think of h as if it’s dt), we will at times make the  
  approximation  
 

    � ��
��

 ≈  
 
Notice:  We only have forces of transition for i ≠ j.  There is no “force of staying put”. 
  To stay put, one must survive forces that try to push (x) out of the current state. 
  That is: 
 

    �� ���
�
 =  

       Remark: This splits as a product.  Interpretation 
 
 
 
 
Thinking about probability computations: 
 
 We may view the sum μτ  of the transition forces μ0j as an overall “force of exiting State 0”. 
 

 
 
 

 Particular example:  μx = A + Bcx 
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Example 1 Consider the following multistate model: 

     
  Let  � ��

���
= .01 , μ ��

���
= .02 , and  � ��

�
= .03 + .04�   be the transition  

  intensities.  Assume (x) begins in the healthy state. 
 
 a. Find the probability that (x) is still healthy in ten years. 
 
 
 
 
 
 
 
 
 
 b. Find the probability that (x) dies during the next ten years without becoming  
  disabled first. 
 
 
 
 
 
 
 
 
 
 c. Find the probability that (x) becomes disabled within ten years. 
 
 
 
 
 
 
 
 
 
 
            (→ ct’d) 

 

Tip: 
 Survival probabilities involve 

exponentiating. 
 
 Probabilities of transitions involve 

integrals that consider various 
amounts of time until an 
instantaneous might occur—draw 
timeline & tell the story. 
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(Example 1, ct’d) � ��
���

= .01 , � ��
���

= .02 , and  � ��
���

= .03 + .04� 

     
 
 d. Find the probability that  (x) becomes disabled within the next ten years and  
  remains alive at the end of that period. 
 
 
 
 
 
 
 
 
 
 
 
 
 e. Find the probability that  (x) becomes disabled and dies, all within the next ten  
  years.  (The easiest way by far is to use (c) and (d)). 
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Example 2: Consider the following multistate model 

     
  with  � ��

���
= .01 , � ��

���
= .02 , and  � ��

���
= .12 .  Assume (x) begins in the  

  healthy state. 
  
 a. Find the probability that  (x) becomes disabled within the next ten years and  
  remains alive at the end of that period. 
  
 
 
 
 
 
 
 
 
 b. Find the probability (directly) that (x) becomes disabled and then dies within 10  
  years.  
 
 
 
 
 
 
 
 
 
 
 
 
 
  Remark:  One could still do Pr[disabled by time 10] – Pr[disabled by/survives to time 10] 
 
            (→ ct’d) 
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 (Example 2, continued) � ��
���

= .01 , ��
���

= .02 ,   � ��
���

= .12   

     
 c. Find the EPV of a ten-year term death benefit of B, payable upon at the  
  moment of death of (x). 
 
 
 
 
 
 
 
 
 
 
 
 d. Find the EPV of a ten year annuity, payable continuously at a rate of C per year,  
  with payments occurring only while (x) is in the healthy state. 
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Homework – Discrete (ct’d) and continuous multistate Markov models 
 
Suggested Sample ALTAM problems (Canvas):  #10b, 15ab 
 
SOA Written Sample #5
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MA 397 Review problem: 

 
 Continuous-time Markov process problems 
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From Nov. 2013 Exam MLC, #10: 
 Consider the following multistate model 

      
 You are given the following constant forces of transition: 
 
   μ01 = .02,     μ02 = .03,   μ12 = .05.    
 

  
  
  Answer: .83  -  one way to get there results in the fraction     

      
W8.2  Additional problem: 
 
 Consider the setting of #10 above.  (You may want to work some of these out and simply  
 set up some of the others.) 
 
 a. Find the EPV of a whole-life fully continuous insurance of 1000. Assume δ = .04. 
  
 b. Find the EPV of a 10-year term insurance of 1000.  Assume δ = .04. 
 
 c. Find the EPV of a fully continuous 10-year annuity of $P per year, payable only  
  while (x) is in the healthy state.  Use δ = .04 . 
 
  Note that setting (b) = (c) would determine the premium for a policy with a  
  feature that premiums are suspended during a period of disability. 
 
 d. Determine Pr[(x) becomes disabled within 10 years].   

  (Why is this not the quantity  ��� ��
�

 ?) 

 
 e. Determine Pr[(x) dies within 10 years without becoming disabled first]. 
 

 f. Determine Pr[(x) is disabled and alive at time 10], that is, find  ��� ��
�

. 
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DHW3e Sections 8.5-8.8  Premium computation in the continuous temporary disability model 
 
Recall:  Consider the alive-dead model  0 → 1. 
  Using tpx notation (and giving the special constant μ case), write down  
  integral expressions for �̅� and ���. 
 
 
 
 
 
 
 
 
 
Definitions: (DHW section 8.6) 
 

   

    

   
 Note: The symbol �̅�

�� denotes the EPV of a payment of $1 upon every transition  
  into State k, given a start in state i. 
 

 DHW also introduces notations ���:�⌉
��  and �̅�:�⌉

��  (see DHW3e Example 8.7), which 

basically modify the above for n-year term policies.  (In particular, the “upper 1” is 
dropped from above the x.  There appears to be no standard way to notate 
endowment contracts in the multistate model notation.)  
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Example: Consider the temporary disability model:  
 
   0 = healthy, 1 = critically ill, 2 = dead. 
 
  Consider a fully continuous whole-life policy that pays S = 1,000,000 benefit  
  upon death and disability income, continuously payable at a rate of �� = 50,000  
  per year, during periods of critical illness.  This policy is sold to (40), who is  
  healthy. 
 
  You are given the values of �̅�

��  and  ���
��  for  x = 40 and for x = 55,   

  for i and k = 0, 1, 2. 
 
 a. Find the benefit premium  ��, payable continuously only during healthy periods, 
  in terms of �̅��

��   and  ����
�� . 

 
 
 
 
 
 
 
 
 
 b. Find the time-15 reserves 15V(0) and 15V(1). 
 
  (To illustrate:   15V(1)  is the “critical illness reserve”, i.e.  
   15V(1)  =  Et=15[future losses past time 15| in state 1 at time 15]   ) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Suggested Sample ALTAM Practice:  #5a(all), 5b(i, ii), 6abcd, 8ab 
Assigned Reading:  DHW3e Sections 1.7 – 1.7.1. 
Additional HW/Practice on theNext pages of this packet →  
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Practice Problem / HW 
SOA Written #14 (Ignore the “Thiele’s Differential Equation” question for the moment): 
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DHW3e 8.9: CII – Critical Illness Insurance models 
 
Hardy LTAM Study Note, Example 2.5 
 

 
 
Recall notation: 
  
 
�̅  

��  ∶ 
 

��⌉�����
��  = EPV[$1 payment occurring whenever* a transition into (3)** occurs before time 20, given start in (0)] 

  *In this particular model, only one such future transition is possible. 
  **The transition is not required to be directly (0)→(3); any entrance into (3) triggers a payment.   

 
��  

��  ∶ 
 

��⌉�����
��  = EPV[annuity with payments continuously made at rate of $1/year whenever (50) is in (1), given start (0)] 

 
(b) Use the following data to compute ��  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
��  at i = .05. 

          
 
  

This is similar to using  

 20E50 = v20⋅20p50  
 in the alive-dead model.  Be careful 
to consider all of the states at age 70 
from which transitions to the “target 
state” 3 are (eventually) possible 
(e.g. 0→…→ 3). 
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(b, continued)    
So we get… 

    
 
 
Compute the annual benefit premium π, paid only while in State 0, for the following 20-year 
term policies written on a healthy life aged 50: 
 
 (ii) A combined CII (critical illness insurance) and life insurance policy that pays  
  $20,000 on CII diagnosis and $10,000 on death. 
 
 
 
 
 
 
 (iii) An accelerated death benefit CII policy that pays $20,000 immediately on the  
  earlier of CII diagnosis and death.  (To clarify: completely separate example/policy from (ii)) 
  *Also: Chronic illness rider on life policy, cf. DHW3e Ex. 8.9-8.19.  
 
 
 
 
 (iv) (For class to try:)  A partly accelerated death benefit policy, which pays  

 $20,000 on CII diagnosis,   
 $30,000 if the policyholder dies without a CII claim, and  
 $10,000 if the policyholder dies after a CII claim. 
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(c) (For class:) Use the table to compute ��  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
�� , �̅  

��  ∶ 
 

��⌉�����
��  at i = .05. 

 Be especially careful with �̅  
��  ∶ 

 
��⌉�����

�� . 
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(c, continued)    

  
 
 
Find 10V(0) and 10V(1) for each of the following 20-year term policies that were written on a 
healthy 50-year-old: 
 
 (ii) A combined CII (critical illness insurance) and life insurance policy that pays  
  $20,000 on CII diagnosis and $10,000 on death with premium π = 246.56. 
 
 
 
 
 
 
 
 
 
 (iii) An accelerated death benefit CII policy that pays $20,000 immediately on the  
  earlier of CII diagnosis and death.  Use π = 303.07. 
 
 
 
 
 
 
 
 
 (iv) (For class to try:)  A partly accelerated death benefit policy, which pays  

 $20,000 on CII diagnosis,   
 $30,000 if the policyholder dies without a CII claim, and  
 $10,000 if the policyholder dies after a CII claim. 

  Use π = 383.47 
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DHW3e 8.9 Continuing Care Retirement Communities (CCRCs) 
Often, a CCRC charges an entry fee, which is typically funded by the sale of a resident’s home.  
So the entry fee may be set near the average home price in the area.  The remaining costs are 
covered through a monthly fee. 
 
Types of contracts:  (Hardy LTAM Study Note, ∮2.4) 
 

 
 
Hardy LTAM Study note, Example 2.6  
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(3500; 6000; 12000 monthly costs) 

(a) Compute the level monthly fee for healthy entrants ages 65 and 70, assuming a $200,000  
 entry fee and a start in State 0 (independent living unit).  Assume a Type A (full lifecare)  
 contract, i.e. the monthly fee remains the same, even if the level of care required changes. 

 
Reminder: �̈��

(��)��

 is EPV of monthly payments at rate of $1 / year  (so $
�

��
 / month)  when in (j).  

 
 
 
 
 
 
 
(b) (For class to try:)  Calculate a revised monthly fee for healthy 65-year old entrants,  
 assuming 70% of the entry fee is refunded at the month of death 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) (Modified from book)  Suppose 20% of entrants are age 65 and the rest are age 70. 
 Find a suitable monthly fee which is not age-dependent if (i) no refund of entry fee; 
 (ii)  70% refund of entry fee upon death. 
 
 
 
HW: Read Sections 1.7 and 1.9 of DHW3e (on Canvas).   
Suggested ALTAM Practice:  #1c, 10cdef, 11abc, 12abcd (read 1.9.2), 13, 16a  
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DHW3e ∮18.6 Statistical estimation of forces of transition in a multistate model 
 

Main fact: Under the assumption that ����
��

 is constant for � ∈ ℤ, 0 < � < 1: 

       (Klugman et al Loss Models 5e) 
 
Example  (Klugman et al 5e Example 12.28) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Special case:  Alive-dead model under constant force assumption:   
   μx ≈ (#deaths)÷(total wait time) 
Related estimation:  “Actuarial estimate” qx ≈  (#deaths)÷(total wait time + .5 × #deaths) 
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DHW  ∮8.4-8.5  Temporary disability model and Kolmogorov Forward Equations 
 
Background info:  
 
1. Another way to look at the derivative. 
 

 
 The notation o(h) represents some error term that disappears as h→0.  (In fact, o(h) is   
 small enough that the ratio o(h)/h → 0 as h → 0).    
 

2. Euler’s method.  Recall the definition  � ��
���

 = lim
�→��

 �� ��
���

�
  for i ≠ j. 

 This is basically a derivative, so we can get a useful approximation.   
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Example 3: (DHW Example 8.5 pp.246-247) 
 
 Consider a disability income model with states 
  0 – alive, well  1 – disabled (possibly temporarily)   2 – dead 
 
a. Draw a quick transition diagram. 
 

b. Starting point:   �� ��
��

 = _____  and   �� ��
��

 = ______. 

 
c. Kolmogorov’s forward equations (and Euler’s method). 

 Suppose that we have calculated the transition probabilities  �� ��
��

 up to some time t. 

  Suppose that the � ��
����

   are known and suppose that h is small, say h = 
�

��
 (one month). 

 

 Then (describe in English, then fill in the notation, then get in terms of � ��
����

 ): 

 Also give a formula for  and 
�

��
 ���� ��

��
. 

 

(i)  ���� ��
��

 =  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 By rearranging this equation, we can compute 
�

��
 �� ��

��
: 

 
 
 
 
 
 
 

 By discarding the o(h) term in (i), get Euler’s approximation to  ���� ��
��

 . 
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(ii)  ���� ��
��

 = 

 
 
 
 
 
 
 
 
 
 
 
 

 By rearranging this equation, we can compute 
�

��
 �� ��

��
: 

 
 
 
 
 

 By discarding the o(h) term, we get the Euler method approximation to  ���� ��
��

 . 

 
 

(iii)  ���� ��
��

 =  
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Example, continued. 
 
 Suppose that the forces of transition are given by  

 , where  . 
 
 Then we can compute (just by plugging these constants in): 
 

  
  

c. Show how to find   �

��

� ��
��

 and  �

��

� ��
��

. 

 
  

  
 
 
 

d. Having found   �

��

� ��
��

 and  �

��

� ��
��

 in (c) , show how to find   �

��

� ��
��

 and  �

��

� ��
��

. 
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Example 4  (From LTAM Study Note, Sec. 1.2) – Long Term Disability Insurance 
 

  
(ADL = Activities of Daily Living.) 

 

 

 
 
 
Suggested ALTAM Practice:  #1ab, 7abc, 10a, 18b(i), 23bc  
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8.8 Policy Values and Thiele’s Differential Equation.   
 
Helpful calculus fact:  

 Let  f(t) = et.  The Taylor expansion about t = 0 is… 
 
 
 

 Throwing away nearly all of the terms and looking at t = ±δh, we get (for small h)... 
 
   Accumulation factor = ��� ≈ _____     
 
   Amount of interest earned on $X during [t, t + h] ≈ ______ 
 
 
 

 In a similar manner, consider accumulated value of premium paid continuously at rate  ��  per year during  [t0, t0 + h]:  

 � � �̅�⌉ = ∫ ����(���)���� 

����
�� = �� ��� ∫ �������� 

����
�� = �� ���(

�–�(����)������

��
) 

       = �� ⋅
�–�������(����)

��
 

       ↕ Taylor approx. from above 

       ≈ �� ⋅
–�����(����)

–�
 = ____________ 

 
 
  Intuitively, this makes sense.  Premium paid at a rate of  ��  per year for a small fraction h of the year should roughly  
  add up to  ��ℎ.  The amount of premium paid and amount of elapsed time h are too small for interest to have much of an  
  effect. 
 

Recall:  If h is small, we can approximate  �� ��
���

 ≈  _______   for i ≠ j.   ← The use of this approximation is called Euler’s method. 

 
 
Definition:  The tth State i reserve tV(i) = _______________________________ .  
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Thiele’s Differential Equation(s) in the disability income model. 

Example 8.7 “Disability income model.”  (x) = (40) purchases the following n = 20-year term insurance:  A premium is paid at rate �� 
per year only while the individual is healthy.  A benefit is paid at a continuous rate ��  per year to the insured during any period of 

disability.  The death benefit is S.   In terms of transition force functions � ��
���

 and a constant force of interest δ, we can compute 

reserves using a “backwards” recursion: 
 
 Start with boundary conditions: 

For 20-year term insurance, you set each 20V(i)   = ___ ;  for a 20-year endowment insurance, set each 20V(i)   = ___. 
 
Q1:  Let h be a short time-step prior to some future time t ≤ 20.   
 What change occurs in the “healthy reserve” over [t – h, t] ? 
 
