MA398 |1

MA398 Actuarial Mathematics 2

Multistate Markov Models and Applications
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DHW Section 8.1, part 1 — Multistate Models & Markov Processes — Discrete Case

Review/Warmup:

Let T be the future lifetime random variable for (x). Recall the notation...
tPx = Sx(t) =
tdx
We omit the ¢ in the case t = 1 year.

Relationships between v, d, 9, i:

Example 1: A fully discrete two-year term insurance on (50). The insurance pays
10 at the end of the year of death.

ps0=.99; ps1=.98;i=.05

Find expressions for...

a. The net single premium.
b. The level annual premium.
c. The value of oL (the future loss at time 0) if the insured dies (i) at time ¢ = 1/3;

(i) at time = 1.5.

d. The values of oV (cjw: illustrate the def’n and the Equiv. Pr.) and 1 V.
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[lustration 2: Multistate models.
a. Alive-dead model.
b. An insured life (x) has a whole life policy. He/she could do any of the following:
(0) Live another year and pay another premium.
(1) Live another year but let the policy lapse.
(2) Die before the next birthday.
c. (x) and (y) are married, and they buy a policy that pays
e $Bto (x)if (y) dies first and
e S$Cto (y)if(x) dies first.
One could assume either that

e (x) and () are independent lives, or that

e T.and T, are not independent.

d. Multistate annuity models:

e A joint life annuity: payable until the first death of a group of lives
(payable while the joint status is intact—think about our x: n] notation)

e A last survivor annuity: payable until the last death of a group of lives

e A reversionary annuity, which makes payments that begin on the death
of a specified life, e.g. paying B per year to the wife while the husband is
dead but wife is alive, paying B per year to the husband while the wife is

dead but the husband is alive

e. A person could leave employment by retiring, getting fired, or dying. The resulting cash
flows (pension, continuing health benefits, etc.) will be different in each case.

f. A person could die by “Cause 1, “Cause 2”, or “other causes”.

Consider the Makeham model . = A + Bc".
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g. Temporary disability model: A person could be in any of three states:
(0) Alive and well
(1) Sick/Disabled
(2) Dead
An insurance policy might suspend premium billing or even provide disability income
during periods of disability, plus a death benefit. So there will be differences in cash

flows anytime a transition occurs between these states.

Variation: Permanent disability model.

DHW (temporary) Notation:

Let Y(¢) denote the state of a model at time ¢.

We say that the set {Y(¢) | £> 0} of random variables is a continuous time stochastic
process.

Three Permanent Assumptions for multistate models

(1)  Weassume {Y(¢) | t>0} is a Markov process (or satisfies the Markov property):
For any states i and j and for any three points in time 0 <# <t <2,
Pr[Y()=j | Y(n)=1i]
does not depend on Y (o).

e.g.  Ifthe Markov property is satisfied by the weather, then
Pr[Snow tomorrow | Rain today] would not depend on yesterday’s weather.

Notation: o(h) « any function with the property that ”

2) We assume that
Pr[Two or more transitions within a time period of length /4] = o(k)

i.e. We may ignore Pr[two transitions within any very short time interval].
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[€))] For states i#j,
Pr[Transition to state j during [x, x +¢] | Y(x) = “state i |

1s a differentiable function of ¢.

Assumption (3) will allow us to define a “force of transition” u xii . fori#j.

Permanent Notation:

ij
a. tP x

PrflY(x+ ) =3 | Y(x)=i]

Pr[(x) is in state j at time 7 | (x) observed in state i at time O ]
*Note that transitions to and from “state ;”’ are permitted during (x, x + 7).
b. Y = PY+0=i| Y(x)=i]
= Pr[(x) is in state i at time ¢ | (x) observed in state i at time O ]

*Note that transitions in and out of “state i”” are permitted during (x, x + 7).

c. PL = Pr[Y(x+s)=i foralls €[0, 1| Y(x)=1]

Pr[(x) remains in state i throughout [0, 7] | (x) in state i at time 0.]

d. As always, we omit the ¢ in the case t = 1 year.

Sometimes transition probabilities are collected in matrix form.

Convention: One-year transition probabilities p - are given in the (row-i , column-/) entry of
a transition matrix.

Row and column numbering schemes sometimes begin with a “row/column 0.
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Example 3: A discrete multistate example.

An insurance company issues a special fully discrete 2-year insurance to a high risk individual
(x). The insurance pays a death benefit of B at the end of the year of death. You are given the
following multistate model:

State 0: Alive & Well
State 1: Disabled
State 2: Dead i=.06

Annual transition probabilities p xijk for k=0, 1 are given by the transition matrix

7.2 .1
M = [.1 .6 .3].

a. Find ,p Z for i =0, 1, 2 under the assumption that transitions occur at most once
per year (we won’t make that assumption for parts b, c, d).

b. Suppose that (x) is heathy at # = 0. Find the probability that (x) will be healthy at
time ¢t = 2. Also give the notation for this probability.

c. What is the largest death benefit B that can be funded by a single premium of
1000 if (x) is healthy at #=0?

d. Suppose that the policy is funded by annual premiums of 1000, payable only if
(x) is in the healthy state. What is the largest death benefit B that can be funded
under this premium structure if (x) is in State 0 at time 0?
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Homework 8.1 day 1:

152. Aninsurance company issues a special 3-year insurance to a high risk individual (x). You
are given the following multi-state model:

(1) State 1: active
State 2: disabled
State 3: withdrawn
State 4: dead

Annual transition probabilities for £ =0, 1, 2:

! Filu Fﬁk Fiik pi:—k
1 04 0.2 03 0.1
2 02 0.5 0.0 0.3
3 0.0 0.0 1,0 0.0
4 0.0 0.0 0.0 1.0

(i)  The death benefit is 1000, payable at the end of the year of death.

(i) i=0.05

(iv)  The insured is disabled (in State 2) at the beginning of year 2.

Calculate the expected present value of the prospective death benefits at the beginning of
year 2.

Tip: Year 2 begins at # = 1 (always draw a timeline.) Answer: 439.91
Optional study problem:

151. For a multi-state model with three states, Healthy (0), Disabled (1), and Dead (2):

(1) For k=0, 1:

P, =0.70
P =020
Pt =0.10

(i) There are 100 lives at the start, all Healthy. Their future states are independent.

Calculate the variance of the number of the original 100 lives who die within the first two
years.

Tip: I smell a binomial random variable. What is the n? What is the p? Answer: npg = 17



MA398 |8

8.1 Multistate Models — Day 2

Recall:

P (;1 = Pr[(x)isin State 1 attime ¢t | (x) observed in State 0 at time O |
P (;0 = Pr[(x) isin State O attime t | (x) observed in State 0 at time O |

tD ZL = Pr[(x) remains in State i throughout [0, 7] | (x) in State i at time 0.]