(Change in reserve)  =   1. Account grows  2. Account grows due to     3.  The account is reduced by the expected cost of setting up 
(think: change in      due to interest earned  addition of premium     tV(1) if needed and/or by paying the death benefit   
 reserve “savings acct.”)   during [t – h, t]   pd at rate �� per yr during     if needed.   These costs are offset, however, by the 
     on healthy reserve  [t – h, t].  We saw that   “saved up amount” tV(0):  
     during(t-h, t).  Based  � � �̅�⌉ ≈ � � ⋅ ℎ 

     on tV(0), this amt. of interest 
     is approximately… 

 
 
 
 
 
 
 
Note: This looks like �(�⏟)

����� ����

− �(� − ℎ)���
������� ����

.  Thus, we can compute the derivative of tV(0) by dividing by h and taking limh→0.  

 
 
 
Approximating reserves – Starting from known values for tV(i) at time t, we use the Euler’s approximation (⇔ discard o(h) ) to find  
the values for the next-earlier reserve t-hV(i) .  It’s easiest to do this by subtracting in the opposite order in Q1 above.  
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Q2:  Let h be a short time-step prior to some future time t ≤ 20.   
 What change occurs in the “disabled-state reserve” over [t – h, t] ? 
 
(Change in reserve)  =   1. Account grows  2. Account declines due to      3.  The account is reduced by the expected cost of setting up 
(think: change in      due to interest earned  disability income benefit     tV(0) if needed and/or by paying the death benefit   
 reserve “savings acct.”)   during [t – h, t]   pd at rate ��  per yr during     if needed.   These costs are offset, however, by the 
     on healthy reserve  [t – h, t].  Use approximation  “saved up amount” tV(0):  
     during(t-h, t).  Based  for  � � �̅�⌉… 

     on tV(1), this amt. of interest 
     is approximately… 

 
 
 
Note: This again looks like �(�⏟)

����� ����

− �(� − ℎ)���
������� ����

.  We can compute the derivative of tV(1) by dividing by h and taking limh→0. 

 
 
 
 
Approximating reserves:   Starting from known values for tV(i) at time t, we use the Euler’s approximation (⇔ discard o(h) ) to find 
the values for the next-earlier reserve t-hV(i) .  It’s easiest to do this by subtracting in the opposite order in Q2 above. 
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To generalize: 
 
tV(i)  –  t– hV(i) = (increase acct by ≈ amt of interest,   then  (add approx.. premium or ,    then  (if a change occurs i → j, set up the proper reserve tV(j) 
                       earned during (t – h, t)         )  subtract approx. annuity   or pay death benefit, offsetting the cost using the  
       income benefit paid       )          reserved amount tV(i)) 
 
To approximate t– hV(i),  rewrite this equation in the form  t– hV(i) –  tV(i) ≈ …(each term’s ± sign changes)… and solve for t– hV(i) 

 

 You are given (or can compute) all of the values ���
��

, and you know δ and the premium and death benefit amounts. 

 For 20-year term insurance, you set each 20V(i)   = ___ ;  for a 20-year endowment insurance, set each 20V(i)   = ___. 
 To find 19.75V(0), use the equation…   
  
 To find 19.75V(1), use the equation… 

 
 To find 19.50V(0), use the equation… 

 
 To find 19.50V(1), use the equation… 

 
 Et cetera.  Of course, you would implement this using a spreadsheet. 
 
HW “Thiele’s Differential Equation”: 

1. Learn to write down and explain (in English) the “change-in-reserve” version of Thiele’s differential equations in the  
 temporary disability model.  This will form a quiz problem later. 

2. Learn how to do the same for the Kolmogorov differential equations (“change-in- tpx
00” , etc.). 

3. Learn how to go from the equations mentioned in 1 & 2 above to the derivative forms 
�

��
 ��(�) and 

�

��
 ���

��, etc. 

 
 
Suggested Practice from ALTAM Sample Packet “Thiele’s Diff. Eq”:  #8c, 16b   
Add’l practice on the following pages. 
  ↓   
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Homework – Kolmogorov equations:   Do problem “W8.5”, below.  Optionally: Read DHW sections 8.1-8.6.   
 
W8.5: Consider the  model (0 = Alive & well / 1 = temporary disabled / 2 = dead) from today’s  
 lecture. 
 
 Assume constant transition forces 
 

  � ��
����

  = .01 

  � ��
����

  = .02 

  � ��
����

  = .03 

  � ��
����

  = .04   . 

 

 Approximate  �

��

� ��
��

 ,  �

��

� ��
��

 ,  �

��

� ��
��

 ,  and  �

��

� ��
��

 by using Euler’s method and the  

 Kolmogorov forward equations..  Maintain as much precision as possible throughout  
 your computations.  I’ll post a solution soon. 
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Also try this SOA Written problem – Thiele’s differential equation in the alive-dead model (more-or-less).  (Treat “no cash value on 

lapse” as saying tV(lapsed) = 0.  tV means tValive,in-force policy)

ans: 9.8V ≈ 10.90;  9.6V ≈ 20.44   
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DHW3e Ch. 9: Multiple Decrement Theory (1) Introduction 
 
Definition: A multiple-decrement model is a multistate model of the following form: 
 
 
 
 
 
Multiple decrement models have their own notation, and so does DHW. 
 
 
Notation: 
 

 ℓ(�)
�

 

 

  �d (�)
�

 

 

  �� (�)
�

 

 

  �� (�)
�

 

 

  �� (�)
�

 

 

  �|�� (�)
�

 

 

 When t = 1, we write   d(�)
�

,   � (�)
�

 ,   � (�)
�

   ���  �|� (�)
�

. 

 
 Relationships between   ℓ’s d’s  q’s  p’s. 
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Example 1: In the following table, decrement 1 is accidental death, and Decrement 2 is death  
  by non-accidental causes. 
 
x ℓ(�)

�
 d(�)

�
 d(�)

�
 

60 100 2 1 

61  3 2 

62  1  

63 85 8 2 

64 75   

 
 a. Fill in as much of the table as possible. 
 

 b. Compute   �� (�)
��

,  �� (�)
��

   �|�
(�)
��

 ,   � (�)
��

 

 
 
 
 
 
 
 
 
 
  
 c. A special 4-year fully discrete policy pays 100 for decrement by cause 1 and  
  200 for decrement by cause 2 at the end of the year of decrement.  Write an  
  equation that could be used to find the level annual net premium π. 
 
 
 
 
 
 
 
 
 
 
 
 d. In (c), compute E[2L | K60 ≥ 2], where K60 is the curtate future lifetime for (60). 
 
  That is, compute 2V. 
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Of course, we can study non-discrete situations as well. 
 

Definitions: � (�)
���

 = ____________________________________ 

 
 (So Pr[immediate exit by cause j | survival of all decrements until age x + t] ≈ ________ ) 
 

  � (�)
���

 = ____________________________________ 

 
 
Fact: In a multiple-decrement model, we have 
 
 Pr[(x) survives all decrements throughout [0, t] ] = __________________________ 
 
 Pr[Decrement by cause j occurs between t = a and t = b | alive at age x]  
 
  = ___________________________________________  (draw timeline) 
 
 
 
Example 2: A fully continuous 5-year term policy on (x) pays 1000 for decrement by cause 1  
  and 2000 for decrement by cause 2.   
 

  Given constant forces of decrement and interest � (�)
���

 = μ1,  �
(�)
���

 = μ2, and δ, find  

  the expected present value for this insurance. 
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HW Ch.9 SOA (below) #58, 206, 70, 179, 178, 135 (can split into cases and use “10E
(�)
�

 ”),  

Optional study: #232 (2V = E[future loss at time 2, valued at time 2]) , 167, 105 

 
Answer: 7841 

 
Answer:  921  
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Answer: 16.72 

 
 
Answer: 1.90 
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Answer: 1789.06 
 

 
 
Answer:  13044 
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 (Note: Recall that 2V = E[future loss at time 2, valued at time 2] ) 
 
Answer: 11.12 
 

 
 
Answer: .0689 
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Answer: 7.6  
 

 
 

Answer: 
�

�
⋅ (1 − ���.�)  
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DHW2e Ch.9: Multiple Decrement Theory (2) UDD in the Multiple Decrement Table 
 
Recall: UDD in alive-dead model.  (UDD = Uniform distribution of deaths between integer  
           ages.) 
 
 To “assume UDD” in the alive-dead model means to assume that 
 
   ��� = _________   for x ∈ ℤ and s ∈ [0, 1]. 
 
 By the FTC, the density fTx(s) is related to ��: 
 
 
 
 
 
 Under UDD, one has the ability to use linear interpolation between lx’s for consecutive 

integer ages. 
 
 
 
 
Example 1: Consider the following life table, and do the following computations under 
  the UDD assumption. 
 
x ℓ  

�
 d  

�
 

60 100,000 2,000 

61 98,000 3,000 

62 95,000 1,000 

 
 a. Find .  .����  using the UDD definition.  Also think about: # deaths (deaths are  
  uniformly “spread out” over each year.)    
    
 
 
 b. Find  .����.�  under the UDD assumption by using linear interpolation to get the  
  necessary ℓx’s  (which is only appropriate because of the UDD assumption)   
 
  *Take a weighted average of ℓ61  and ℓ62 , with weights  0.3 and 0.7 (= 1 – .3) 
  used so that ℓ61 counts more heavily in the average (Think: 61.3 is closer to 61 than to 62.)   
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Main point:  One can choose from three common assumptions (MUDD, SUDD, constant force) in 
order to make a reasonable guess concerning decrement probabilities between integer ages in a 
multiple decrement environment.  Each method has its own nice mathematical properties. 
 
UDD in the Multiple Decrement Table  (MUDD or “UDD in MDT”)   
    UDD = Uniform distribution of decrements btwn integer ages.  ) 
 
 

Similar to the above, we may assume  �� (�)
�

 = ______ whenever x is an integer and s∈ [0, 1]. 

We call this assumption UDD in the multiple decrement table. 
 
Example 2: You are given the following multiple decrement table.  Assume UDD in the   
  MDT.  
x ℓ(�)

�
 d(�)

�
 d(�)

�
 

60 100,000 2,000 1,000 

61 97,000 3,000 2,000 

62 92,000 1,000 0 
 

a. Compute  �.�� (�)
��

  for   j = 1, 2 in two ways: using the formulas, and by drawing 

 a little diagram showing how the “cause 1 decrements” are uniformly spread out. 
 
 
 
 
 
 

b. True or false: The total probability of decrement  �� (�)
�

  can be modeled by UDD if the 

 individual causes are modeled by UDD in the multiple decrement table.  What does this 
 mean about using linear interpolation to find ℓx+t  between integer ages?  
 
 
 
 
 

c.  Compute   �.�� (�)
��

    and     �.�� (�)
��

. 

 
 
 
 

d. Compute   �.�� (�)
��.�

.  (Plan:  Start by thinking about ℓ60.9 and  �.�� (�)
��.�

 .  
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Single Decrement Environment  / MUDD / UDD in the MDT 
 

Consider a multiple-decrement scenario with forces of decrement given by functions  

      �
(�) 
���

 =  �
(�) 

�
(�).  

 
We would like to consider a (hypothetical) parallel environment in which decrement (j) is the 

only possible decrement, with the same force function  � (�)
���

 . 

 

Definition:  We define the “single decrement survival probability”  �� �(�)
�

 by the equation 

 
 
 
 

  Define  �� �(�)
�

 =  1 −  �� �(�)
�

 . 

 
 
 
Notes:  

 These are also known as the “independent probabilities of decrement” (DHW 
terminology) 

 The multiple-decrement environment probabilities  �� (�)
�

 and  �� (�)
�

  are called 

“dependent” probabilities in DHW. 
 DHW drops the prime and parentheses from the notation, which is problematic!  

We will use the SOA notation exclusively. 
 

Important facts:   To obtain  �� (�)
�

from the single (!) decrement probabilities  �� �(�)
�

 : 

 
 
 

  Relationship between  �� (�)
�

 and the (multiple decrement probabilities!)  �� (�)
�

: 
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Fact:  �� (�)
�

≤  �� �(�)
�

  for any x and t.   Why?  (Competition – look at survival factors in  

    integral expressions for failure probabilities.) 
 
 
 
 
 
 
 
This means that the failure probabilities on the double decrement table and associated single 
decrement tables will not be the same! 
 
Assembling single decrement probabilities into a multiple decrement table—three methods: 

 Assume UDD in MDT (MUDD), 
 Assume constant forces of decrement between integer ages, or 
 Assume UDD in SDT (SUDD). 

 
UDD in the multiple decrement table (MUDD or “UDD in MDT”): 
 
The basic relationship that we remember for the MUDD assumption involves the failure 
probabilities:   
 
a. For x ∈ ℤ and t ∈ [0, 1], we have…  
 
 
 

b. From this, we can express (for t ∈ [0,1])    ��
�(�) =  �� (�)

�
 in terms of   �� (�)

�
: 

 
 
 

c. The function    �� (�)
�

 = Pr[Cause (j) decrement with time-to-decrement ≤ t | alive at age x] 

 is analogous to a cdf (Probability that a time-to-failure ≤ t).  If we differentiate, we get  
 something like a density: 
 
 
d. Dividing density by survival probability gives us a force of decrement, so under MUDD  

 we can write � (�) 
���

 in terms of � (�)
�

 and (�)
�

 : 
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(Continued from prev. pg.: MUDD ⇒  � (�) 
���

=
�

(�)
�

����
(�)
�

) 

 

e. Integrate both sides for t ∈ [0,1].  Get   
�

(�)
�

�
(�)
�

⋅ −ln (1 − ��
(�)

).   

 
 

f. The LHS ∫ ����
(�)�

�
�� looks nearly like   ln (��

�(�)
) !  Use (e) to find an expression for  

 ln (��
�(�)

) . 
 
 
 
 

g. Rearrange the equation  ln ���
�(�)

� =  
�

(�)
�

�
(�)
�

⋅ ln (1 − ��
(�)

�����

��
(�)

) into an easy-to-remember form. 

 
 
 
 
 
 
 
 

h. We can further rearrange this to get a formula for the   �
(�)
�

  in terms of the single- 

 decrement probabilities.   
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Example 2: Under MUDD, if you know the single decrement probabilities, you know  
  everything! 
 

  You are given, for a double-decrement scenario, that � �(�)
��

=  .1  and � �(�)
��

=  .2. 

  Assume MUDD. 
 

  (So 
�����

�(�)
�

�����
(�)

�
=

��
(�)

��
(�) .) 

 

 a. Compute the dependent probabilities � (�)
��

  ,  � (�)
��

.  (Get .089804, .190196)  

 
 
 
 
 
 
 
 
 
 
 

 b. Compute  .�� (�)
��.�

 .    Tip: Make a double-decrement table.  (Using ℓ50 = 100 , get ℓ50.6 =83.2) 
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Source: DHW3e p.373 

 

 
 
 
Homework for UDD in the Multiple Decrement Table: 
 
 

 
 
    Answer:  .0766 
 

(DHW) 
Comparison of notations 
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    Answer: 265.63 
 

 
 
    Answer: .053 
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DHW2e Ch. 9: Multiple Decrement Theory (3) UDD in the Single Decrement Tables 
 
Assume that we have uniform distribution of decrements in every single decrement table.  How 

can we relate the single-decrement probabilities  ��′ (�)
�

 ,  ��′ (�)
�

   to the multiple decrement 

probabilities �� (�)
�

 ,  �� (�)
�

  ? 

 
a.  The basic UDD relationship (in the single-decrement context) is that for t ∈ [0, 1] 
 and x ∈ ℤ, … 
 
 
 
b. If we temporarily consider the single decrement environment to be an alive-dead model,  
 then we get the following cdf and density for the time-to-failure (for t ∈ [0,1]): 
 
 
 
The formulas in (b) hold, even though they arise from a hypothetical context. 
 
c. Remaining in the single-decrement context, we recall that a density for a time-to-failure/  
 future lifetime variable can be written as a product of survival and force of decrement: 
 
 
 
 
We’ll keep our eyes peeled for a chance to use (c). 
 

d. Back to the multiple decrement context—all forces � (�)
���

  are operating.  

 (Note: We will not have UDD here if we have UDD in the single decrement context.)   
 