Additional Notation: di’fn] = EPV of the following n-year term arrangement:
$1 paid at start of any year where (x) is in state &, given a
start in State .

A;’fn] = EPV of the following n-year term arrangement:
$1 paid at end of each year* in which a transition to State k&
occurs from another state occurs, given start in State i.

*This symbol is carefully defined in the continuous case by the SOA syllabus readings but not in
the discrete case—in the discrete case, the only use of this symbol involves payment of a death
benefit, which can occur at most one time per policy.

Example: To illustrate this notation:
Consider a whole life disability income policy on a life whose current age is x.
You use a model with (0) = Healthy; (1) = Temporary Disability; (2) = Dead.

You make the simplifying assumption that only one transition occurs per year.

There is an expense that (valued at the end of a given year) is 100 for each
""'{/Wr Vs transition into the disabled state.

L O gt The policy pays $30,000 at the start of any year if (x) is disabled at that time.

Write an expression for the EPV of the expenses and disability income payments
if (x) is currently healthy.

’E”F\J - (0o A;: + Joooo '@2



MA398 (9

Example Based on Fall 2018 LTAM Written #1 O

(1) A Markov model with three states: Healthy (0), Sick (1), and Dead (2) is \J [
used to value the policy. (l

(i1) The annual probability transition matrix for an insured age
60+k,k=0,1,---,9 is:

0 1 2
0 (090-0.01k 0.05 0.05+0.01% 9 .05 .05 .8q4 0%
1 10.70-0.01x 0.20 0.10+0.01% l[\/{aﬂ = 7 L 1 2
2 0 0 1 o o o o
. Q355 .055 1045
a) 2 points) Calculate , pp.. :
( (2p 2 Peo — 6 075 by
Q O (

(b)  Consider a 50,000, fully discrete 10-year term insurance policy issued to a 60-year old.

Annual premiums of 5000 are payable only while in the healthy state (waived in the sick
state).

Each year has maintenance expense of 150 at the start of the year for all policies in force.

02 12 ..00 ..01 ..10 .11
k Aﬁu+i-:ﬁ| Aﬁﬂ+k;ﬂ| Aeoriom | Yeorrior | Qeorkionl | Qeosriorl
2 0.46667 | 0.49680 47328 0.2533 3.3340 1.4060

Let V@ denote the (€onditional) EPV of future losses at time 2, given that (60) is in Dot Bt

state 7 at that time. Show how to calculate »V©® and oV,

VA A TR ELL Y N e R

A 492 X 65l

c Write equations relating (i) 3V©@, 35V, and ,V©; (ii) 3V©@, 35V and ; V.
q g

fHive — Dead pscdad
(LU e m@uﬂ-\ TR 5

n w

7 B

n 17 _to L . 1o
i«V = ﬁomA o2l + lﬁo[au:ﬂ * “bz:?l] - 9000 gz 51

w exf oo {0) ol D) e2
( v 5000 —1%0)( L41) = fir sV + Fo sV A S
1

T

Yporeel” fuweird erder
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In-class practice examples:

From Spring 2019 LTAM:

4. The following probabilities have been calculated using a multiple state model with 3
states: Healthy (0), Disabled (1), and Dead (2).

00 01 02 10 12
x Py Py Py Py Py
70 0.60 0.30 0.10 0.10 0.15
71 0.50 0.30 0.20 0.10 0.25

a. Calculate the probability that a healthy life age 70 dies within 2 years. /
o2 oo 02 of 12

_ ) ) + 1D, =|,295
£, -+ £, Pu +2, o = Ut (D)t (9(25)

b.

You are given the following additional information:
(1) There are 100 Healthy lives, all age 70.

(i1) The future states of the 100 lives are independent.

(iii) ~ N“ is the random variable representing the number of deaths within the
first two years.

Calculate the standard deviation of N¢.

"y T 4 5
-




From Fall 2018 LTAM:

4. For a three-state Markov chain model, you are given:
(1) The annual transition probability matrix is:

1 2 3

1(02 03 05
2101 06 03
3109 0.1 00

(i1) The process is in State 1 at the start of year 1.

(iii)  Transitions occur only at the end of the year.
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Calculate the probability that the process will be in State 1 after the transition at the end

of year 3, without having transitioned to State 2.

From Spring 2019 LTAM:

Cﬂ$+‘1.8u%+,S%T2

0. (¥&0

9. A two-year term disability income insurance, issued to a Healthy life age x, offers a
benefit of 25,000 at the end of each year if the policyholder is Disabled at that time.

Healthy — Disabled
State 0 <4 State 1
Dead
State 2

You are given that:

p® =092, p% =006, p' =040, forr=0,1

x+t X+t

Calculate the EPV of the insurance benefits at i = 10%.

P

Q@OOO( ’ﬂ): vt M /f);(‘ﬂ t ;’”ﬁm\/ )

2000
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From Fall 2018 LTAM:

16. a company issues a special insurance policy to (50) that pays 100,000 at the end of the

year of death and doubles the benefit to 200,000 if the insured dies as the result of an
accident.

You are given the following table of annual probabilities for this policy, where State 0 is
Alive, State 1 is Death due to Accident, and State 2 is Death due to Causes Other Than
Accident.

x P 28 P

54 0.9905 0.0005 0.0090
55 0.9887 0.0005 0.0108
56 0.9866 0.0005 0.0129

Additionally, you are given the following information:

o i=0.04

e Premiums of 1500 are paid annually.

e There are no expenses.

e The gross premium reserve at time 7, for a life in State j at that time, is
denoted V.

7 =2480.

Draw and put English labels on a transition diagram for this multistate model.

Use an appropriate one-year recursion to calculate ¢V©.

OO

O | Aliuc (6\)°+7r_ Q_HD(H”D 77”5; ;

;‘ﬂ/‘ O-Q’E/w-r

(1%‘60 Hggo)((ﬂt{) - 048¢7 bU‘O\ -

= - w7 799300

ol
D) fﬁﬁ {000
+

1?5“)52 : 290 0c0

I
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DHW 8.1, Day 3 — Multistate Markov models, continued — continuous-time Markov
processes

Key background information for understanding transition forces in multistate models T 0

Consider the alive-dead model. E - EI
Aive Dead!
Recall relationships between frx(¢), Frx(?), Stx(?): (\\

b
A7 Pl Plrel. - Prineed= 1= S [0+ S? o Ic GOl

Deﬁmtlon/mterpretatlon Force of mortality: [, it

) F(& (4) L&
Vel 7 cly bl 58] - f“"smﬂ : 3—5@ e d

Rearranging: Get formula for f1x(¢) — has useful interpretation (draw timeline-style tree diagram).