 Write down an integral to compute… 

    � (�)
�

  (= Pr[(x) decrements by (j) within 1 year]) . 
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e. When there are only two decrements, the relationship  
 

  � (�)
�

 = �′
(�)
� ∫ � ∏ �1 − � ⋅ �′ (�)

�
� ��� �

�

�
 ��  

 
  becomes… 
 
 
 
 
 
(How to remember it.)  
 
 
 

Example 1: Suppose that  �′
(�)
�

 = .9 and �′
(�)
�

 = .8.  Compute � (�)
�

 under the assumption of  

  UDD in each single decrement table. 
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Competing discrete and continuous decrements and SUDD:  If decrement #1 has SUDD and 
decrement #2 occurs only at one discrete point in the year, then decrement #1 also has UDD in 
the multiple decrement table until the time at which decrements by cause #2 occur. 
 
Example 2: Suppose that decrement 1 is death and decrement 2 is retirement,  

    �′ (�)
��

 = �′ (�)
��

  = .9 ,  

    and 

   �′
(�)
��

 = �� (�)
��

= .8  . 

 
  Assume that deaths are uniformly distributed between integer ages in the  
  associated single decrement table and that all retirements happen immediately  
  before age 61 or immediately before age 62.  
 

  Find  � � (�)
��

  and   �� (�)
��

  .  Tip: Keep track of #deaths & retirements as you go. 
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Example 3: Suppose that decrement 1 is death and decrement 2 is retirement,  

   �′ (�)
��

 = .9 ,  

          and 

   �′
(�)
��

 = .8  . 

 
  Assume that deaths are uniformly distributed between integer ages in the  
  associated single decrement table and that all retirements happen at age 60.6. 
 

 a. Find  �
(�)
��

  .  Tip: Keep track of #deaths & retirements as you go. 

 
  (Note:  Although there is a way to find  �

(�)

��
 by determining #deaths after age  

  60.6, that method is somewhat more technical and is not covered by DHW.  The  
  procedure is covered by MQR 5e Ex. 13.9 & solution on p.112 of DHW4e  
  solution manual.  An alternate method is shown in (b) below.) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 b. Find    �
(�)
��

  and use it to find ���
(�)

.  
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Study problem:  (This reviews the earlier UDD in MDT / MUDD topic from previous handout.) 
 
 x ℓ(�)

�
 d(�)

�
 d(�)

�
 

60 100,000 2,000 1,000 

61 97,000 3,000 2,000 

62 92,000 1,000 0 

 
Assuming UDD over each year of age in the multiple-decrement table, compute 
 

 a.  .�� (�)
�

  for x = 60 and for x = 61. 

 b.  .�� (�)
��.�

 

 c.  .�� (�)
��.�

 

 
 
Suggested Practice from ALTAM Packet: #2 
 
 
Homework problems for UDD in Single Decrement Table: 
 
1.  This is from p.26 of the DHW1e supplement (published long ago), rewritten in our  
 notation. 
 
 Show that with three decrements, the SUDD assumption yields the following  
 relationship: 
 

  � (�)
�

= �′ (�)
�

 �1 −
�

�
(�′ (�)

�
+ �′ (�)

�
)  +  

�

�
�′ (�)

�
�′ (�)

�
 � 

 

 (Obviously, one can then derive analogous expressions for � (�)
�

 and � (�)
�

 in the same  

 way—you don’t need to waste time doing this). 
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2. Do the following from the SOA problem set: 
 
SUDD in each decrement:    
 

 
 
Answer: .1802 

 
 
 
SUDD/discrete:   Do SOA #42, 83 

 
 
 Answer:  .512 
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  Answer: .11625  
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DHW3e Ch. 9: Multiple Decrement Theory (4) Constant Force Between Integer Ages 
 
Constant force assumption between integer ages – an alternative (to MUDD or SUDD) way to 
estimate survival between integer ages 
 

Suppose that the forces of decrement � (�)
���

  are constants (say μ(j)) for every t ∈ [0, 1].   

 

(Note: Different constants will be needed for different age intervals [x, x + 1]: we can write � (�)
�

  

if necessary to distinguish these from each other.) 
 

1. Show that 
 ��

(�)
�

 ��
(�)
�

=
�(�)

�(�)  for every t ∈ [0, 1]. 

 
 
 
 
 
 
 
 
 
 
 

2. Setting t = 1, (1) says:   
�

(�)
�

�
(�)
�

=
�(�)

�(�)
. 

 

3. So 
 ��

(�)
�

 ��
(�)
�

 =    
�

(�)
�

�
(�)
�

 .  Rearrange to get   ��
(�)
�

 = ____________________ 

 
   Interpretation: Within any period of constant decrement forces,  
 

      �� (�)
�

  is the fraction of   �� (�)
�

  given by arranging the appropriate  

     one-year decrement probabilities into a fraction. 
 

4. The total survival probability   �� (�)
�

  (and hence, the complementary probability  �� (�)
�

 )  

 is easy to get under constant force interage assumption from the one-year probability � (�)
�

  

 
 
 
 
 

5. Hence, we can use   ��
(�)
�

 = 
�

(�)
�

�
(�)
�

⋅  ��
(�)
�

  to compute   ��
(�)
�

 more-or-less straight off of a  

 life table.  
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Constant forces of decrement between integer ages  

 ⇔   ��
(�)
�

 = 
�

(�)
�

�
(�)
�

⋅  ��
(�)
�

      and        ��
(�)
�

 = ��
(�)
�

�
�
,  t ∈ [0,1], x ∈ ℤ   

 

Example: Suppose that  ℓ50 = 80,  d(�)
��

 = 3, d(�)
��

 = 2.  Compute   �.�� (�)
��

 under the assumption 

  of constant forces of decrement between integer ages.  Note that we can 
  perform this computation without finding the forces of decrement! 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Recall: Under the constant force inter-age assumption:  
��

(�)

��
(�)

    =  
  �

(�)
�

  �
(�)
�

  

 (Proof:  Evaluate the integrals for � (�)
�

 and � (�)
�

, and then factor out constant scalars.) 

 

Theorem: Under constant force between integer ages, we get the same formula for  �� �(�)
�

 

  as we had under MUDD  (x ∈ ℤ, t ∈ [0,1]). 
 

Proof:  Write down the definition of  � �(�)
�

 and use fact (above) about the ratios of forces. 

 

 
 
 ⇒  
  ____________________________ 
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Example: You are given, for a double-decrement scenario, that � �(�)
��

=  .1  and � �(�)
��

=  .2. 

 

 a. Compute the dependent probabilities � (�)
��

  ,  � (�)
��

 under the constant force  

  assumption.  (Use theorem and previous example.) 
 
 
 
 
 

 b. Outline how to find  .�� (�)
��.�

 .    

 
 
 
 
 
 
 
 
Summary – Under the assumption of constant forces of decrement between integer ages: 
 

  �� (�)
�

 = 
�

(�)
�

�
(�)
�

⋅  �� (�)
�

      and        �� (�)
�

 = �� (�)
�

�
�
,  t ∈ [0,1], x ∈ ℤ   

 

 
�����

�(�)
�

�����
(�)

�
=

��
(�)

��
(�) 

 
 
  



M A 3 9 8  | 70 

 
 
Homework problem – From Spring 2019 LTAM 
 
Suggestion:  Use the multiple decrement q(j) notation.  The wx, ix, rx, dx are four decrements, so 
think d(1)

x, etc. How does the constant force assumption play out in a multiple decrement table?  
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Summary of Main Facts – Interage Assumptions 
 

 ��
(�)

= ��
�(�)

⋅  ⋯ ⋅  ��
�(�)

    and     ��
(�)

= � (�)
�

+ ⋯ +  � (�)
�

 

 
 

UDD in multiple decrement table: 

 
�����

�(�)
�

�����
(�)

�
=

��
(�)

��
(�) 

 We do get the usual UDD facts in the multiple decrement environment: 

For x ∈ ℤ and s ∈ [0, 1]:  ��
(�)
�

= � ⋅ �
(�)
�

 ;    ��
(�)
�

= � ⋅ �
(�)
�

 ; linear interpolation between 

ℓx and ℓx+1 .  
 
 

UDD in single decrement table: 
 

 � (�)
�

 = �′
(�)
� ∫ � ∏ �1 − � ⋅ �′ (�)

�
� ��� �

�

�
 ��  

 

 For a double decrement model, this simplifies to � (�)
�

= �′
(�)
�

× (1 −
�

�
��

�(�)
) 

(Keep a fraction of �′
(�)
�

 by removing ½ of the competing single-decrement probability, 

which is what you might expect to lose due to introducing competition that behaves 
under UDD in its SDT) 
 

 We do not get UDD facts in the multiple decrement environment. 
 
 

Competing discrete and continuous decrements and SUDD: 
 

 If decrement #1 has SUDD and decrement #2 occurs only at one discrete point in the year, 
then decrement #1 also has UDD in the multiple decrement table until the time at which 
decrements by cause #2 occur. 

 
 

Constant forces between integer ages: 

  �� (�)
�

 = 
�

(�)
�

�
(�)
�

⋅  �� (�)
�

      and        �� (�)
�

 = �� (�)
�

�
�
,  t ∈ [0,1], x ∈ ℤ.     

 (These allow you to compute  �� (�)
�

  straight from multiple decrement table without knowing 

the forces of decrement.) 
 

 
�����

�(�)
�

�����
(�)

�
=

��
(�)

��
(�)   

 Also true that 
  �

(�)
�

  �
(�)
�

=
��

(�)

��
(�)     (proof: write integrals for the q’s and factor out constant μ(…)’s ) 
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DHW 3e Ch.10 – Multiple Life Functions 
 
Let Tx and Ty denote the future lifetime random variables for (x) and (y). 
 
Definition: Txy = Tx:y  and  ������� = ��:������. 

 
 
 
 
Two cases can happen: 
 

 If Tx < Ty ,  then 
 

 If Ty < Tx ,  then 
 
Useful conclusion:  
 
 
 
 
Notation:  

  �� �
�

 
�

=   �� �
�

 
: �

 = _______ 

 

  ��  
�

�
�

=   ��  
� ∶

�
�

= = _______ 

 
  ��  

��
 =  ��  

�:�
= _______ 

 
  �� ������ =   �� �:������  = _______ 

 
 
 
Independent lives case:  We say that (x) and (y) are independent lives if Tx and Ty are 
independent random variables.  In this case: 
 
 
  (For independent lives:)  ��  

��
 = ____________________ 

 
 
  (For independent lives:) �� ������ = ____________________ 

 
Not all joint statuses involve independent lives: 

 Common shock (Lilly and James Potter) 
 Common lifestyle (Tonks and Lupin) 
 Broken heart syndrome  (Severus Snape?) 
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Insurance and annuity notation 
EPV[benefit of 1], payable at end of year of the first death of (50) and (60), is denoted ____. 
 
EPV[benefit of 1], payable at end of year of the first death of (50) and (60) if the death  
  occurs within n years, is denoted ______.  (Be careful: ���:��:�⌉��� denotes EPV of an  

          endowment-insurance.) 

EPV[annuity due of 1], payable at the beginning of any year in which both (50) and (60)  

  are alive at year’s beginning, is denoted ______. 
 
EPV[annuity due of 1], payable at the beginning of any year in which both (50) and (60) are  
  alive at year’s beginning, until the end of an n-year period, is denoted ______. 
 
Excerpt from SULT at i = 5% 

 
 
 
 

 

 
 
 
 

 
 (Lives are assumed to be independent in the joint life portion of the SULT.) 

 
Example 4: Use the SULT at i = 5% (above).  In each case, compute from the life table and 
give an English description. 
 
 a. A50:60 and  �̈��:��.   
 
 
 
 b. ���:���������� and  �̈��:����������. 
 
 
 
 c. �̈��:��:��⌉����� . 
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Example 4:   
 

 
 
 
 

 

 
 
 
 

 (Lives are assumed to be independent in the joint life portion of the SULT.) 

  
 
 
d. Let nEx:y denote (i) the EPV of an endowment benefit of $1, payable at time t if the joint 

status x:y is surviving at that time; (ii) equivalently, nEx:y =  ���:� ⋅ ��.  Show how to 

compute nEx:y from nEx and nEy in the independent lives case. 
 
 
 
 
 
 
e. Compute  �

��:�����
�

:��⌉�����
 and �̈��:��:��⌉�����  assuming independent lives. 

 
 
 
 
 
 
 
 
 
We get the same geometric series relationships between ���:��:�⌉��� and �̈��:��:�⌉��� (as well as the 

continuous version).  Note that the status subscripts must match.  
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 (Lives are assumed to be independent in the joint life portion of the SULT.) 

 
Example 5: Use the SULT (above): 
 
a. Consider the following 10-year deferred annuity on independent lives Harry (50) and 

Sally (60). 
 Level annual premiums of π are payable for at most 10 years, and only while both 

Harry and Sally are alive. 
 There are no annuity income payments to Harry and Sally during the first 10 years. 
 After 10 years, the annuity pays 50,000 per year as long as at least one of Harry or 

Sally is living. 
  
Compute π. 
 

 
 
 
 
 
 
b. Consider a multistate model in which (0) = both alive; (1) = Harry alive, Sally dead;  
 (2) = Sally alive, Harry dead; (3) = both dead.  
 
 Show how to compute 5V(0) and 5V(1).  Give an expression for the expected present value  
 at time 0 (money valued at time 0) of the time-5 reserve. 
 
 
 
 
 
Layering techniques: 
 
c. Rework (a) but assume that the annuity income is paid at a rate of 80,000 per year while  
 both parties are alive but only at 50,000 per year if only one of Harry or Sally is alive on  
 the payment date. 
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Reversionary annuities:  �̈x|y = EPV[1 unit/yr payable to (y) after (x) has died, payable while (y)  
       is alive].   
 (Strategy: Pretend you pay (y) throughout lifetime, and remove any payments made while  
 both alive.) 
  
(Example 5, ct’d)  

 
 
 
 

 

 
 
 
 

 (Lives are assumed to be independent in the joint life portion of the SULT.) 

 
 
d. Harry is (50); Sally is (60); their lives are independent. 
 Find the expected present value of a reversionary annuity that pays 20,000 per year to  
 Harry at the start of any year in which Harry is alive but Sally is dead. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
  



M A 3 9 8  | 77 

 
 
Homework problems for DHW3e Ch. 10 – Joint life and last survivor benefits 
 
Suggested practice from ALTAM Sample Problems (Canvas):  #18, 20ab 
 
Fall 2018 LTAM #14 

 
 
Spring 2019 LTAM #12 
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Spring 2018 Exam MLC #3

  
  (i) i = .06;  
  (ii) 5E65 = .65623  
  (iii)    �̈�� = 9.8969;   �̈��:�� = 7.8552 
  (iv) Their future lifetimes are independent. 
  (v) The actuarial present values of the payments under the two options are  
   equal. 
 Compute F.        (answer:  4827.) 
 
SOA Sample Problems (MLC/LTAM)  *You may have solved this problem earlier (Ch. 8)

 
 answer: 5357 
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Spring 2019 Exam LTAM Written #4 

 

 
 

 
 

 

 
 
#4 Continued, next page 



M A 3 9 8  | 80 

 
 

 

 
 Hint: For question (c)-(i), use given info (iv) for the 20-year period and SULT 

for the subsequent to assemble the whole life annuity factor �̈��:��.  Then use the 
relationship between �̈��:�� and ���:��. 
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Hint for (iii): 

 
Use this to get 

 
 
 Answers in (e):  (i) 13738.59;  (ii)  8223.25;   (iii) 8286.25 
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DHW3e Ch. 10, Continued Practice with joint/last survivor benefits 
 
These problems use the SULT, which assumes i = .05. (Table and solutions appears after practice problems.) 
 
1. a. A fully discrete whole life insurance pays 1000 upon the death of the last survivor  
  of independent lives aged (x) and (y), who are both age 30 when the insurance is  
  written.  Level premiums are paid while both (x) and (y), survive.  Compute the  
  premium. 
 