— gfy['ﬂt e/Pt /u’”"

Gswa . lp
’:D(QVI/(} € (o] SY (Ddt - Stpx/{/wéaﬁé
o
Outline of how to get Sx(¢) from i+ e ol Suam o< coges aP

lie to &€ Ca by, die wof At
peMeing L stede O

O o S[0]1] Sail ;wm&ijrtly
fx
| | I
[ [ |
t-o ¥ o -
(6) >
(O
Pree” 2= S e & = S 4= ~f [5,00)
SX () 506 * (
- s
= ez Sy - 3
Hence: Jix(0) = px et = )
£
X/usfs ds
- C ©

rte
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Z
3K
MA 397 Review example: A
M s Mz e
. = e JDEl - ‘34
Suppose that i+ = { 03 ?f t<3 and 6 =.05. @ e‘ st

04‘ lf t > 3 \Ri/f e i‘
IS S
a. Find the probablhty that (x) survives at least 4 years
S/"m At . -Soogﬂi Sow X ~0.13
y /p i e’
L7 3’?7. )P%*S \J

(Remark: Survive the “.03” force for three years, then...)

%
()

b. Find the expected present value of a whole life insurance benefit of 1 on (x), payable at
the moment of death.

Here we are viewing our computation as the expected value of a function of Tx.

— Ax 4’2;(:&3
(m I

3
J— —0036 g5t -0.24 -0-0%t
A;« B Z e 0.03 M ¢ Sfo % por ik

%
- 09°% 86‘ CAE ¢ 0.04e qj e dt = —00‘6 oo ©

° © .99
c. Find the expected present value of a whole life annuity on (x) that pays at a rate of ¢ dollars

_ooqLfw
= Spel, Te A
per year.

Here we are viewing our computation as the sum of the expected values of a bunch of
random variables, namely PV’s of life-contingent payments of size c- dt, each occurring
with probability px .

c "C_(,;"?:pﬂ +£3Ey’ apﬁ) )uo
t -J( ) _ut -t
*l:ScP' stpkk a Se’uc dt
A C\ %r-‘“
5?*"‘\“"s Eyh‘

(-

d. Reminder concerning 2™ moments for the quantities in (b) and in (c). In both cases, we
must find 2Ax. (We cannot use an integral to get the 2™ moment of the annuity pv random
variable, because the random variables being summed in (c) are not independent and
because those random variables do not individually represent possible values of the
annuity itself—squaring them would not give us the square of a corresponding annuity
value.)

e. Find the present value of a fully continuous 3-year deferred whole-life benefit of 1 for (x).
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Continuous-time Markov processes/multistate models

ij

Recall: P, = Pr[(x)isin state; at time 7 | (x) observed in state i at time 0 ]
tD ;l = Pr[(x) is in state i at time 7 | (x) observed in state 7 at time O ]
D ZL = Pr[(x) remains in state i throughout [0, #] | (x) in state i at time 0.]

We retain the assumptions we made earlier:
e Pr[2 transitions during [¢, ¢ + h]] = o(h)
e p ‘; is a differentiable function of ¢
e Markov property: For every x, ¢, i, and j, the transition probability ;p Z does not
depend on any events/states that may have occurred prior to age (x).

T elh)
npY i e
ce . ij _ lim X
Definition: Forj#i, we define u * " hoot - .
Intuition: For small time increments / (so think of / as if it’s df), we will at times make the
approximation | cole o5 e //#
.. i Wa:l—:w L Mo
nDy = /{/()L3 T é/\w\plari‘- Y o Felaped
per tone tne
Notice: We only have forces of transition for i #j. There is no “force of staying put”.
To stay put, one must survive forces that try to push (x) out of the current state.
That is: g
t i
_ —S ;2:; /’4 xts ds
112 °
tP = @"
S /Uff s Remark: This splits as a product. Interpretation
- x+S
- e ©

Thinking about probability computations:

e We may view the sum u° of the transition forces p¥ as an overall “force of exiting State 0.

e Particular example: px= A + Bc* M a lcelomr MM

7

N



Example 1

a.

lo

b.

C.
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Consider the following multistate model: Tip:
?ﬁ - o ¢ Survival probabilities involve
State 0 [(— —— — —— State 1 exponentiating.
Healthy ol . Disabled
= o
- e Probabilities of transitions involve

2002 - 0,034 CHGEY integrals that consider various
‘o asw-"!’z amounts of time until an
L o0d. .

instantaneous might occur—draw

State 2 : .
Pead timeline & tell the story.
Let ﬂxﬂ =.01 uxﬂ .02 ,and u 1xz = .03 4+ .04x be the transition

intensities. Assume (x) begins in the healthy state.

Find the probability that (x) is still healthy in ten years.

te ot oL
7o "S(ﬂ %/M >i£ ~[.03-10 _03

v = € ° - e - e

Find the probability that (x) dies during the next ten years without becoming
disabled first.

\EI ;Bf‘ b, e (90) |02

| / )
I 1 [}

t=o tobo t=1o
/MetJ-S " - p e_0-‘3‘3‘70":1 ot'r
:Stxju;m‘k‘—sei }‘#i{. g
—0-3
= 2U<")

Find the probability that (x) becomes disabled within ten years.

(0 - lo
do 4 ‘_ng o
*’&t/pfx/um'ﬂ%i ngo 0,0lol}: ’\3‘ ]“Qb i
o) L]

(—ct’d)
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(Example 1, ct’d) ux+t =.01,u +t =.02,and u =.03 + .04t

d.

€.

State 0 State 1
Healthy | ————— [ Disabled

Soe  Soeces
N /S

State 2
Dead

Find the probability that (x) becomes disabled within the next ten years and
remains alive at the end of that period.

5 | O ol 'n

P - S tj?" /UIH' (o—r/Fww ak /7/“';”5

ot

S/*‘;i&s e S d
<

lo-€

S
ot

wtPere m

(o) ¢
Step Tor days

Find the probability that (x) becomes disabled and dies, all within the next ten
years. (The easiest way by far is to use (¢) and (d)).

o
So ook ~S (o3 to. aq{hswsou:

/I/‘\




Example 2:
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Consider the following multistate model

State 0 State 1
Healthy | ———— | Disabled

N/

State 2

Dead
with uxH = .01 ﬂxﬂ = .02, and u = .12 . Assume (x) begins in the
healthy state.

Find the probability that (x) becomes disabled within the next ten years and
remains alive at the end of that period.

> [1]

0 —> [1] - | |
A S
Lo P " ' 10 ) l n \J
(0014007} (0.2 ([0-1) i 0.0t 12 pert|t
S ¢ 0.1) € dt - Sa [ol) ¢ i = EC/D;D e [ -oussg
0 0

Find the probability (directly) that (x) becomes disabled and then dies within 10
years.