 
 
 
 
 
 
 b. At time 6, both (x) and (y) are still living.  Compute 6V, the time-6 reserve. 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. a. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first  
  death of independent lives (36) and (46).  
 
 
 
 b. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first  
  death of independent lives (46) and (56). 
 
 
 
 c. Compute 10E36:46 to five decimal places.  Also: Show how you could compute  
                3E36:46 using ℓx’s . 
 
 
 
 d. Find the EPV of a fully discrete 10-year term life insurance that pays 1000 upon  
  the first death of independent lives (36) and (46) during the term of the policy. 
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3. Find the EPV of a fully discrete reversionary annuity that pays 1000 per year to (40) 
 after (30) has died (and pays nothing to (30) after (40) has died).  (Assume independent  
 lifetimes.) 
 
 Hint: Go ahead and pay (40) 1000 per year while (40) is alive.  Then remove 1000 per year whenever… 

 
 
 
 
 
 
 
 
 
4. Find the EPV of the following special fully discrete reversionary annuity that pays  

 1000 per year to (40) after (30) has died, and 
 2000 per year to (30) after (40) has died. 

 (Assume independent lifetimes.) 
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Excerpt from SULT @ i = 5%  

 

 
 

 
 
 (This table applies to joint statuses for independent lives.)  
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SOLUTIONS to DHW3e Ch. 10, Continued Practice with joint/last survivor benefits 
 
These problems use the SULT, which assumes i = .05. (Table and solutions appears after practice problems.) 
 
1. a. A fully discrete whole life insurance pays 1000 upon the death of the last survivor  
  of independent lives aged (x) and (y), who are both age 30 when the insurance is  
  written.  Level premiums are paid while both (x) and (y), survive.  Compute the  
  premium. 
 

    
 
 b. At time 6, both (x) and (y) are still living.  Compute 6V, the time-6 reserve. 
 

   
2. a. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first  
  death of independent lives (36) and (46).  
 

    
 b. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first  
  death of independent lives (46) and (56). 

    
 c. Compute 10E36:46 to five decimal places for independent lives (36, 46).   

Also: Show how you could compute 3E36:46 using ℓx’s . 
 

     10E36:46 = (10E36:46)( 10E36:46) ÷ v10 = .60240;      3E36:46 =
ℓ��

ℓ��
⋅

ℓ��

ℓ��
⋅ ��� 

    
 d. Find the EPV of a fully discrete 10-year term life insurance that pays 1000 upon  
  the first death of independent lives (36) and (46) during the term of the policy. 
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3. Find the EPV of a fully discrete reversionary annuity that pays 1000 per year to (40) 
 after (30) has died (and pays nothing to (30) after (40) has died).  (Assume independent  
 lifetimes.) 
 
 Hint: Go ahead and pay (40) 1000 per year while (40) is alive.  Then remove 1000 per year whenever… 

 

   

      
4. Find the EPV of the following special fully discrete reversionary annuity that pays  

 1000 per year to (40) after (30) has died, and 
 2000 per year to (30) after (40) has died. 

 (Assume independent lifetimes.) 
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MA 398 Midterm Exam Review 
 
 
Problem #1 will appear exactly as below on the midterm exam. 
 
1. Kolmogorov forward equation:  Consider a temporary disability model with states 
 
  0 – alive, well  1 – temporarily disabled  2 – dead. 
 

 Suppose that we have calculated the transition probabilities  �� ��
��

 up to some time t.  Suppose that all 

 values for � ��
����

   are known and suppose that h is a small time increment. 

 
 a. Write out the Kolmogorov forward equations: 

 

    ���� ��
��

 = … + o(h) ;   ���� ��
��

 = … + o(h). 

  
  Check that you have labeled all forces (μ’s) both with superscripts indicating the type of transition 

and with subscripts indicating the age at which the forces are operating.   
 
b. Be able to give an English interpretation for the probability represented by the factors in each term 

in (a).   
 
c. What does it mean to use Euler’s method in conjunction with the equations in (a)?  
 

d. Give the boundary conditions  �� ��
��

 = ___   and   �� ��
��

 = ____ that allow a starting point for 

the recursion. 
 

e. Give a formula for  
�

��
   �� ��

��
      

 
 (You don’t need to show work in (e) unless you want to.  Recall that you can rearrange (a) so that 

taking limh→0 gives the desired result.) 
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2. An insurance company issues a 2-year term insurance to a high risk individual (x).  You  

 are given a three-state model with   �
��

���
 = Mij (= the (row-i, column-j) entry of M) for  

 k = 0, 1, 2 where 
 

 (i) M = �
. 8 . 1 . 1
. 2 . 3 . 5
0 0 1

�. (States are 0 - healthy, 1 – critically ill, 2 - dead.) 

 
 (ii) The death benefit is 1000, payable at the end of the year of death. 
 
 (iii) The insured healthy at time 0. 
 
 (iv) The discount factor v is a constant. 
 
a. Write an expression in terms of v for the expected present value of the death benefit. 
 
 
 
 
 
 
 
 
 
 
 
 
b. Find  ���

��. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Solutions for #2-7 are on the pages following these problems. 
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3. Consider a multistate model with three states: 
 
 0 – healthy 
 1 – permanently disabled  
 2 – dead  
 
 (x) is in State 0 at time 0.  The forces of transition μ01 ,  μ02, and μ12 are constant and  
 represent the only possible transitions (i.e. no transition 1→0 is possible).   
 
 a. Find the probability that (x) remains in state 0 for two years. 
  Simplify fully. 
 
 
 
 
 
 
 
 
 
 b. Find the probability that (x) dies within two years without becoming disabled  
  first.  Simplify fully. 
 
 
 
 
 
 
 
 
 
 c. Set up an integral expression (do not simplify this time) for the probability 
  that (x) becomes disables by time 2 and is still alive at time 2. 
 
  That is, find an expression for  ���

��. 
 
 
 
 
 
 d. Set up an integral expression (do not simplify this time) for the expected present  

value of a 2-year term insurance on (x) with death benefit of $1.  (Sum of 
integrals.)  
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4. Consider the following multistate model: 

     
 
 a. You are given that  
 
   �̅��:������⌉

��  = .096 

 
   �̅��:������⌉

��  = .080 

 
   �̅��:������⌉

��  = .014 

 
  Compute the EPV of a fully continuous 20-year term partially accelerated death  
  benefit, written on a healthy 50-year old, that pays… 

 $10,000 upon critical illness diagnosis, 
 $20,000 upon a death that follows a CI diagnosis, 
 $30,000 upon a death that is not preceded by CI diagnosis. 

  Simplify to the nearest cent. 
 
 
 
 
 
 b. You are given the following values:   
 
    �̅��

�� = .34;   �̅��
�� = .50;   

 
    �̅��

�� = .23  �̅��
�� = .36  �̅��

�� = .62 
 
    �����

�� =  .75;   �����
�� =  .15;  i = .05 

 
  Compute each value to the nearest .001: 
 
  (i) �̅��:������⌉

��  

 
 
  (ii) �̅��:������⌉

��  

   *Remember that there are two states from which a 70-year old can reach State 3. 
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5. Consider the following facts concerning a double-decrement model: 
 
 ℓ��

�  = 1,000 

 �′ (�)
��

 = .04 

 �′ (�)
��

 = .1 

 
 Assume UDD in the multiple decrement table, so that  
 

    
�� (��(�)

� )

����
(�)
� �

=
�(�)

�

�(�)
�

   for  j = 1, 2;  x ∈ ℤ . 

 

 Compute  
.�

� (�)
��.�

 to four decimal places.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6. Consider the following facts concerning a triple-decrement model: 
 

 �′ (�)
�

 = .05 

 �′ (�)
�

 = .10 

 �′ (�)
�

 = .15 

 
 Assume UDD in each single decrement table, so that  
 

  � (�)
�

 = �′
(�)
� ∫ � ∏ �1 − � ⋅ �′ (�)

�
� ��� �

�

�
 ��     

 

 for  j = 1, 2, 3.   Compute � (�)
�

 to four decimal places. 
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7. Use SULT (below) at i = 5% to find each EPV.  Assume that Moe and Johnny, who own 

a popular Butler hangout, have independent lives. 

 
 
 
 

 

 
 
 
 

 
 
a. Calculate 10E50:60 and 20E50:60. 
 
 
 
b. Find EPV of a fully discrete 10-year deferred annuity due that pays 100,000 per year until 

the first death of Moe (50) and Johnny (60). 
 
 
 
c. Find EPV of a fully discrete annuity due on Moe (50) and Johnny (60) that pays 100,000 

per year as long as at least one of them is alive. 
 
 
 
d. Find the EPV of a fully discrete reversionary annuity that pays 100,000 per year to 

Johnny (60) if Moe has previously died, while Johnny is alive. 
 
 
 
e. Find the EPV of a fully discrete 20-year term insurance policy that pays 100,000 upon the 

first death of Moe (50) and Johnny (60). 
 
 
 
f. Find the EPV of a fully discrete whole life insurance policy that pays 100,000 upon the 

last death of Moe (50) and Johnny (60). 
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SOLUTIONS to Exam Review Problems 
 
1. Covered in lecture notes. 
 
2. 

  

  
3. a.       (↑ could work 2b using matrix multiplication) 

   
 b.  

   
 c.  
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#3, continued 
 
 d.  

    

   
 
4. a. 

   
 b. 
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Problem 5:

 
 
 
Problem 6: 
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Problem 7: 
 a. 
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DHW 3e 11.1-11.3 – Introduction to Pension Mathematics 
 
Two main categories of employer-sponsored pension plans: 
 
 DB –  
 
 
 DC – 
 
 
Want a pension to replace some of employment income.  Some issues: 
 

1. How to define the amount of income you’re planning to replace (various definitions of 
final salary) 

 
 e.g. salary earned in final year of employment, or average of final 3 years’ annual  
  salaries, or average of yearly earnings over all years of employment 
 

2. What percentage of income should be replaced?  
 
 Definition: Replacement ratio 
 
 

3. How to project (from early part of employee’s career) the future salary near retirement  
 

 Salary scale.   
 
  Let x0 represent the age at which employment begins. 
  A salary scale is a set of values sy for ages y ≥ x0 such that… 
 

   
�� 

���
 =  

 
  (Think of  the values from the salary scale as numerators and denominators that  
  you would use to assemble ratios of salaries comparing various years’ earnings.) 
 
  *Note that the subscripts indicate the age at the beginning of the year in question. 
 
  *Another note:  The only thing that matters about a salary scale is the ratios  
  between pairs of values.  The individual values themselves may or may not have  
  any real-life interpretation. 
 
One main point:  Get your hands on the total salary paid during a particular year and the endpoints 
(usually ages) of the year during which that salary was paid.  Watch out rate of salary—translate 
into total paid and year endpoints ASAP.  
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Example 1 (Based on DHW 2e Example 10.2 / DHW 1e Example 9.1; “assumption ii”) 
 
Consider the following salary scale: 

  
 
a. An employee earns $75,000 during the year prior to her 35th birthday.   
 Find the amount of salary earned by the employee during the year prior to her 61st  
 birthday, assuming she remains employed. 
 
 
b. A pension plan for this company defines the “final average salary” for the pension benefit  
 to be the average salary in the three years before retirement.  Compute this quantity for  
 the employee in (a) assuming that she retires at age 64. 
 
 
 
 
 
c. Assume that the pension plan sets a target replacement ratio of 70% and that the  
 employee in (b) retires at age  64*.  If the replacement ratio target has been met (on the  
 basis of the final average salary defined for this plan & computed in (b)), how much  
 pension income will she receive during the first year of retirement, assuming she  
 survives?  
 
 
 
 
 *I chose age 64 so that we are presented with a choice in which line of the table to use:  
 s63 or s64.  (DHW asks about age 65.) 

 
d. Suppose now that salaries are always adjusted halfway between ages (“six  
 months before the valuation date” (DHW)).   
 
 Consider an employee who earns salary at a rate of  $100,000 per year at exact age 55.   
 What is the predicted final average salary in the three years to age 65 (sic, DHW)? 
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Careful‼!: Amount earned during a fixed year vs. rate of salary at an instant in time. 
 
Example 2: (DHW 2e Example 10.2, under “assumption i”) 
 
a. Consider an employee whose salaries are always adjusted halfway between ages (DHW:  
 “six months before the valuation date”). 
 
A member aged exactly 35 earns $75000 during the year to the valuation date (sic).  The final 
average salary defined by the pension plan is the average salary in the three years before 
retirement.   
 
Calculate the predicted final salary using the salary scale sy = 1.04y assuming that she retires at 
age 65. 
 
 
 
 
 
 
 
 
 
 
b. Consider another pension plan member, exact age 55 at the valuation date, who was paid 

salary at a rate of $100,000 per year at that time.  At this company, all salary adjustments 
occur 6 months before the valuation date.  Calculate his predicted final average salary 
assuming retirement at age 65. 
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Example 3: DHW 2e, Example 10.3. 
 
The current annual salary rate of an employee aged exactly 40 is $50,000.  Salaries are revised 
continuously.  Use the salary scale given by sy = 1.03� : 
 
(a)  Estimate the employee’s salary between ages 50 and 51.   
 
 
 
 
 
(b)  Find the employee’s annual rate of salary at age 51. 
 
 
 
DHW3e Homework problem for Sections 11.1-11.3 (Li and Ng / Actex) 
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DHW 3e 11.4 – Defined Contribution Retirement Plans – Setting the Contribution Rate 
(Based on DHW2e Example 9.3) 
 
Consider a male employee entering a DC pension plan at age 25, when he earns $100,000/year.  
The employee wants to make contributions at the end of each year at a fixed percentage of the 
salary rate at that time. 
 
Assumptions: 

 The salary scale is given by �� = (1.04)�.  Salaries are adjusted immediately after the 

end-of-year contributions. 
 Contributions to the pension are assumed to earn a 10% return each year. 
 Survival and life contingent annuity present values given as needed, below.  

 
Example 1  Let’s see what the man can buy in the way of an annuity income product if he plans 
to retire at age 65 and contributes 6% of the previous year’s salary at the end of each year. 
   
a. Determine the projected value in the retirement fund at age 65.  (For projecting the amount 

that someone saves to retirement, we use the future value, not the expected future value, so 
that the person can evaluate what he/she can actually purchase when/if the age is actually 
attained.)  

 
 
 
 
 
 
 
 
b. Assume that �̈��

���� = 10.5 and determine the amount of annual pension income that can 
be purchased at age 65 with the fund from (a). 

 
 
 

 

 

 

 

 

 

c. What is the replacement rate in (b), if we use the final year’s salary as the “final salary”? 
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Example 2: Same man, age 25, earning at $100,000 during first year, �� = (1.04)� with 

adjustments occurring immediately after the end of the year.  Contributions earn investment 
income of 10% annually. 
 
a. Project the man’s salary during his final year of employment. 
 
 
 
 
b. Find an expression for the value at age 65 of the man’s retirement fund if he contributes at 

a rate of c at the end of each year.  (For example, if c = 6%, then he puts 6% of his previous 
year’s salary into retirement fund at the end of that year.) 

 
 
 
 
 
 
 
 
 
 
 
 
 
c. The man plans at age 65 to purchase  
 (i) A life annuity payable annually during his lifetime, with target replacement ratio  
  65% of his final year’s salary, and 
 (ii)  A reversionary annuity for his wife (who will be 61 when he retires at 65) at 60%  
  of his pension income (so she receives 60% of his pension income if he dies first). 
 
 Determine the price of these products at age 65 if  

  �̈��
���� = 10.5,     �̈��

������
= 13.9,   �̈��:��

�:�
= 10.0 

 
 
 
 
 
 
 
 
 
 
d. Determine c by setting accumulated value of contributions at age 65 equal to the cost of 

the retirement package.   (DHW notes that c depends only on the desired replacement ratios 
and not on the starting salary rate.) 
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Assigned Reading:  DHW3e, Sections 1.6, 1.10 (including subsections; this is on Canvas.) 