I |

4=0 sele!” ol |o
B—s o —> I
1’1. /um 5191’“* /h

(e ! o wt 4,
07'){' M —-0-125 /U
Kﬂ‘[owfo )g . {o,n)ols]l“ \—(m/g Jy:vm,

v _

oo
o i

1( s T

Remark: One could still do Pr[disabled by time 10] — Pr[disabled by/survives to time 10]

(—ct’d)
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(Example 2, continued) ”x0+1t =.01, x0+2t =.02, uxlft =.12
State 0 State 1
Healthy | ————— [ Disabled

State 2

2 Dead
e

Find the EPV of a ten-year term death benefit of B, payable upon at the

moment of death of (x). s
VRN v o> (= 2
w o\%f 02 er/ P\Jﬂ
o B N

— Co->2 (»
; UJ‘*’} B A;L:fﬂ b o M{z”'”"‘“”)

. L 10 (o~
AORSINC

(A RN ST L T ap o S oo L
R - Sﬁw 4 /M“EJHGM +§€ /MS& M Bedse
o\ — \//\/\/
(=D Cb)
d.

Find the EPV of a ten year annuity, payable continuously at a rate of C per year,
W}’th payments occurring only while (x) is in the healthy

state.
NELY W e = 00
o *\ el | {

0o
_— > [0
O"L:Tﬂ = 5t cdt

£ 5
A

\0

m.c _S{DH' = C e,xp(~(/u°'+//l“\¢g)g) :
) e %{/40'1'/“”-4-8) .

€. ‘.A}]Ao{' D‘Mu-l' D . 5::1‘01 ( Cousider: a&:smbi/:fy ?‘7'“"“'3)
(@]

(0

| )

Itzl Leloy ; El| 'l

L%_/I S€(0,lo-£) 5[0
A~ ~G xS A%
N ___ke,—*;f_—*"__,
\0 |o-&
AP e p) e

g € _T/A f,f" S c/u'T De ds et
0 efx o tfx /7

leﬁ\/\‘ﬂe - Q%/PJ
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Homework — Discrete (ct’d) and continuous multistate Markov models

Suggested Sample ALTAM problems (Canvas): #10b, 15ab

SOA Written Sample #5

5. (12 points) You are given the following sickness-death model and that ¢ = (.05,

01
1”1'+t -
Healthy 0 Sick 1
0
! 'lz'+t
Ha ¥
Dead 2

The table below gives some transition probabilities calculated for this model.

& | 1 1P Wy o 1y Wy

GO [ 096968 0.01399 001633 0.93300 004195 002504
61 | 096628 0.01594  0.0177 0.92477 004781 0.02742
G2 | 096245 001816 0.01936 091552 0.05446  0.03002
G4 | 0.95824 002067 0.021009 090514 0.06199 0.03287

(a) (3 points) Consider the three quantities under this model:

2 Y () (P2%)

Explain in words, without caleulation, why these three quantities may all he
different, and rank them in order, from smallest to largest.

(b) (3 points)
(1) Calculate the probability that a life who is healthy at age 60 is healthy at
age G2,
(1) Calculate the probability that a life who is healthy at age 60 is sick at age
B2
(¢) (2 points) Caleulate the expected present value of a three year annuity-due of

1 per vear, with each pavment conditional on being healthy at the pavment
date, for a life who is currently age G0 and is healthy.

The insurer issues a 3-vear term insurance policy to a healthy life age G0. Premiums
are pavable annually in advance, and are waived if the policyholder is sick at the
pavment date. The face amount of 10,000 is payable at the end of the vear of death.

(d) (4 points) Calculate the annual net premium for this insurance policy.
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MA 397 Review problem:

*2. For a whole life insurance of 1000 on (x) with benefits payable at the moment of death:

0.04, 0O<t=10

(1) The force of interest at time #, &, =
0.05 10<t

. 0.06, 0<t=10
W =007, 10<

Calculate the single net premium for this insurance.

Continuous-time Markov process problems

283. For a four-state model with states numbered 0, 1, 2, and 3, you are given:
(i)  The only possible transitions are Oto 1, O to 2, and 0 to 3.
(i) wu, =03t20
(i) w, =05120
(iv) wl,=0.7,t20

Calculate p*
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From Nov. 2013 Exam MLC., #10:

Consider the following multistate model

State 0 State 1
Healthy | ——— | Disabled
State 2
Dead

You are given the following constant forces of transition:

pol=.02, u”2=.03, p2=.05.

Calculate the conditional probability that a Healthy life on January 1, 2004 15 still
Healthy on January 1, 2014, given that this person is not Dead on January 1, 2014,

Answer: .83 - one way to get there results in the fraction

0.607

———=(1.83
0.607+0.121

WS8.2 Additional problem:

Consider the setting of #10 above. (You may want to work some of these out and simply
set up some of the others.)

a.

b.

Find the EPV of a whole-life fully continuous insurance of 1000. Assume & = .04.
Find the EPV of a 10-year term insurance of 1000. Assume o = .04.

Find the EPV of a fully continuous 10-year annuity of $P per year, payable only
while (x) is in the healthy state. Use 6 =.04 .

Note that setting (b) = (¢) would determine the premium for a policy with a
feature that premiums are suspended during a period of disability.

Determine Pr[(x) becomes disabled within 10 years].
o . 01
(Why is this not the quantity 1op . ?)

Determine Pr[(x) dies within 10 years without becoming disabled first].

Determine Pr[(x) is disabled and alive at time 10], that is, find 1,p (;1.
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DHW3e Sections 8.5-8.8 Premium computation in the continuous temporary disability model

Recall: Consider the alive-dead model 0 — 1.
Using p, notation (and giving the special constant  case), write down
integral expressions for A, and C_lx pa ju“

oush r o
ot T a2 e

o—>/

[V
L

i sk %
0, - ERV (oil7) - Sn’msﬂlﬂ‘ [/Mzc,j c"ff”ﬂ)
K’ 0

&5 wet S~
Definitions: (DHW section 8.6) L n szyﬂ»" '
9‘01 w‘l .v\j Nw"’ \"'A"J 7o
&8 w |« got Bt
8¢ if -8t
=ij __ R S ¢ dt
Gx =Jo e tjﬁ”
j o k ¢ ujﬂt boe 1
- s a; = U kPx )
& o k=0 > [0- -
A \ T L o
rp;r Mx-]-;

Note: The symbol AY¥ denotes the EPV of a payment of $1 upon every transition
into State k, given a start in state i.

DHW also introduces notations c_l,iffn] and Alkn] (see DHW3e Example 8.7), which
basically modify the above for n-year term policies. (In particular, the “upper 1" is
dropped from above the x. There appears to be no standard way to notate
endowment contracts in the multistate model notation.)
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. - | =
Example: Consider the temporary disability model: S (o (Leover | \ /
—_— AS| L8
0 = healthy, 1 = critically ill, 2 = dead.
Joe 8D

Consider a fully continuous whole-life policy that pays S = 1,000,000 benefit ¢ |, ks
upon death and disability income, continuously payable at a rate of B = 50,000

per year, during periods of critical illness. This policy is sold to (40), who is

healthy.