Practice Problem for DHW3e 11.4 

 
Suppose the 25-year-old man from Example 2 decides to contribute at a rate of 5.7% at the end 
of each year.  His first year’s salary ([25,26]) is still $100,000. 
 
a. His salary raises turned out to be 5% each year, but investment income on his retirement  
 fund was less favorable and was only 8% per year.  
 
 Determine the size of the retirement fund at age 65. 
 
 
 
 
 
 
 
 
 
 
 
 
b. When it’s time to purchase annuities, the prices of the annuities have increased because  
 the interest rate is lower than was anticipated.  Prices are based upon 
 

  �̈��
���� = 11.35,     �̈��

������
= 15.47,   �̈��:��

�:�
= 10.75    

 
 Determine the price of each of these products: 
 
 (i) A life annuity paying $1 per year for a man aged 65. 
 
 (ii) A reversionary annuity paying $.6 per year to the wife (age 61) after the man has  
  died, if she is still living. 
 
 
 
 
c. The man uses the pension fund in (a) to purchase this package: 
 (i) A life annuity paying level payments P every year while he is alive, and 
 (ii) A reversionary annuity paying 0.6P to his wife after he has died. 
 What is the largest P that he can afford? 
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DHW3e 11.5 – 11.9 – Funding Defined Benefit (DB) Plans part 1 
Service Table, Accrued Actuarial Liability, TUC vs. PUC, Normal Cost 
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Example 1:   A warmup example adapted from Spring 2018 Exam MLC. 
 
XYZ offers a pension plan that includes a lump sum death-in-service benefit, payable 
immediately on death: 

 10,000 for each full year of service on death-in-service between ages 63 and 64. 

 15,000 for each full year of service on death-in-service between ages 64 and 65. 
 
You are given: 

 Deaths are assumed to occur half-way through the year of age (simplifying assumption). 

 Decrements follow the ALTAM Pension Service Table. 

 i = .05 

 (Included on exam, perhaps unnecessarily:) The traditional unit credit funding method is used.  
 

 
a. What is the actuarial liability for this death benefit for an employee who is 50  
 years old with 10 years of service? 
 
 
 
 
 
 
 
 
 
 
 
b. Consider the employee from (a); if the employee remains in service at age 51, what will 

be the actuarial liability at that time?  Also find  EPV50[AL51]. 
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c. Note the element of this situation that’s fundamentally different from our previous life 

insurance reserving:   
 The pension plan’s liability for the benefit (and the need to reserve for that liability) 

is gradually accruing as the employee completes more years of service.   

 The quantity AL50 does not include a dollar amount for the additional benefit that 
the employee will earn during [50, 51], because the employee hasn’t earned it yet 
by working for another year. 
 

To address this, the employer/pension plan makes a contribution at age 50 called the 
normal contribution or normal cost. 
 
 AL50 + NC50  = EPV50[             ]  +   EPV50[AL51]  

 
 
 
 
  (EPV50[AL51]   is my notation:  EPV50[AL51]   =  ���

�� ⋅ � ⋅ AL51 .) 
  
 
 
 Notice: 
  

NC50 = EPV50[ additional accrual of benefit liability (beyond AL50) during [50, 51]  ] 
 
 
d. Consider what happens if this employee remains alive and in service to age 63, 
 at which time he’ll have accrued 23 years of service. 
 
 
  

benefits to be paid out 
mid-year in [50, 51], at the 

value to which they will have 
accrued 
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Next: Peek at Example 2, but then return to the terminology on this page. 
 
DB Terminology: 
 

 Final salary plan / final average salary plan 
 

 Accrual rate   
 
 

 Actuarial Liability / Accrued Actuarial Liability 
 
 ALt = EPV[accrued benefits]  →   ALt  should be reserved in connection 
       only with those benefits already accrued by 
       past employee service. 
  ↓ 
 
 

 Two methods/approches to compute ALt →  2 issues:  (1) Final salary;  
           (2) # years accrued @ accrual rate 

 
o TUC – Traditional Unit Credit method (also called Current Unit Credit method). 

  
 Uses salary/salaries from most recently completed year(s) as the “final 

salary” on which actuarial liability for pension benefits is based. 
 

 Uses the number years of service in employment completed by time/age t  
to determine the number of years to which the accrual rate applies in the 
ALt calculation.  

 
 (Liability has only accrued for years actually worked thus far.)  

 
o PUC – Projected Unit Credit method 

 
 Uses projected salary (or projected final average salary) to each possible 

retirement date as the “final salary” on which actuarial liability for pension 
benefits is based. 
 

 Uses the number years of service in employment completed by time/age t  
to determine the number of years to which the accrual rate applies in the 
ALt calculation.  

 
(Liability has only accrued for years actually worked thus far.)  
 

 



M A 3 9 8  | 108 

 
 

 Normal cost. 
 
 As with our previous example: 
 

 The pension plan’s liability for the retirement benefit (and the need to reserve for 
that liability) is gradually accruing as the employee completes the next year of 
service.   

 Members still employed at the end of the year will have accrued an additional year 
of service. 

 At certain ages, retirements may happen midway through the upcoming year—For 
members retiring mid-year, only a ½ year of accrual (at the accrual rate) will occur 
in the year of retirement.. 

 The quantity AL50 does not include a dollar amount for these additional accrued 
benefits, because the employee hasn’t earned it yet by working beyond age 50. 
 

To address this, the employer/pension plan makes a contribution at age 50 called the 
normal contribution or normal cost.  NC50 is defined by 

 
 AL50  +  NC50  =  EPV50[ben’s paid out mid-year during [50, 51]]  +   EPV50[AL51],  
      ↑  
  funds add’l liability that 
  will accrue during [50, 51] 
 

 
  where we define (for convenience)     EPV50[AL51]  =   ���

�� ⋅ � ⋅ AL51 
 
 
 This means that 
 
       NC50 = EPV50[additional  (beyond AL50) benefits that will accrue during [50, 51] ] 
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Example 2. (Adapted from DHW2e Example 10.10) 

 Martin Ellingham (50) has 20 years past service on the valuation date. 

 His salary in the previous year was $50,000. 

 He is enrolled in a final salary DB plan that provides an annual pension benefit of 1.5% of 
the salary earned in the final year of employment per year of service.     

 The pension is benefit is a life annuity payable annually in advance 

 There is no benefit due on death in service 
    Assumptions: 

 Retirements follow the SOA Standard Service Table 

 Retirements between integer ages are assumed to occur mid-year.  

 The interest rate is i = 5% 

 Salaries increase at 4% / year. 

 Mortality in retirement follows SULT. 
 
 
Calculate the accrued actuarial liability for this member’s pension benefits using 
  
 (a) traditional unit credit (TUC) funding;     (b) projected unit credit (PUC) funding 
Solution 
a.  TUC Method: 

 = 90430 
  

x  �̈�  

60 14.9041 

60.5 14.7766 
61.5 14.5176 
62.5 14.2506 
63.5 13.9757 
64.5 13.6931 
65 13.5498 
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Example 2, continued  

 Martin Ellingham (50) has 20 years past service on the valuation date. 

 His salary in the previous year was $50,000. 

 He is enrolled in a final salary DB plan that provides an annual pension benefit of 1.5% of 
the salary earned in the final year of employment per year of service. 

 The pension is benefit is a life annuity payable annually in advance 

 There is no benefit due on death in service 
    Assumptions: 

 Retirements follow the SOA Standard Service Table 

 Retirements between integer ages are assumed to occur mid-year.  

 The interest rate is i = 5% 

 Salaries increase at 4% / year. 

 Mortality in retirement follows SULT. 
 
Solution, continued. 
b. PUC method 
 

 =147,569 
 
c.   Normal cost for PUC method (b): 
 
 
 
d. Normal cost for TUC method (a):  

x  �̈�  

60 14.9041 

60.5 14.7766 
61.5 14.5176 
62.5 14.2506 
63.5 13.9757 
64.5 13.6931 
65 13.5498 
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More Examples – Reserving for DB Plans 
Example 3. Consider the following excerpt from a pension service table. 
 

x ℓx rx 

45 100,000 0 

46 99,990 0 

⋮  0 

64 (exact)  5,000 

64  4,000 

65 (exact) 40,000 40,000 

 
The symbols ��

����� for 64 (exact) and 65 (exact) denote expected numbers of age-
retirements at exact ages 64 & 65.   
 
For x = 64 (without the “exact” notation), rx denotes the expected number of retirements 
during the year, which are assumed to occur at age 64.5.  
 
You are given:  
 

Data: (i) A 45-year old employee has a final-salary-style defined benefit pension plan  
  allowing age-retirement only at exact ages 64, 64.5, or 65.   
 
 (ii) She earns 100,000 during [44, 45]. 
 
 (iii) She has accumulated 15 years of pensionable service by age 45. 
 
 (iv) The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined  
  to be 2.5% of final salary per year of service.  There is no penalty for retiring at  
  age 64 or 64.5.  Pension benefits are paid monthly in advance. 
 
 (v) Future salaries are projected using the salary scale sy = 1.03�. 
 
 (vi) The EPV of annuities due payable monthly at a rate of 1 per year at various ages  

  are  �̈��
(��)

 = 13.9;   �̈��.�
(��)

 = 13.7;  �̈��
(��)

 = 13.5. 
 
Compute the actuarial liability (i.e. reserve for pension benefit liability) and normal contribution 
at age 45 using the traditional unit credit approach (that is, base your calculation on the most 
recent salary and the number of years of pensionable service actually completed by age 45.) 
 
Use i = .05.   
  



M A 3 9 8  | 113 

 
 

 
 
EPV[AL46] =  
 
 
 
          }  = 103901 
 
 
 
 
 
(Or get EPV45[AL46] = 103901 via shortcut… 
 
 
 …NC45 = 9330.95)  
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Example 4. Consider the following excerpt from a pension service table. 
 

x ℓx rx 

45 100,000 0 

46 99,990 0 

⋮  0 

64 (exact)  5,000 

64  4,000 

65 (exact) 40,000 40,000 

 
The symbols  rx for 64 (exact) and 65 (exact) denote expected numbers of age-retirements 
at exact ages 64 & 65.   
 
For x = 64 (without the “exact” notation), rx denotes the expected number of retirements 
during the year, which are assumed to occur at age 64.5.  
 
You are given:  
 

Data: (i) A 45-year old employee has a final-salary-style defined benefit pension plan  
  allowing age-retirement only at exact ages 64, 64.5, or 65.   
 
 (ii) She earns 100,000 during [44, 45]. 
 
 (iii) She has accumulated 15 years of pensionable service by age 45. 
 
 (iv) The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined  
  to be 2.5% of final salary per year of service.  There is no penalty for retiring at  
  age 64 or 64.5.  Pension benefits are paid monthly in advance. 
 
 (v) Future salaries are projected using the salary scale sy = 1.03�. 
 
 (vi) The EPV of annuities due payable monthly at a rate of 1 per year at various ages  

  are   �̈��
(��)

 = 13.9;   �̈��.�
(��)

 = 13.7;  �̈��
(��)

 = 13.5. 
 
Compute the actuarial liability (i.e. reserve for pension benefit liability) and normal cost at age 
45 using the projected unit credit approach (that is, base your calculation on the projected 
salary in the year of retirement and the number of years of pensionable service actually 
completed by age 45.) 
 
Use i = .05.    
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EPV45[AL46] =  
 
 
 
            } = 181338.33 
 
 
 
 
 
 
Or use shortcut to get EPV45[AL46].  (Will get NC45 = 11336.74)
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From Spring 2019 LTAM 
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Remarks – Adapted from 2018 Spring MLC Written #6: 

 
 
A partial list of assumptions: 

       

 
 
Think about:   

 
[SOA’s explanations, slightly modified:]  
 
(i) Finn is the newer employee.  The PUC will have the greater Normal Cost because the NC 

under the PUC method includes prefunding the future salary increases.  Finn has many 
years of service ahead, so prefunding these salary increases will significantly impact 
(increase) the normal cost. 

 
(ii) Oscar is nearing retirement.  The TUC will have the greater Normal Cost for Oscar:  All 

past accrued liability (and that’s many years’ worth for Oscar!) must be adjusted from 
one year to the next according to current salary increases.   

 
 (The PUC prefunds future salary increases, but since Oscar has little time left in 

employment, this cost is small compared with the TUC’s salary upgrade for all 
previously accrued pension liability.) 

 
See graphs for comparison (on next page)  



M A 3 9 8  | 118 

 
 
Comparing AL and NC at various ages under PUC and TUC methods. (DHW p.436) 

   
 
Illustrating the Normal Cost for Standard DB Plans 
xxx 
Consider the following excerpt from a pension service table.  

x ℓx rx dx + ix + wx 

55 60,000 0  

⋮  0  

63 (exact) 50,000 5,000 0 

63 45,000 3,000 1,000 

64 41,000 1,000 1,000 

65 (exact) 39,000 39,000  

 
Alice is 55 and earned $100,000 during [54, 55].  She has 15 years of service. 
 
Bob is 63 and declines to retire at exact age 63.0.  He earned $200,000 in [62, 63], has 25 years 
of service. 
 
They are enrolled in a final salary plan with accrual rate 2.5%.  Use sy = 1.04� and i = 5%. 
 
 
We want to find AL and NC for Alice and for Bob under each method.   
 

Annuities valued using �̈��
(��)

 = 13.9;   �̈��.�
(��)

 = 13.8;    �̈��.�
(��)

 =  13.6;  �̈��
(��)

 = 13.5.   
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Alice, PUC Alice is 55 and earned $100,000 during [54, 55]; she has 15 years of service. 
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Alice, TUC Alice is 55 and earned $100,000 during [54, 55]; she has 15 years of service. 
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Bob, PUC Bob is 63 and declines to retire at exact age 63.0.   
  He earned $200,000 in [62, 63], has 25 years of service. 
 
 

 
 

 

  ⇒ ct’d 

                                 AL63 + NC63 
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Bob, TUC  Bob is 63 and declines to retire at exact age 63.0.   
  He earned $200,000 in [62, 63], has 25 years of service. 
 
 

 
 
The easiest way to handle the NC for Bob under the TUC method is to work directly with the 
terms of the equation that defines NC.  There are other ways of breaking down sources of NC for 
Bob under TUC, but I would not call them “shortcuts”. 
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Practice Problem:  Actuarial Liability and Normal Cost for DB Plans 
 
Consider the following excerpt from a pension service table.  

x ℓx rx dx + ix + wx 

55 60,000 0  

⋮  0  

64 (exact) 50,000 5,000 0 

64 45,000 4,000 1,000 

65 (exact) 40,000 40,000  

 
The symbols  rx for 64 (exact) and 65 (exact) denote expected numbers of age-retirements 
at exact ages 64 & 65.   
 
For x = 64 (without the “exact” notation), rx denotes the expected number of retirements 
during the year, which are assumed to occur at age 64.5.  
 

Data: (i) A 55-year old employee has a final-salary-style defined benefit pension plan  
  allowing age-retirement only at exact ages 64, 64.5, or 65.   
 
 (ii) She earns 150,000 during [54, 55]. 
 
 (iii) She has accumulated 25 years of pensionable service by age 55. 
 
 (iv) The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined  
  to be 2.5% of final salary per year of service.  There is no penalty for retiring at  
  age 64 or 64.5.  Pension benefits are paid monthly in advance. 
 
 (v) Future salaries are projected using the salary scale sy = 1.04�. 
 
 (vi) The EPV of annuities due payable monthly at a rate of 1 per year at various ages  

  are  �̈��
(��)

 = 13.9;   �̈��.�
(��)

 = 13.7;  �̈��
(��)

 = 13.5. 
 
 (vii) Use i = .05.    
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1. Compute the actuarial liability and normal cost at age 55 using the projected unit credit 

approach (that is, base your calculation on the appropriate projected final salaries and the 
number of years of pensionable service actually completed by age 55.) 

 
 
 
 
 
 
 
 
 
2. Compute the actuarial liability and normal cost at age 55 using the traditional unit 

credit approach (that is, base your calculation on the most recent salary and the number 
of years of pensionable service actually completed by age 55.)  (For this problem, you 
can say AL55 is “same as in #1 except ...”; do compute the values though.) 