You are given the values of A% and @ for x =40 and for x = 55,
foriand k=0, 1, 2.

a. Find the benefit premium P, payable continuously only during healthy periods,
in terms of AY and @i

TPV (Prewms) = TPV (B ems)
ol —n Ve lues giwen v Jable

’@—60” — \OOOOOO A'{O + 50000 a:'ﬂ /

lfa

b. Find the time-15 reserves 15V® and 15V,

(To illustrate: 15V is the “critical illness reserve”, i.e.
15V = E.s[future losses past time 15| in state 1 at time 15] )

(e

R B Y T L
1S

V(

(=)

N B T R

o0 (0 ol (D)) le l-b lom rese~ves ?"( -!v-,[S ?:/“7
D Blam @ o to use WParV b 0s ged B

peogel 15 e © +=o

e

,SJF”? 291 Se. Loz

Suggested Sample ALTAM Practice: #5a(all), 5b(i, ii), 6abcd, 8ab Quiz e week”

) l'”[ N
Assigned Reading: DHW3e Sections 1.7 — 1.7.1. Vt?c " ‘k Weol?
Additional HW/Practice on theNext pages of this packet — —
0—>1
Vo
T3
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Practice Problem / HW
SOA Written #14 (Ignore the “Thiele’s Differential Equation” question for the moment):
14. (9 points) Consider the following model for income replacement insurance:

Healthy - Sick
0 1
Dead
2

An insurer issues a whole-life income replacement policy to a healthy life age 50.
The policy provides a disability income of 50,000 per vear pavable continnously
while the life is sick. In addition the policy pays a death benefit of 200,000 at the
moment of death. The policvholder pays preminms continnously, at a rate of P per
vear, while in the healthy state.

Assume no expenses, and an effective interest rate of 5% per year. Annuity and
insurance factors for the model are given in the Table below.

(a) (2 points) Show that the annual benefit premium for the policy 15 11,410 to
the nearest 10.

(b) (2 points) Write down Thiele's differential equations for the net premium re-
serve at ¢ for both the healthy and sick states.

(¢) (2 points) Caleulate the net premium reserve for a policy in force at t = 10,
assuming the policvholder is healthy at that time.

(d) (2 points) Caleulate the net premium reserve for a policy n force at + = 10,
assuming the policvholder is sick at that time.

(e) (1 point) A colleague states that the net premium reserve in the sick state
should be less than the net preminm reserve in the healthy state, as the sick
policvholder has, on average, paid less premimm and received more benefit.
Explain in words why vour colleague is incorrect.

Anmuity and insurance factors, 5% effective rate of interest

. =00 =01 =11 =10 0z q1z
a i i i, i, A, A

S0 [ 119520 | 1.3202 | 8.0808 | 3.2382 | 0.34980 | 0.39971

GO | 56097 | 1.7424 | 7.1596 | 1.7922 [ (0.49511 | 0.56316




DHW3e 8.9: CII — Critical Illness Insurance models

Hardy LTAM Study Note, Example 2.5
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Healthy Critically 111
0 1
Dead Dead
2 3

() CII Model 3

Figure 3: CII Models

Recall notation:

/T(S): .51 = EPV[$1 payment occurring whenever* a transition into (3)** occurs before time 20, given start in (0)]

*In this particular model, only one such future transition is possible.
**The transition is not required to be directly (0)—(3); any entrance into (3) triggers a payment.

C_lgol - = EPV[annuity with payments continuously made at rate of $1/year whenever (50) is in (1), given start (0)]

(b)  Use the following data to compute a2 __, A% __ A% __ A% __ati=.05.

0:20]" 50:20]" 50:20] 50 :20]
x i AN Az A Ald
50 13.31267  0.22409 012667 0.14176  0.34988 This is similar to using
60 1017289  0.34249 016140 0.22937 047904

20Es0 = v?%20ps0
in the alive-dead model. Be careful
to consider all of the states at age 70

70 6.56904  0.49594 018317 0.36019 0.62237

t N—ngg+t 2n-rr’%+f 20—tDa14 2n-:1J2ﬁ+: 20_1.9.%“ from which transitions to the “target
0 0.68222 0.15034 0.13788 0.02956 0.66485 state” 3 are (eventually) possible
10 0.75055 0.13135 0.09943 0.01867 0.75283 (eg 0—...— 3)
e _oe _ o° 10_,» w2
a;:m = By, aibe VB X W23l
p 0,045
_—-ot - oo 20 ~ q_d W\N\“.P‘e}
= — &
‘A’.‘)o‘-ﬂ ASO qe| S0 v Aqo e \,J\u\-( l'-[:( P"I"‘Y?—:‘:\ e )
— ot -0t —oa / Jalle “"’“1 Sl'“u & ¢ 'r
B A - 0w Q_ﬁ/‘. L
/{' 9&::{“ - 90 zo/fso \) wid A
o 00157
W
AT 03 —o3 —ed

ot T3
L T M G Ry LRI
r;e’_‘\ G\/[‘su:m . /4-69 1v'foo7“: /{v 20 (e AT"
R osder sl 420 stekes
c M;,.:\:- Slich o Aeomsihon

e (@ st pessible .
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(b’ Contlnued) Healthy Critically Il
So we get... 0 1
\(Q%J aﬂﬁ = a0 — opo0 ™0 @00 = 11.6236
QI ] ] | |
N o A= At A8 = 00057
\ A2 = A0 opt8 0™ A% = 0.07057
ajj\ B\g/ Agpan = 50 —20P5p U Agqp = DU ol
(O
Q FIEEEI = —TE:; — gnp% 0 .—'w;; — gnpgrli 20 -I.!-[t = (J.01388

Compute the annual benefit premium 7, paid only while in State 0, for the following/20-year
term policies written on a healthy life aged 50:

(ii)) A combined CII (critical illness insurance) and life insurance policy that pays

$20,000 on CII diagnosis and $10,000 on death. 420K
—D |
f’?\) C’P;wwsxf. AV [ Bensy ? )
—p0 _ ol 0000 o2 . o3
(ﬂla-oso:m - Q—OOOQ /ASU:'EB’] | IA’QC'E‘“ Asn:ﬁl] El/ $\DK 5/ ileK

= = 24656

(iii)  An accelerated death benefit CII policy that pays $20,000 immediately on the
earlier of CII diagnosis and death. (To clarify: completely separate example/policy from (ii))
* Also: Chronic illness rider on life policy, cf. DHW3e Ex. 8.9-8.19.

° ol 02 jﬂo'(
W a;:m: Zoowft&n:'f‘ﬂ * 10&00A50-W O —> |
= v = %03.07 L
o
7 $20r ]

(iv)  (For class to try:) A partly accelerated death benefit policy, which pays
L $20,000 on CII diagnosis,
ao“;‘ e $30,000 if the policyholder dies without a CII claim, and

b
e $10,000 if the policyholder dies after a CII claim. O 32ok

p— N
—03
1 %000/ o5
+ Lwo"/{s.,:ﬁ

~ ol

T(— b\":::m: 7). Dooo A;D:Q \2’4301& é/jl@K

— 17 = 33'54(951 3272



(c)

(For class:) Use the table to compute @’

Be especially careful with A%%

0 :10]

T T AN A"

101’

AOl

403
Az

[IOZ A03 A13

60 :10]° 60 :10]° 60 :10] 60

A3

50 13.31267  0.22409 012667 0.14176
G0 10.17289  (.34249 0.16140 0.22937
T0  6.56904  0.49594 018317 036019 0.62237

0.34988
0.47904
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__ati=.05.
:10]

Healthy
0

Critically 111
1

Dead

Dead

t oo tPMi:  20-1P%p:  20-tPhas:  20—tPPie  20-tPhois
i 0.68222 0.15034 0.13788 002956 0.66485
10 0.75055 0.13135 0.09943 0.01867 0.7TH283
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(c, continued)

=) 00 10 =00 »
illﬂ _l Hﬁ[] |[].ﬁ“[] r H—[] ||' 14!:”{]‘

Healthy Critically 11

0 1

A01 01 00 10 301 a0

.‘l[mlm‘ = _'Il:'n - |[]_P['n (4 .'lTn = {j.l].dﬂlr

F02 702 0010 F02 —

—lm = _—lm — 10Pgq —l—n = ().0O7700 Bead bead
2 3

A0 03 00 10 703 o1 10 713 EO

.—lm:m = Apy —1w0Psn? Amp — wPg v Ay = 0.01322

Apots1 = Aga — w0pgo v’ AZg = 0.19140
Find 10V® and 10V for each of the following 20-year term policies that were written on a
healthy 50-year-old:

(ii)) A combined CII (critical illness insurance) and life insurance policy that pays
$20,000 on CII diagnosis and $10,000 on death with premium 7 = 246.56.

$20 I< () — o) ——o3 ) — “’Hq (07
? - VY = [obeo (Abo:ra i /Abo:('of + 7_0000 bo %l _{'l'_ 0—9,,
o ]
[ ok v delc lo\fm = (oooo A'Z £+ Ve poLim = 1

} poiiol
(ii1))  An accelerated death benefit CII policy that pays $20,000 immediately on the
earlier of CII diagnosis and death. Use w = 303.07.
() — o ol __- oD — G
D‘—'j ‘ \o U = ZOODO A go:Tol t Aﬁo:rﬂ‘g _ 30301 O-(,:7) o G =2

3 J o (U\D erjr‘H OMU}[“@S)

(iv)  (For class to try:) A partly accelerated death benefit policy, which pays
e $20,000 on CII diagnosis,

4l e $30,000 if the policyholder dies without a CII claim, and
\qaut{ e $10,000 if the policyholder dies after a CII claim.
\ Use 7= 383.47
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DHW3e 8.9 Continuing Care Retirement Communities (CCRCs)

Often, a CCRC charges an entry fee, which is typically funded by the sale of a resident’s home.
So the entry fee may be set near the average home price in the area. The remaining costs are
covered through a monthly fee.

Types of contracts: (Hardy LTAM Study Note, $2.4)

Some widely used CCRC contract types are described in Section 1.6. For the full lifecare (Type
A) and modified lifecare (Type B) contracts, the price is expressed as a combination of entry fee
and monthly fees that for Type A increase with inflation, but do not change when the resident
moves between different residence categories. Type B monthly fees inerease with inflation and
also increase as residents move through the different categories, but the increases are less than
the actual difference in cost, so there is some prefunding of the costs of the more expensive ALT
and SNF facilities. Type C contracts are pay as vou go, and so do not involve pre-funding, and
therefore do not need actuarial modelling for costing purposes.

Hardy LTAM Study note, Example 2.6

ILT N ALT ASNE e
emdien whed L specohipe i
Ivcii«? Unit Azeit Wik ¥ £ Yocility 1
E}ate 0 State 1 State 2
Dead
State 3

(a) The simplified CCRC model; ILU is Independent Living Unit; ALU is Assisted Living Unit; SNF is
Specialized Nursing Facility.

The actual monthly costs incurred by the CCRC, including medical care, provision of services,
maintenance of buildings and all other expenses and loadings, are as follows:

Independent Living Unit: 3500
Assisted Living Unit G000
Specialized Nursing Facility: 12000
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(3500, 6000; 12000 monthly costs)

(a) Compute the level monthly fee for healthy entrants ages 65 and 70, assuming a $200,000
entry fee and a start in State O (independent living unit). Assume a Type A (full lifecare)
contract, i.e. the monthly fee remains the same, even if the level of care required changes.

x ag ™ ag2! aya" A%
/ \J\j\ (i%5} 11.6416 0.75373 0.24118 0.12824 mu ALU SNF
‘\/ o o [MO 5153 11.3412 0.75157 0.25330 0.13295 State 0 State 1 State 2
/796 67 11.0323 0.74994 0.26614 0.1377
68 10.7140  0.74877  0.27974 0.14273 ™~ J -~
p(\/\)\ 69 10.3892 0.74790 0.20415 0.14780 State 3
@OO v 70 110, IJL}UJ-I 0.74720 0.30944 0. 15298
Reminder: a( 2% is EPV of monthly payments at rate of 81/ year (so $% /month) when in (j).
e
9N? \uﬁ ngUC?F"‘Mﬂ’ E'PU’CrBEM-s/ cos¥3, Epp Iy e B) " wt)
(o ° w 200 o
O LU0, llﬁlfso ¢ nae 1} = 250e (12 D“‘GS ")+ Gocotiig e I5NT: ”
\ 900000  Ts| ‘L * 06 Tw AL
3
ek Hly v
fe e ~ D[ ya q
L . 0¥
_3 —(T;S/V l(( S’.‘M"{MIY/ - = 2“{ ¢

(b) (For class to try:) Calculate a revised monthly fee for healthy 65-year old entrants,

” ’L‘a“’ o’ assuming 70% of the entry fee is refunded at the month of death
"

W -

el oo )4' boee (,l’)_cL 55 ) # 2000 (2&°5""

» Rl
) opoO + Trbg[l’z af':l o L +\’)_0-55 J — 2500 (12& o3 Loore Ruc
+ |foooD A e YK