 
 
 
 
 
 
 
 
3. Repeat #1 except change (i), (ii), (iii) as follows: Assume you’re looking at a 64-year-old 

employee who had 34 years of service and earned 200,000 during [63, 64]; this particular 
employee chose not to retire at age 64.0. 

 
 
 
 
 
 
 
4. Repeat #2 except assume you’re looking at a 64-year-old employee who had 34 years of 

service and earned 200,000 during [63, 64]; this particular employee chose not to retire at 
age 64.0. 

 
 
 
 
 
 
 
Suggested Sample ALTAM Problem (Canvas): 42ab, 45  
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Solutions 
 
#1 AL: 
 

 
 
#2 AL: 
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#3 & 4 

 

 
 (↑ use “direct method” as in #3  -or-  compute EPV64 of 64.5-retirements + EPV64[AL65]  

and solve  AL64 + NC64 = EPV64[64.5-retirements] + EPV64[AL65] for NC.  If you imagine 
the algebra involved, you could factor and get the expression in (3)—with × 1.04 deleted—
for NC.) 
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DHW3e 11.11 – Retiree Health Benefits 
 
Example:  WilsonCorp provides its retirees with a supplemental health insurance policy to 
cover some of the expenses not covered by public government benefits (such as Medicare). 
 
Consider two employees, ages 50 and 60. 
 
Assumptions: 

 Today, at t = 0 (the “valuation date”), the premium for one year of coverage for a 60-year-
old is 5000. 

 At any time t, the premium to cover someone age (60 + s) for one year is  
 
 (1.02)� × (premium to cover someone age 60), 
 
that is, the cost to cover a person older than 60 for a year is 2% higher per year of age 
beyond 60. 

 Health insurance inflation is 5% per year. 
 The interest rate is i = 6%.   
 Mortality follows the DHW life table, and we can compute level annuity EPVs (e.g. �̈�) at 

any interest rate. 
 Retirements follow the service table from DHW, so that if we have ℓ�� and ℓ��

����� 
employees, we expect  ���

�����, ���, ���, … , ������������
�������� �����

, ���
����� retirements. 

 
a. Consider the 50-year-old employee.  Assuming an age 60.0 retirement for (50) (which 

would occur with probability _____), compute the PV at the valuation date t = 0 (age 50) 
of the cost at age 60.0 to purchase the benefits. 
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(Costs increase by 2% for each add’l year of age; health insurance inflation 5%, i = 6%) 
 
b. Repeat (a) except assuming an age 60.5 retirement for (50)   
          (which would occur with probability ___).  
 
 
 
 
 
 
 
 
 
 
 
c. Calculate the actuarial value of total health benefits (AVTHB) per 50-year-old employee 

at the valuation date t = 0.   
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Unnecessary notation, continued: 

 

 

Assemble as follows: 

 

 

 

 
d. Consider the 60-year-old employee, immediately prior to exact-age 60.0 retirements.  

Assuming an age 60.0 retirement for (60) (which would occur with probability ___), 
compute the PV at the valuation date t = 0 (age 60) of the cost at age 60.0 to purchase the 
benefits. 
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e. Repeat (b) (retire @ age 60.5) for our employee who is 60 years old at the valuation date  
 t = 0. 

 
f. Find AVTHB for a current 60-year-old employee.  
 
 
 
 
Funding methods 

Notation:   tVh = actuarial liability at time t for an employee, 
   tCh = normal contribution for the year at time t 
 

 
 
Health benefits cost what they cost, regardless of # years of service; so that’s a little different 
from DB actuarial liability, where the benefit level increases in compensation for additional 
service in employment. 
 
Pro rata method 
 
Example: Use the pro-rata method with the following assumptions to calculate the accrued 
liability and normal contribution for (50) and for (60). 
 
Assumptions: 

 For this example, we make the simplifying (and more conservative) assumption that all 
retirements will occur at age 60. 

 As an example, one could pro-rate by assuming the accumulated cost is spread over the 
25-year period prior to age 60.  (This includes employees who join the company within 
that 25-year period). 
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Linear accrual to each retirement age method. 
 
Retain the assumption that accrual over a period that begins 25 years prior to age 60.   
Drop the assumption that all retirements occur by age 60, and use the service table. 
 
Assuming (50) retires at 60.0, EPV50(premiums) = 147,900 
Assuming (50) retires at 60.5, EPV50(premiums) = 145,871 
Assuming (50) retires at 61.5, EPV50(premiums) = … 
… 
Assuming (60) retires at 60.0, EPV60(premiums) = 162,604 
Assuming (60) retires at 60.5, EPV60(premiums) = 160,374 
Assuming (60) retires at 61.5, EPV60(premiums) = … 
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DHW 3e:  13.1-13.2 – Profit Testing 
 
Want to predict future profits on a policy and test profitability. 
 
Example: Fully discrete 10-year term policy of $100,000 on (60) with 
  level annual (gross) premiums π = πG  = $1500.  (DHW uses P here.) 

 
 
Profit test basis: ← Used for all interest accumulations (e.g. projecting profits) except for  
    determining amount of each benefit reserve. 
 
Interest:  i = .055 
Initial expenses: $700  (“acquisition costs”) 
Renewal expenses: 3.5% of premiums (including the first premium – not part of the $700.)  
Survival:  ����� = .01 + .001� for t = 0, 1, …, 9 
   So ��� =  .01,   ��� =  .011,   ��� =  .012, … 
 
 
Suppose that the insurer chooses to use net premium reserves as the reserving method.  The to 
the following assumptions are used for reserving: 
 
Reserve basis:  ← Typically uses more conservative assumptions, so lower i and 
    greater qx+t’s 
Interest:  i = .04 
Survival:  ����� = .011 + .001� for t = 0, 1, …, 9 
   So ��� =  .011,   ��� =  .012,   ��� =  .013, … 
 
1. Recall that the net premium reserve excludes consideration of expenses and profit and that 

it is based on the net premium (which forms a portion of the gross premium).  Compute the 
net premium P (DHW: P′ ) that we will use to determine the benefit reserve. 

 
 
 
 
 
 
 
2. Determine the net premium reserve for t = 0, 1, 2. 
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   (DHW 2e Table 12.2, p. 404) 

 
Main idea: Profit/surplus  Prt  per policy emerging at end of year t (at time t), given that the  
  policy  is in force at time (t – 1), comes from… 
 
 (1) The previous year’s premium payment π and benefit reserve (t-1V), less renewal  
  expenses associated with that particular premium payment… 
 
Note:    DHW uses the very standard convention that acquisition costs amount to a negative profit that emerges at 
time t = 0; these are not subtracted from the premium (paid at time 0) that contributes to the profit at time t = 1.   
 
“[P]rudent capital management requires us to recognize losses as early as possible…It would not generally be 
prudent to combine the high acquisition costs with the other first year income and outgo, as that would delay 
recognition of those expenses and lessen their impact” (DHW 2e p. 400).   

 
 (2) …plus interest accrued on (1) 
 
 (3) …minus expected benefits (and any associated costs) and the expected cost of  
  setting up the next reserve at time t. 
 
*Note carefully the conditioning implied here: The profit values are conditional on (60) being alive at time t – 1. 

 
 

3. Compute the profit/surplus per policy emerging at t = 0, 1, 2, 3, given that the policy is in 
force at t – 1 for each t = 1, 2, 3.  For this example, the insurer/DHW has decided to set reserves 
equal to the net benefit reserves (other reserving choices are possible, cf. SOA Written #16a.) 

 
 Note that we use the profit test basis/assumptions here.  The reserve basis is used only for determining the 

amount of benefit reserves. 
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     DHW 2e Table 12.3, p. 405 (modified from 1e: Table 11.3, page 357) 

 
Definition: The vector (���, ���, ���, … , ����)  of emerging profits ��� per policy during  
  the year (t – 1, t), given that the policy is in force at time t – 1  is called the  
  profit vector. 
 
Definition: The vector (Π0, Π1, Π2, … , Π10)  of expected profits Πt  per policy emerging  
  during  the year (t – 1, t),  given only that the policy is in force at time 0 is called  
  the profit signature. 
 
  For t = 1, …, 10, we have   Πt = ____________. 
 
4. Write down the profit vector and profit signature for the contract in our example.  
 (Recall  ��� =  .01,   ��� =  .011,   ��� =  .012, …  under profit test assumptions.) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Definition: The expected value of future profit or net present value (NPV) at rate r of the  
  contract is equal to ∑ Πt (vr)t, where vr = (1 + r)-1.  
 
5. If profits are discounted using an effective annual risk discount rate of r = .1, compute the  
  NPV of the contract in our example.  (74.13).     
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Finally, DHW begins this entire discussion by looking at the profit vector if tV = 0 for every t, 
i.e. if no reserving is done at all.   
 
  
6. Find the profit vector if we set  tV = 0 for every t.  n.b. This is a terrible idea‼ 
 
 (Recall i = .055, ��� =  .01,   ��� =  .011,   ��� =  .012, …  under profit test  
 assumptions; G = 1500; acq. cost = 700; renewal expenses = 3.5% of premiums.) 
 
 
 
 
 
 
 
 
 
Get (-700, 527.11, 427.11, 327.11, 227.11, 127.11, 27.11, -72.89, -172.89, -272.89, -372.89). 
 
 Additional examples: 
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( From the life table:  ℓ60 = 8,188,074 and 

   , ) 
 
 
 
 
 
 
 
 
 
 
Suggested reading: Read DHW 3e 13.1-13.5, especially the introductory nonmathematical 
material. 
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DHW3e Sections 13.3-13.5 – Profit Measures 
 
Recall from last time:  For an n-year contract with annual cash flows, we make the following 
definitions: 
 
Definition: The vector  (���, ���, ���, … , ����)   of (expected) emerging profits ���   per  
  policy during the year (t – 1, t), given that the policy is in force at time t – 1, is  
  called the profit vector. 
 
Computing Prt: 
 
 
 
Definition: The vector (Π0, Π1, Π2, … , Πn)  of expected profits Πt  per policy emerging  
  during  the year (t – 1, t),  given only that the policy is in force at time 0 is called  
  the profit signature. 
 
  For t = 1, …, n, we have   Πt = ____________. 
 
 
Definition: The net present value NPV (or expected present value of future profit EPVFP) at  
  rate r of a contract is defined by 
 
  NPV = _______, where v = (1 + r)–1. 
 
Note: We do not assume that r is the same interest rate that was used to accumulate cash flows 
when computing the profit vector and profit signature.  Further, these rates are usually different 
than the rate used for the purposes of determining net premium reserves.   
 
Definition: The internal rate of return (IRR) is the* rate r for which the NPV of a contract is  
  equal to zero. 
 
  *Assuming that this rate exists, in which case, it may not be unique! 
 
Definition: Hurdle rate (or risk discount rate):  This is a rate r, chosen by the insurer, at which  
  to compute the NPV of the contract.  The contract is deemed profitable if the IRR  
  is higher than this rate. 
 
Example 7: Given the profit signature 
 
   (-700, 121.17, 125.72, 128.95, … 119.75, 113.37)  
 
  for a ten-year term insurance, find the NPV at the hurdle rate 10%.  (74.13). 
  What information does this give the insurer about the profitability of the contract? 
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Definition: Profit margin.   
 
  Profit margin = ___________________ , evaluated using the risk discount rate*  
     (or discounted exactly as instructed on an SOA exam). 
 
  *DHW says “for all calculations” (2e p.412) , by which they appear to mean… 

 Use the risk discount rate to turn the profit signature into an NPV 
 Use the mortality model (from profit test basis) and the risk discount rate 

to determine the APV of gross premiums.  (This won’t have been done 
yet.) 

 Note that the amount of the gross premium and the profit signature were 
determined independently of setting a hurdle rate—in this sense, we have 
not really used the risk discount rate for all calculations. 

 
Example 8: Continuing the “10-year term insurance on (60)” example. 
 
 Mortality: ��� =  .01,   ��� =  .011,   ��� =  .012, ��� =  .013 ,… ��� =  .018 
  
 Gross premium:  $1500 
 
 Profit signature: 
 (-700, 121.17, 125.72, 128.95, 130.84, 131.39, 130.56, 128.35, 124.76, 119.75, 113.37)  
     t = 0         1               2                 3                4               5              6                 7               8                9              10 

 
 Compute the profit margin at hurdle rate 10%.    (Get 74.13/9684 ≈ .00765 ≈ .77%) 
 
 
 
 
Remark: We can see now why the -700 is assigned to time zero.  We wouldn’t want to accumulate the 700  
  expense at one interest rate and then turn around and discount it at a different rate. 

 
Definition: Discounted payback period or break-even period.  This is the smallest integer k  
  of years (periods) for which ∑ Π� ⋅ ���

���   is positive. ← this sum is called the  
          partial  NPV;  NPV(k) 

Example 9: Let v = (1.10)–1 Consider the following computations (based on the profit  
  signature of the previous example): 
 
  -700 + 121.17v = – 589.85 
  -700 + 121.17v + 125.72v2 = – 485.95 
   ⋮  
  -700 + 121.17v + … + 128.35v7 + 124.76v8 = –20.37  
  -700 + 121.17v + … + 128.35v7 + 124.76v8 + 119.75v9  = 30.42 
  This contract has a(n) _____-year discounted payback period.   
 
Suggested practice/ALTAM Sample Problems: #34 (omit 34g), 35  
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DHW 3e Section 13.7 – Zeroization and Zeroized Reserves 
 
Main idea:  

 Typical NPV calculations use a higher interest rate than the (1 + i) factor used in 
one-year accumulations of premium, reserves, expenses. 

 
 Thus, reserving capital is costly and reduces NPV. 

 
 Earlier emergence of profits increases NPV. 

 
 We can set a reserving structure that exactly meets expected insurer liabilities 

near the end of a contract, thus zeroing out the  Prt and Πt for the t’s that occur at 
the late stage of a contract.  Payoff: More profits emerge earlier. 

 
 
Sketch of Example from DHW 2e:  $100,000 discrete 10-year term policy on (60). 
 
Gross premium: $1500/year.   
Expenses: 52.50 associated with each premium payment, and $700 acquisition expense at t = 0. 
Cash flows are accumulated at i = .055 . 
 
��� =  .01, … , ��� =  .014, …  
 
An insurer could choose to do reserving based on net benefit reserves and reserve basis 
assumptions.  We did this earlier in class, and got… 

    
 
So, for example,   
 
 Pr5 = (1150.10 + 1500 – 52.50) (1.055)   –  q64(100000)  – p64(1219.94) = 137.61   
 
and 
 
 Π5 =  ����⋅ 137.61 = 131.39 .   
 
  ⇒ Profit Signature = (-700, 121.17,…, 131.39,…, 113.37) 
 
  ⇒ NPV10% =  _________________________________________= 74.13 
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DHW Example, continued 
Gross premium: $1500/year.   
Expenses: 52.50 associated with each premium payment, and $700 acquisition expense at t = 0. 
Cash flows are accumulated at i = .055 . 
 
Suppose the insurer decides to use a different method of reserving.  We’ll use tVZ for the time-t 
reserve computed via the “new” method: 
 

 Start with 9VZ (Recall it’s a 10-year policy): 
o What value for  9VZ would give  Pr10 = 0?  

(Use  q69 = .019 .) 
 
 
 
 
 

o If  that value for  9VZ is positive, keep it.  Otherwise set  9VZ  equal to zero. 
 
 

 Repeat to find 8VZ : 
o What value for  8VZ would give  Pr9 = 0?  (Use q68 = .018 .) 

 
 
 
 
 

o If  that value for  8VZ is positive, keep it.  Otherwise set  8VZ  equal to zero. 
 
 

 Continuing, it turns out we get the values in the table → → →   
 
 …and these values guarantee that  Pr4 = Pr5 = … = Pr10 = 0. 
 

 Next, to find 2VZ: 
o What value for  2VZ would give  Pr3 = 0?  (Use q62 = .012 .) 