5 _ Nllo- 8657
~T s
5‘,1/1»‘:{0'”[“/,

!70

(c) (Modified from book) Suppose 20% of entrants are age 65 and the rest are age 70.
Find a suitable monthly fee which is not age-dependent if (i) no refund of entry fee;
(i) 70% refund of entry fee upon death. g - 24ar s ey

—_COLﬁﬁ\_.Z wc’iﬂtﬂk& N Trb’: + .3 T7 b -2 s 2665

b ﬂ"[’Pv ?;%5] TELE[ PV -Bers | oge o€ Mmﬂ}

HW: Read Sections 1.7 and 1.9 of DHW3e (on Canvas).
Suggested ALTAM Practice: #lc, 10cdef, 11abc, 12abcd (read 1.9.2), 13, 16a
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DHW3e $18.6 Statistical estimation of forces of transition in a multistate model

Main fact: Under the assumption that ui];rs is constant forx € Z,0 < s < 1:

While not shown here, maximum likelihood estimates turn out to be based on exact expo-
sure for the time spent in each state. For those between ages x and = + 1 (which can be
generalized for periods of other than one year), let 7; be the total time policyholders are
observed in state 7 and d;; be the number of observed transitions from state ¢ to state j.

Then /i¥J = d;; /T;. Similarly Var(ji¥) = d;; /T;?.
(Klugman et al Loss Models 5¢) 1\ €

Example (Klugman et al 5e Example 12.28)

Consider five policyholders who, between ages 50 and 51, are observed to do the

following (decimals are fractions of a year): Heo.lHAY Dis
Y
= Disabled at age 50, dies at age 50.27. v = !
= Healthy at age 50, disabled at age 50.34, dies at age 50.78. J/ ><\)J
= Healthy at age 50, surrendered at age 50.80. 2 9
= Purchases policy (healthy) at age 50.31, healthy at age 51. Mo L“iﬁi{/
withdraw

Healthy at age 50, disabled at 50.12, healthy at 50.45, dies at age 50.91.

Calculate the maximum likelihood estimates of the transition intensities.

L;Soﬁ 50;7 l. = Fue v 0 = Lt B+ g+ V2 {C = 2
( >
= G IS .33= (07
so ., wH 507 L T = hweom | 27+ 4¢+
2 0 21503 T
1j ;}:{:.‘.—msfﬁf’""‘)’
5; )65:5 MLE € M Ll Prewa 173
1 0% ~
/ot 2. av
-~ = _0.%5 = 2 < o9l
L( /O/-—D O /\0"_/[-_ ot“ f\u; T(_-):;[=()
50 |, Sed* . SoWs Se.d M T =Y l
D ey | 4 L B— - 0-9%

Special case: Alive-dead model under constant force assumption:
Lx = (#deaths)+(total wait time)
Related estimation: “Actuarial estimate” g, ~ (#deaths)+(total wait time + .5 X #deaths)

Go to page f  ——
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DHW ¢8.4-8.5 Temporary disability model and Kolmogorov Forward Equations
AR

Background info:

1. Another way to look at the derivative. S;
a° ? L4l
:‘ - q Fidae tAY - F e 'bo =_ 0(4\,\'\
z.-- P zl:,-'f;'l . .._h'*.;'\-b — .
.-"fE":“\" L i U= m = gi(to)
.:.T":-:l- - or for Trandl L #Edl
l'“ew "MOJ\‘)\‘W\

i

B — 5 L
£y Lth
Lri, 6] = €Ly = P):I";- L + afb}
r fF) fomans el Pt
)] sl El' Srral
- P i_

The notation o(h) represents some error term that disappears as h—0. (In fact, o(h) is

small enough that the ratio o(h)/h — 0 as h — 0). “VVI o( W) 50
ij h=o
R .. ij o_ 1 hP, .
2. Euler’s method. Recall the definition u -, = hll,r(r)l+ - *t fori#j.

This is basically a derivative, so we can get a useful approximation.

__\5‘-. - B Lo =L LY
Tt Faml il N Aigemrsd @mrer
- _:J. o B l: 4 nflxl'j
- = - iy I
[ ~ i a9 o
b Ty /M!'w | L q.l, t

nd%“

o, -}I'.w-'s'x--"--f-ﬂ b
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Example 3: (DHW Example 8.5 pp.246-247) \ L/
Consider a disability income model with states
0 — alive, well 1 — disabled (possibly temporarily) 2 —dead
d

a. Draw a quick transition diagram. ‘I"M’“L PO-&VC ok
b. Starting point: op gg = and ,p 2(1) = . ‘b/) Csvﬂi "_‘w“’
c. Kolmogorov’s forward equations (and Euler’s method).

Suppose that we have calculated the transition probabilities p é{) up to some time ¢.

Suppose that the u 65{; . are known and suppose that /2 is small, say h = % (one month).

Then (describe in English, then fill in the notation, then get in terms of u 6(§i WA

Also give a formula for and it t+nP (6)(1).

(1) t+hP 60 t’fh ( \ /Pl,nﬂs" h’pm
‘/_\/—b/

] W"’\
> Wuwow o o wet i von
g%gc‘\h AR w0 @ o+t ownsition Qf“kb Q’a w&;‘i"““\
\ v
Hawke: \ V.
o° o0 /Fmo
17

o kkj = b@ba

“ﬂu;/’ bo . o1 ) o T I D(_\rq
mua_ \,\>° = = = {fl@b (\“Nsl% W - o+t * {;ﬁo /‘Atﬂ«rb +

&/

d
e By rearranging this equatlon we can compute — tp 60 0

o(_
0’%:({5 l:f)) — i:z Jfrhfm\,\ = t/ﬂ:o [/M(,ofk /MWD + t/Phc/Ag“g

e By discarding the o(h) term in (i), get Euler’s approximation to ;,,p 28 .

oo M? oo io
IR O o (R A R Ay
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e 12 0O ol
(i1) t+hp60 élpr ( l - ‘A/Pgoﬂz B “/Pboﬂ) + {T/ﬁ" u\)PbDH:

= A
P {_ ASN \ Q‘)l:}d‘uﬁ’_%w5 .,J/ /M o fesmn
! Maﬂ‘kou g'imm e Y Voot (Z

of ‘o (% e ol « o()/\
= §leo ( (- })bm h - }j\bud(, \‘) * (ﬂo }J\We W 3

ot

e By rearranglng this equation, we can compute y Do o
c\q}( 3"’\,0"" o ﬂ 0 t %
v RS l‘*w‘ &‘f‘w’}— = +1oa /M" T bfu )Ull e +ﬂ° }‘wt W
/\/3'92(7 WSO e y 0, WCJ'L e uouj\-‘.ws
A Y ko, P o 1
it ll;ft')

e By discarding the o(h) term, we get the Euler method approximation to ;,,p 23

L (0 )
’[?Mlur A’Vw

i) eonp 2=

ol 12

I %/fbﬂ ( \ -+ b’f&o btk E/FL‘J /Mb“‘i
\/\/\/

R TJM‘""‘ WI T o\“éj:ué e Mo Yo u

J—e"a" em)‘ e

~7 4 {kpbb] - VP“’ /mboft w)“ /u(mb KG{W?WW

S‘W“(W &)mae..ss QB-( EWZW qfffbx
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Example, continued.