 
 
 

o If  that value for  2VZ is positive, keep it.  Otherwise set  2VZ  equal to zero. 
 
 

 Compute Pr3. 
 

 We likewise find that 1VZ would need to be negative to zero out Pr2.  So we set 1VZ = 0 
and obtain a nonzero Pr2 (= 427.11).  Similarly, 0VZ = 0 and Pr1 = 527.11.   
Recall Pr0 = – 700. 

Zeroizing reserves: For as many years as 
possible at the termination-end of the 
contract, choose positive reserve amounts 
so that emerging profit is zero for those 
years. This causes profit to emerge earlier 
in the contract, increasing NPV. 
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DHW Example, continued: 
  

 Using  p60 = .99,  p61 = .989,  p62 = .988, etc.,  
show how to get each Πt from the corresponding Prt. 

 
 
 
 

 Compute NPV10%.    (Get 189.31) 
 
                Emerging profit after zeroization. 
 
 
 
 
DHW3e Section 13.9 – Profit Testing in Multistate Models 
 
DHW3e Example 13.2 
 

 

   

   
 
Compute:  NPV,  DPP, Profit Margin.   

Fully discrete 10-year partially 
accelerated CI and term insurance, 
sold to a healthy (60). 
 
Benefits: 
$100,000 at end of year if (3) entered 
during year. 
$50,000 at end of year if (1) entered 
during the year. 
$50,000 at end of year if (2) entered 
during the year. 
 
Premium:   $2500 if healthy,  
  0 otherwise. 
 
Profit test assumptions: 
$250 acquisition expenses 
Annual renewal expenses: 
 5% of each premium or 
 $25 if in state 1. 
 
Investments earn 6%/year 
Risk discount rate is 12%/year 
 
Transition probabilities – next page. 
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EPV12%[Premiums]  = 2500 ∑ tpx

00 × vt = 14,655.31 
NPV12% ÷ EPV12% = .0589 
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(From Weishaus LTAM/ALTAM) 
 

 

    
 

(Should get Π10  = .65(–65.0875) + .1(–173.3375) = –59.640625)   
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DHW3e, Chapter 14  -   
Universal Life Insurance, Introductory Examples 
(See also MQR 4e 11.5 (on which this example is based) and 16.1.) 
 
UL Type A Example: 
Consider a fully discrete universal life contract issued to (30) with level total death benefit 
(“Type A”), face amount 100,000. 
 
Mortality assumptions for determining contracted cost of insurance (COI): 
 
  � ∗

��
= .00076 ,  � ∗

��
=  .00081  , � ∗

��
= .00085  ,   � ∗

��
=.00095 

 
(These q*’s are called COI rates.)  For now, we will pretend that no one surrenders their policy. 
 
Percent-of-contribution expense factors are r1 = .75 for the first year and rt = .01 for subsequent 
years. 
 
Fixed expense amounts of e1 = 100 in first year and et = 20 in subsequent years are due at 
beginning of the year. 
 
Interest is credited to the account value (on a contractual basis) at i = ic = .03 . ← 
The interest rate used to compute the cost of insurance (COI) is iCOI

 = iq = .03 . ←  
 

Unfortunate notation: In both MQR and DHW, t seems to represent the year number, which is one higher 
than the time at which the transaction occurs.  The account value AVt is the account value at the end of the 
tth year, and thus matches the account value at time t.  Yuck!  The subscripts on G, r, e represent which 
contributions and expenses contribute to AVt . 

 
The insured makes an annual contribution of 5000.  Calculate the end-of-year account value  
for years 1, 2, 3. 
 
One-year recursion for level-benefit UL account values: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

These rates are not 
required to be  equal! 
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UL Type B Example: 
Consider a fully discrete universal life contract issued to (30) with death benefit equal to the face 
amount plus the account value (this arrangement defines “UL Type B”).   
 
Face amount: 100,000. 
 
Mortality assumptions for determining contracted cost of insurance: 
 
 ��� = .00076 ,  ��� =  .00081  , ��� = .00085  ,   ��� =.00095 
 
Percent-of-contribution expense factors are r1 = .75 for the first year and rt = .01 for subsequent 
years. 
 
Fixed expense amounts of e1 = 100 in first year and et = 20 in subsequent years are due at 
beginning of the year. 
 
Interest is credited to the account value (on a contractual basis) at i = .03 . 
The interest rate used to compute the cost of insurance (COI) is iCOI

 = iq = .03 . 
 
The insured makes an annual contribution of 5000.  Calculate the end-of-year account value  
for years 1, 2, 3. 
 
One-year recursion for variable-failure-benefit UL account values: 
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For your reference, here is an excerpt from SOA’s notation document for the 2014 MLC Exam. 
 
SOA Notation and Definitions (ALTAM 7/2023): 
 

  

 
 
So, in particular, what SOA calls COI is calculated as follows: 
 
 COI = ����

����
"��� ����"

 × ��� �������� ��������� ������ × (amt of total DB above ������������������������
������� (������ ��)

) 
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Universal Life, More Examples 
 
MQR 4e 16.1 (Modified to match SOA conventions.) 
 
Fixed death benefit:  100,000 ← the base death benefit is called “face amount” for either type of  

AV on April 30:  4000             UL policy. 
May 1 contribution:  1000 
Credited annual interest rate: 4.5% (effective) 
Annual rate for discounting COI: 0%  ← Recall that vCOI could be based on a different rate than the rate used 
      for crediting interest to the AV. 

Monthly expenses:  fixed expense of 40 and 4% of contribution 
Monthly mortality for COI: “q” = .0001 
Surrender charge*:  10 per 1000 of face amount. 
Outstanding loan balance: 500 on May 31 
 
*The surrender charge can vary  depending on the duration of the contract, and is likely to be 
highest during the early years of the contract.  Also called surrender penalty. 
 
Find account value, cash value, and actual cash surrender value on May 31. 
 



M A 3 9 8  | 152 

 
 

 
 
 (Use  x lx  1000 qx 
   60 8,188,074 13.76 
   63 7,823,879 17.88 
   64 7,683,979 19.52      .) 
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Universal Life, More Examples 
 
MQR 4e 16.1 (Modified to match SOA conventions.) 
 
Fixed death benefit:  100,000 ← the base death benefit is called “face amount” for either type of  

AV on April 30:  4000             UL policy. 
May 1 contribution:  1000 
Credited annual interest rate: 4.5% (effective) 
Annual rate for discounting COI: 0%  ← Recall that vCOI could be based on a different rate than the rate used 
      for crediting interest to the AV. 

Monthly expenses:  fixed expense of 40 and 4% of contribution 
Monthly mortality for COI: “q” = .0001 
Surrender charge*:  10 per 1000 of face amount. 
Outstanding loan balance: 500 on May 31 
 
*The surrender charge can vary  depending on the duration of the contract, and is likely to be 
highest during the early years of the contract. 
 
Find account value, cash value, and actual cash surrender value on May 31. 
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 (Use  x lx  1000 qx 
   60 8,188,074 13.76 
   63 7,823,879 17.88 
   64 7,683,979 19.52      .) 
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UL, conclusion: Corridor factor requirements and UL profit testing 
 
Example 1:  DHW 2e Example 13.5 p. 457 (1e Supplement p.45):  Project the account values 
and cash values for a level-death benefit (“Type A”) UL Policy issued to (45) with corridor 
factor requirement.  Assume that interest is credited to the account at 4% per year. 

 
(SSSM:  q[45] = .0006592 ;  q[45]+1 = .0007974 ) 
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Example 2:  Repeat Example 1, but change only the face amount of the policy.  So… 
 
  Project the account values and cash values for a level-death benefit (“Type A”)  
  UL Policy issued to (45) with corridor factor requirement.  Interest is credited at  
  4% per year. 
 
 
New face amount: 5000 

 
 (SSSM:  q[45] = .0006592 ;  q[45]+1 = .0007974 ) 
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Example 3: Back to the setting of Example 1; i.e. $100,000 level death benefit.  We computed 
AV1 = 2626.97,  AV2 = 6173.07,  
 
Profit test: 

 

 
 

 (SSSM:  qd
[45] = .0006592 ;  qd

[45]+1 = .0007974 ) 

 
  •   Surrender charges are  SC1 = 2500 ,  SC2 = 2100 for surrender charges at times t = 1,  2. 

  
  
 
  

← Note: DHW should have said  
q′(w) is the independent probability that a 
policy surrenders (“independent surrender 
rate”?), given in-force at year’s end.  
 
Note also: We have q(d) = q′ (d) as there is 
no competition with the withdrawal 
decrement during any policy year. 
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We get the following profit vector (Pr0 , … , Pr20): 

(Recall:   SSSM:  qd
[45] = .0006592 ;  qd

[45]+1 = .0007974 ; q′w[45] = .05; q′ w[45]+1 = .02  ) 
 
Show how to compute the profit signature and NPV at 10% hurdle rate. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
If time:  How do the recursions change for a policy with D.B. = 100,000 + AVt? 
 
 
 
 
 
 
 
 
 
 
 
 
 
Reading:  DHW3e Sections 1.4, omitting subsection 1.4.3 
HW:  You may now attempt the suggested exercise at the end of this UL notes. 
Suggested ALTAM Problems (Canvas): 50a, 52, 53, 54  
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DHW 3e 14.3.7 – UL policies with no-lapse guarantees 
 
 
Context: Consider a fully discrete Type A policy (level death benefit = S) with annual cash  
  flows. 
 
 Excerpt from DHW 2e, p. 446:  
 

An additional feature of some policies is the no-lapse guarantee, under which the death 
benefit coverage continues even if the account value declines to zero, provided that the 
policyholder pays a pre-specified minimum premium* at each premium date.   
 
This guarantee could apply if expense and mortality charges increase sufficiently to 
exceed the minimum premium.  The policyholder’s account value would support the cost 
of the death benefit until it is exhausted, at which time the no-lapse guarantee would 
come into effect.  
 
 
*This pre-specified premium can, in some policies/contracts, be as low as 0 after the 
policy has been in force for a specified amount of time. 
 

Reserving is the main issue that DHW considers in this context (p.462): 
 
Example: DHW 2e, p. 462: 
 
 Suppose the Type A UL policy has been issued to (x) and has been in force for t years. 
 
 Suppose this policy has a no-lapse guarantee, in this particular case allowing the  
 policyholder to cease premiums and still maintain their death benefit insurance. 
 

Note: Such a feature usually wouldn’t kick in until the policy had been in-force for a specified 
number of years. 

 
 EPVtime t [Death Benefit] =  S Ax+t. 
 
 Account value = tAV. 
 

 If tAV ≥ S Ax+t  ,  then the account value is enough of a reserve. 
 

 If tAV < S Ax+t ,  then additional reserving to support the no-lapse guarantee is needed. 
 

  Define  tVNo-Lapse-Guarantee = tVNLG = ____________________. 
 
  tVNLG  is referred to as the reserve for the no-lapse guarantee.  
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Example Same setup, but with a variation:  The no-lapse guarantee expires at  
  time n (age x + n). 
 
 EPVtime t [No-Lapse Guaranteed Death Benefit] =  S A �   

���  ∶ 
 

���������⌉  
. 

 
 Account value = tAV. 
 

 If tAV ≥ S A �   
���  ∶ 

 
���������⌉  

, then the account value is enough of a reserve. 

 
 If tAV < S A �   

���  ∶ 
 

���������⌉
,  then additional reserving needed to support the no-lapse guarantee. 

 
  Define  tVNo-Lapse-Guarantee = tVNLG = ____________________. 

 
 Example: May 2012 MLC #27 
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Suggested ALTAM Problems (Canvas): 50a, 52, 53, 54 
 
Suggested HW exercise: 
Recall:  profit margin is defined to be  (NPV ÷ EPV(Premiums)). 
Note:  “COI rate = .022” is telling you qx

* = .022 used in computing the cost of insurance. 

 
 
SOA’s Solution, next page. 
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DHW3e Chapter 15, Part 1 – Equity Linked Insurance – Deterministic Methods 
 

 Equity-linked insurance – an example of insurance contract in which the main purpose of 
the contract is investment. 

 DHW3e p.571: Includes a death benefit, predominantly as a way of distinguishing from 
pure investment products, but designed to emphasize investment opportunity, with a view 
to competing with pure investment products sold by other financial institutions. 

 Premium paid goes two places: 
o Allocated premium (AP) – goes into an investment account owned by the 

policyholder (managed by insurance company).  Account invested in a fund that is 
selected by policyholder.  Variations of the symbol Ft are used for the time-t value 
of this fund. 

o Unallocated premium (UAP) – the remainder of the premium, which goes to the 
insurer’s funds.  
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DHW3e Example 15.1 
 

 A 10-year equity-linked contract issued to (55). 

 Annual premium π = 5000 

 Expenses deducted by insurer: 5% of first premium and 1% of subsequent premiums. 
 
  So allocated premium APt=0 = ______ and APt ≥ 1 = ______  

 
  and unallocated premium UAP t=0 = _______ and UAP t ≥ 1 = _______ 
 

 At the end of each year, the policyholder is charged a management charge (MC) of  .75% of policyholder’s 
fund, which is transferred to the insurer’s fund. 

 
 Death benefit is equal to 110% of the policyholder’s fund at end of year of death, less that year’s end-of-

year management charge. 
 

 Cash value (amount the policyholder can keep if surrenders contract): Value of fund at the end of year of 
surrender after the management fee has been deducted.  

 
 Maturity value with Guaranteed Minimum Maturity Benefit “GMMB”: 

 
If contract held to maturity date, policyholder receives the greater value between value of fund and total of 
premiums paid. 
 

   
a. Project the year-end fund values for the policyholder’s fund for a contract that remains in- 
 force for 10 years.  (Notation: Ft , Ft- )      Assumptions:  Fund earns 9% interest per year. 
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b. Compute the profit vector, profit signature, and NPV at 15% using the following profit test assumptions.  

(Deterministic profit testing.) 
 

 Interest for policyholder fund: 9% per year. 

 Survival model:  ��
(�)

 = .005 for all x = 55, 56, … , 64 

 Lapses:  

o 10% of (lives in-force at year end) surrender in the 1st year. 
o 5% of (lives in-force at year end) surrender in the 2nd year. 
o No lapses after the 2nd year. 

o All surrenders assumed to occur after MC is deducted. 

 Initial expenses: 10% of first premium, plus 150.  So, $650 total. 

 Renewal expenses: .5% of second and subsequent premiums.  So, $25 each. 

 Interest for insurer fund: 6% per year. 

 No reserves. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c. Suppose we project the policyholder’s fund using a much lower earnings rate, such that F10 turns out to be 

$44,000.  Write an expression for Pr10 under these modified assumptions. 
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DHW3e  Example 15.2  A 5-year equity-linked insurance policy issued to (60) 
 

 The single premium is $10,000.  The insurer deducts an expense charge of 3% and invests remainder in 

policyholder’s fund.   
  
 So   AP = _______  and  UAP = ________. 
 

 A management charge (MC) of .06% is deducted from policyholder’s fund at start of each subsequent 
month and transferred to the insurer. 
 

 Death benefit:  101% of all money in the policyholder fund,  

  or guaranteed minimum death benefit (GMDB) of 10,000× 1.05��� for t-th year; 
  paid at end of year. 
 

 Cash Values / Surrender benefits:  90% of fund value during 1st year; 95% during 2nd year; 100% after 2 

years. 
 

 Maturity guarantee (GMMB):  If contract held to maturity date, policyholder receives money in the fund 
with guarantee that payout not less than 10,000. 
 

Test profitability (which includes determining fund values Ft) at under the following profit test assumptions: 
 

 Survival model:  Constant μ(d) ≡ .006 so that  �/���� = �.���/�� ≈ .9995 

 Lapse rates:  Surrender can only occur at end of month.  Given an in-force policy at month’s end, probability 
that policy is surrendered is .004, .002, .001 for the 1st, 2nd, 3rd years, respectively. 

 Interest:  8% for policyholder fund, 5% for insurer’s fund 

 Insurer expenses:  
 Initial: 1% of the single premium plus $150  (so $100 + 150 = $250) 
 Renewal: After 1st month: payable at start of month  .008% of single premium plus .01% of  

policyholder’s fund at end of previous month.  (So $0.80 + .01% of previous month’s 
ending fund value) 

 Risk discount rate: 12% 
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At risk discount rate 12%, 
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Stochastic Techniques in Equity-Linked Insurance 
 
DHW3e Example 15.1 
 

 A 10-year equity-linked contract issued to (55). 

 Annual premium π = 5000 

 Expenses deducted by insurer: 5% of first premium and 1% of subsequent premiums. 
 
  So allocated premium APt=0 = ______ and APt ≥ 1 = ______  

 
  and unallocated premium UAP t=0 = _______ and UAP t ≥ 1 = _______ 
 

 At the end of each year, the policyholder is charged a management charge (MC) of  .75% of policyholder’s 

fund, which is transferred to the insurer’s fund. 
 

 Death benefit is equal to 110% of the policyholder’s fund at end of year of death, less that year’s end-of-
year management charge. 
 

 Cash value (amount the policyholder can keep if surrenders contract): Value of fund at the end of year of 

surrender after the management fee has been deducted.  
 

 Maturity value with Guaranteed Minimum Maturity Benefit “GMMB”: 
 
If contract held to maturity date, policyholder receives the greater value between value of fund and total of 
premiums paid. 
 

   
a. Use Excel to project the year-end fund values for the policyholder’s fund for a contract that remains in- 
 force for 10 years.  (Notation: Ft , Ft- )      Assumptions:  Fund earns 9% interest per year. 
 
b. Compute the profit vector, profit signature, and NPV at 15% using the following profit test assumptions.  

(Deterministic profit testing.) 
 

 Interest for policyholder fund: 9% per year. 

 Survival model:  ��
(�)

 = .005 for all x = 55, 56, … , 64 

 Lapses:  
o 10% of (lives in-force at year end) surrender in the 1st year. 

o 5% of (lives in-force at year end) surrender in the 2nd year. 
o No lapses after the 2nd year. 

o All surrenders assumed to occur after MC is deducted. 

 Initial expenses: 10% of first premium, plus 150.  So, $650 total. 

 Renewal expenses: .5% of second and subsequent premiums.  So, $25 each. 

 Interest for insurer fund: 6% per year. 

 No reserves. 
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Stochastic methods  
 
Instead of × 1.09 for the policyholder fund,  we simulate a random accumulation factor R[t – 1, t] 
for each interval. 
 
For this example, we assume R[t – 1, t] is lognormally distributed with parameters 
 

 � = ln �1.09 −
�

�
(. 15)�� (1)   and  σ = .15. 

 
Note:  For a lognormal r.v. R, the symbols μ and σ are not the mean and stdev of R. 
 Rather, they are the mean and stdev of  ln(R). 

 E[R] turns out to be ���
�

�
��

. 
 
 
 
 
 
 
 
 
 
 
 
 
Simulate NPV15%  and  Future Losses (def’n ↓) L6% 
 
 
Monte Carlo simulation of n = 1000 NPVs ↓  
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Some Uses of Monte Carlo Simulation Methods 
  
Stochastic Pricing 
 
(DHW p.589) Modify design of contract such that, at 15%,  

 NPV is + at bottom 5th percentile point 

 E[NPV] is ≥ 65% of the $650 acquisition cost 
 
Here are four (separate) suggested modifications to the original equity linked contract: 

 
 

 
 
 
 
  



M A 3 9 8  | 177 

 
 
Stochastic Reserving 
 
(a) VaR reserving 
 

 Value at Risk (VaR) – Example:  

 Set up a 95% quantile reserve – Simulate e.g. N = 1000 values for future loss L, and find 
the loss amount for which it appears that Pr[L ≤ amt] = .95. 

 
 
DHW simulated $1259.56, so after acquisition costs are paid set aside 0V = $1259.56 per policy. 
 
 
Re-evaluate at time 1, and could set 1V equal to 0V.  Considering expected future losses and 
whether current reserve was/seems to remain sufficient (or now seems excessive). 
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(b)  CTE reserving 
 

 Conditional Tail Expectation (CTE),  Tail Value at Risk (TVaR),  Expected Shortfall – 
Example 

 Set up a reserve at time 0 if the 50 worst (highest) simulated values for L ranged from 
1260.76 to 7512.41 and had mean 3603.11. 

 
Remarks: DHW32: 
 
(1)    
The CTE reserve was estimated using simulations based only on information available at the 
start of the policy. 
 
(2)  
In practice, would update the CTE reserve regularly, perhaps yearly, as more info becomes 
available, particularly about the realized value for Rt,t+1. 
 
(3)    
Holding a large CTE reserve, which earns interest at a lower rate than the risk discount rate, and 
which may not be needed when the policy matures, will have an adverse effect on the 
profitability of the policy. 
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Review topics for MA 398 final exam (Note: This is a 2-page document) 
 

 DHW 3e 8.1-8.3: Probabilities and present values for insurance payments/continuous 
annuities in a continuous multi-state model.  See esp. quiz and midterm problems.  Includes 
multiple decrement models and permanent disability models (esp. constant forces)  
Maximum likelihood estimation of transition forces under constant forces assumption. 
 

 DHW 3e Ch. 8: Present values of benefits and premium streams in a fully discrete multi-
state model.  See problems from notes, quizzes, midterm (recall the matrix-style 
presentation of  transition probability data) 
 

 DHW 3e Ch. 11 (2e Ch. 10) Using a salary scale.  See, e.g., the homework problem from 
notes.   

 
 DHW 3e Ch. 11 (2e Ch. 10) Projecting the value of the retirement fund in the context of a 

defined contribution plan, amount of annuity income, replacement ratio.  Can include 
reversionary annuities as well as life annuities with a guarantee period (during which the 
annuity is an annuity certain and not life contingent). 

 
 DHW 3e Ch. 11 (2e Ch. 10) Computing actuarial liability and normal cost in a final-salary-

style defined benefit pension plan.  Be able to use either the projected unit method or 
traditional/current unit method.  Similar to review problem & problem covered in lecture.  
(I’ll ask about AL at an age that is well before retirements are possible/permitted) 

 
 DHW 3e Sec. 11.12  Computing actuarial liability in a retiree health plan (consider 

inflation, age cost factor, discount factor) 
 

 DHW 3e Ch. 13 (2e Ch. 12) – The basics of profit testing:  
o Calculating Prt for the tth year, given premium/contribution, expenses, previous 

reserves, reserves to set up, mortality info, etc.   
o Using mortality info and a given profit vector to compute a profit signature. 
o Obtaining a NPV of a contract from a profit signature at a specified hurdle rate. 

 
 DHW 3e Ch. 14 – Projecting account value for UL and profit testing type-A or type-B.   

 
 DHW 3e Ch. 15 – Equity-linked insurance:  Computing policyholder’s projected fund 

value after management charge; computing Prt and Πt for insurer in a profit test.  
 
We’ve covered a lot!  I’ll try to keep things straightforward and unambiguous.  The exam will 
probably be around 20-30% pre-midterm material and the rest drawn from more recent material.   
 
I will not ask anything outside of what’s listed above.  If you see a formula on the review problems, 
I will supply that formula in the exam. 
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MA398 Final Exam Review 
 
1. Consider an employee a defined contribution plan. 
 
 Her salary during the year [27, 28] was $55,000, and she began contributing to her 

retirement fund at the end of that year. 
 
   a. Project the value of the retirement fund at retirement using the following assumptions: 

 She retires at exact age 60.0. 

 She contributes 5% of each year’s annual salary at the end of the year. 

 Her salary increases by 2% on her birthday each year. 

 Money invested in the retirement earns 9% effective per year. 
 
   b. Upon retirement, the employee plans to purchase a fully discrete whole life annuity due 
 with level payments of X, and with payments guaranteed for 10-years. (Take the view 
 that it’s a 10-year annuity certain with a 10-year deferred life annuity.)  
 

 The annuity is priced using  i = 6% with �̈�� = 9.5 and  ����� = .98.  Use (a) to project 
 the value of X if the retiree spends the full account value to purchase this annuity 
 product. 
 
   c. Find the replacement ratio using the assumptions in (a) and the projected annual annuity 
 income payment X in (b). 
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2. Consider the following excerpt from a pension service table. 

 
(Key: sx = salary scale;  r64

exact and r65
exact are expected numbers of age-retirements at 

exact ages 64 & 65; r64 is expected number of age-retirements at exact age 64.5) 
  

x ℓx rx �̈�
(��)

 
45 1,000,000 0  
⋮    

64�����   5,000 given 
64  4,000 given 

65�����  40,000 40,000 given 
 

Data: (i) A 45-year old employee has a final-salary-style defined benefit pension plan  
  allowing age-retirement only at ages 64, 64.5, or 65.   
 
 (ii) She earns 60,000 during [44, 45]. 
 
 (iii) Salaries are projected using sy = (1.04)y 
 
 (iv) She has accumulated 15 years of pensionable service by age 45.  
 
 (v) The plan has an accrual rate of 1.5%, that is, the annual pension benefit is defined  
 to be 1.5% of (salary in final year of employment) per year of service.  There is no 

penalty for retiring at age 64 or 64.5.  Pension benefits are paid monthly in advance. 
 
a. Give an expression for the actuarial liability (i.e. reserve for pension benefit liability) at 

age 45 using the projected unit approach.  (Your expression will be in terms of  

�̈�
(��)

 and v.) 
 
b. Show how to find the normal cost in (a). 
 
c. Give an expression for the actuarial liability using the traditional/current unit approach. 
 
d. Show how to find the normal cost in (c). 
 
Note: In both cases the accrual factor used to compute ALx is multiplied by the number of years worked 

by age x (not the number of years that will have been completed by retirement).  The only liability 
that has actually accrued by age xis the result of employee work actually completed by that time.)  
The difference between (a) and (b) is in the way that the “final salary” is projected.  

   PUC: use projected future final salary.  TUC: use current/most recent salary. 
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3. Consider the problem of reserving for retirement health benefits for a 50-year-old 

employee.  Make the following assumptions: 
 

 Today, when the employee is exactly 50 years old, the premium to purchase one-
year of coverage for a 60-year-old is $10,000. 

 At any point in time, it costs 2.5% more to purchase a year’s coverage for a 61-
year-old than for a 60-year-old, 2.5% more to purchase coverage for a 62-year-old 
than for a 61-year-old, etc.  (2.5% more to purchase coverage for an (n + 1)-year 
old than for an n-year-old for each integer n ≥ 60.) 

 For each fixed n = 60, 61, …, the premium to insure an n-year-old increases by 
5% every year due to inflation. 

 The effective rate of interest is i = 4%. 
 Out of ℓ50 = 100 fifty-year-olds, we expect ���

����� = 30 retirements at age 60 and 
���

����� = 45 retirements at age 65.  No other retirements are expected. 
 
 a. Write a “term-by-term” expression for the actuarial value of total health benefits  
  for a single 50-year-old employee. 
 
 b. Identify coefficients and a decimal number j for which the expression in (a) can  
  be written in the form 
 
       (coefficient)   (�̈��@�)  +       (coefficient)   (�̈��@�)   

   
 You should accomplish this by rewriting (a) in terms of life annuities with level 

annual payment amounts, discounted at a different rate j.  Identify the coefficients 
and the rate j.   
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4. Consider a fully discrete 5-year term life insurance policy on (60). 
 
 Project the profit Pr4 emerging at time 4 for a policy that is in-force at time 3. under the  
 following assumptions: 
 

  �� = 1500 
  π = 3000 
  The insurer experiences expenses at time 3 of 5% of the premium. 
  Interest on invested premium and reserves is 4.5%/year. 
  The death benefit is 500,000. 
  ��� = .002 
  �� = 1500 

 
  
 
 
 
 
5. A four-year term insurance policy on (60) has profit vector 
 
   (Pr0 , 100, 200, 300, 400). 
 
 Assume the survival model   ���� = 1 − .001� for t = 0, 1, 2, 3, 4. 
 
 The acquisition cost per policy is $1000. 
 
 Find the profit signature and compute the NPV at hurdle rate 10%. 
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6. Consider a fully discrete 10-year equity-linked contract issued to (40). 
 
    a. Determine the time-5 management charge and the fund balance after the management 

charge is deducted for a contract that remains in-force at time 5.  Assume the following:  
 

 The insured party’s investment fund balance at time 4, immediately before premium 
payment, is $24,100. 

 At time 4, the insured party pays a premium of $5000.  95% of the premium is allocated 
to the policyholder’s investment fund, and the unallocated portion of the premium is 
transferred to the insurer. 

 The fund earns 12% interest per year. 
 At the end of each year, a management charge equal to .1% of the fund value is 

transferred to the insurer. 
 
 
 
 
    b. Project the profit Pr5 emerging for the insurer for a contract that is assumed to be in-force 

at time 4.  Assume: 
 

 The insurer has expenses of $10 due at the time the premium is paid. 
 The insurer’s funds earn 6% per year. 
 The death benefit for each year is equal to 125% of the fund balance after the 

management fee has been deducted. 
 q44 = .0005. 
 The cash value (for surrendered policies) is equal to the year-end account value 

immediately after the management charge has deducted. 
 Reserves are 0. 

 
    c. Compute the element π5 of the profit signature under the following additional 

assumptions: 
 

 The mortality decrement is modeled by q40+t  = .0005 for t = 0, 1, 2, 3, 4, 5. 
 During the first year, 10% of those who survive to the year’s end will choose to 

surrender their policies.  No other surrenders occur. 
 
 (Do not compute the entire profit signature.)  
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7. Consider a continuous multistate model with the following states: 
 
 0 – healthy  1 – permanently disabled  2 – dead 
 
 Suppose that μ01, μ02, and μ12 are constant forces of transition, and that these are the only 
 transitions possible. 
 
 a. Find the probability that a healthy person dies within 5 years.  (Just set up the  
  integral(s)—you do not need to simplify at all.) 
 
 
 b. Find the expected present value of a 5-year term insurance of 100 issued to a  
  healthy life.  Assume that the force of interest is a constant δ.  Again, do not  
  simplify the integral(s). 
 
 c. Find an expression for the probability that a person who is healthy at time 0 is in  
  the disabled state at time 5. 
 

 d. Find an expression for  ���
������. 

 
  
 

8. For k = 0, 1, 2, ����
��

 is given by the i, j entry of  
 

  �
. 8 − .05� . 1 . 1 + .05�

. 2 . 6 . 2
___ ___ ___

� . (0 – healthy; 1 – sick;  2 – dead) 

 
 
 Find EPV of death benefit of B for a 3-year term insurance policy on (x), assuming a start  
 in State 0. (Make a tree!) 
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9. Consider a temporary disability model with states 
   0 = healthy, 1 = temporary disability, 2 = dead. 
 
 Assume constant forces of transition between integer ages, and consider the following  
 individuals: 
 

 A disabled 40-year-old who became healthy at age 40.5 but then died at age 40.6. 
 
 
 

 A healthy 40-year-old who remained healthy the whole year. 
 
 
 

 A healthy 40.8-year-old who remained healthy for the rest of the year.  This 
person was not under observation prior to age 40.8. 
 
 
 

 A healthy 40-year-old who became disabled at age 40.1 and then died at age 40.5. 
 
 
 

 

 Estimate the transition probabilities ���
��  and  ���

��.  (The MLE estimate for ���
��

, i ≠ j, is  

 given by �̂��
��

=
# ����������� �→�

����� �� ��� ���� ����� �� (�)
.) 
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10 Universal life insurance.  Assume that reserves are set equal to account values. 
 
 Assume that withdrawals occur at the end of any year with independent rate 4%.  
 
 (a) For a Type A product with 100,000 level death benefit: 
 
 
  tAV =  
 
 
 
 
  tPr =  
 
 
 
 
 (b) For a Type B product with face amount 100,000 (so d.b. = 100,000 + tAV) 
 
  cw: If needed, just say how to modify (a).       
 
 
  tAV =  
 
 
 
 
  tPr =     
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