Suppose that the forces of transition are given by
= a4 by expleix),

=01l
1% = a3 + by exploax), ap =4 x 1074, by = 3.4674 x 107%, ¢ = 0.138155,

1 m =5 w107 by = T.58585¢ 1077, ¢y = 0.087498.
Hx = Hes ,where 777 o2 ?
Then we can compute (just by plugging these constants in): \&Q @\'\
01 02 10 12
¢ Fa04e 0t Ha0+1 M0 [ O— 6&
0 0.01420 0.01495 0.00142 (01495 W
ﬁ 0.01436 0.01506 0.00144 0.01306
00 01
c. Show how to find ép 60 and 1_12'p 60"
_ = “T'EKH'
P = r;.: | f — L./ oMegy -1 .-’_f.'-.fhl'if';-1 4 Lot S
-2 _:r-._'.. = f_\?i’_- L L I ,U;L l} L o ! _-IJ '-ﬂ‘ ]::" X :'r.. )r:l . = 3k
1 La= o
-3 FES f"‘;{,.c L
S - e 1_ B o ey ) - e
L P~ P / _a Ll
A T ol ofee T P Sf i) <
L _.F ’ I "1:"'7 ]
ip e
d Having found 1p 28 and 1p 2(1) in (c) , show how to find :2p gg and 2p 2(1)
12 12 | 12 12
) o, o - | El"q. !L |
- iy - | _ | T _ . 3 _\_- Y , ‘! | 3 . r i i |
the = e DI Mam e A3 Y o i)
'P.-l-.- (R ] -F'IL-L_f g

o

T LI ¢ 1 - ."I__
Ger, ) iy Teso & L7
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Example 4 (From LTAM Study Note, Sec. 1.2) — Long Term Disability Insurance

Todggordurtly -

Active Impaired | + | Severely Impaired COL+‘ 6
=5 ADLs 4 ADLs < 3 ADLs

State 0 State 1 State 2 \DO‘,HAE
UJ Q “(‘.v\
dﬂ%m%
Dead Iflf;;i:;n \VQ‘, le{‘: h %
State 4 State 3 CWJ(‘,_V\{WLC{ ( lODU‘J p,l QUM-F} {019

Figure 2: Example of an LTC insurance model.

(ADL = Activities of Daily Living.) A LT A c[uesltlmf\ QN* 1%
Example 2.2

Write down the Kolmogorov forward equations for all the probabilities for a life age x, cur-

rently in State 2, for the model in Figure 2, and give boundary conditions. Assume the usual
assumptions for Markov multiple state models apply.

1o o : zd{ | ad -
lﬂ'\?* F ‘Lj)ﬁ‘ au tuPﬂ }'VI"'" k& * /u'-n-t 1-,)"{};.1)'1‘\_ + o (b\‘l
2, '@ .y
+ 'E-IP*‘ 'ﬂm»tl\, f"ﬁ-
Euler

-.P}nrrx '

Solution 2.2

d 20 21 10 20 01 (1] 04
E . = Py Hrys — i (F:+t + Moy + -“'::+t:'

d 4 20 01 22 21 21 (10 12 13 14
S tPr =Pz Hase + P Hape — Pz (Mot + Mate + ke + o)
d 2 21 12 22 ¢ 21 = 24

g tPr = tPx Prie — tPr (Mzie + Hrse + Heit)

d 23 20 03 21 13 27 23 23 34
a thy = Pz Mooy TP My TPy B3y — Py Mgy

il

24 20 . 04 21 14 22 24 23 34
g tPr = Pz Prpyp T DT Hpye T ePr Brie TiPY Hegt

For boundary conditions, we have gp2? = 1 and npij =0 for j # 2.

Suggested ALTAM Practice: #lab, 7abc, 10a, 18b(i), 23bc
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8.8  Policy Values and Thiele’s Differential Equation.

Helpful calculus fact: oot |
e Let fif)=¢". The Taylor expansion about =0 is... “\a‘”f 4

22" 2 3
= é%‘— :l-r—i:t%-t!;‘"*ﬁ-- ~~ |tk

e Throwing away nearly all of the terms and looking at ¢ = +64, we get (for small 4)...

Accumulation factor = e ~ | + Bk

Amount of interest earned on $X during [z, ¢ + h] = X (1+ SL)

e In a similar manner, consider accumulated value of premium paid continuously at rate P per year during [to, to + h]:

toth 5 &(h—t _ P obh to+h o0t _ sh e 5ot _g=5to
P Sy =[2, Pe®"Pdt= t=to dt =P "M (—F——
—51.‘0 3—5@0 h)
N ——6
“ ( i Taylor approx. from above
6K : 5 —Otgtd(to—h)
/ - -6

Intuitively, this makes sense. Premium paid at a rate of P per year for a small fraction / of the year should roughly
add up to Ph. The amount of premium paid and amount of elapsed time / are too small for interest to have much of an
effect.

1)
Recall: If / is small, we can approximate pp + ¢~ ‘_/lu_{ L\ fori#j. <« The use of this approximation is called Euler’s method.

[Qulcuvt \osses l n 1@ b}

Definition: The /" State i reserve V¥ = ?’Ft
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Thiele’s Differential Equation(s) in the disability income model.

Example 8.7 “Disability income model.” (x) = (40) purchases the following n = 20-year term insurance: A premium is paid at rate P
per year only while the individual is healthy. A benefit is paid at a contlnuous rate B per year to the insured during any period of

disability. The death benefitis S. In terms of transition force functions u - and a constant force of interest 6, we can compute
reserves using a “backwards” recursion:

e Start with boundary conditions: X
For 20-year term insurance, you set each 20V® = 0 ; for a 20-year endowment insurance, set each 20V = \Dﬂ-’?p
Q1:  Let & be a short time-step prior to some future time ¢ < 20.
What change occurs in the “healthy reserve” over [t — A, t] ?
(Change in reserve) = 1. Account grows 2. Account grows due to 3. The account is reduced by the expected cost of setting up
(think: change in due to interest earned addition of premium VO if needed and/or by paying the death benefit
reserve “savings acct.”)  during [t — 4, ] pd at rate P per yr during if needed. These costs are offset, however, by the
on healthy reserve [t—h, f]. We saw that “saved up amount” ,V©:
during(z-h, f). Based P Sp = P-h
© s .
on VO, thls amt. of interest {—c«.\*‘c o W
is approximately... N9 { M "
Uk slice of € g o QAr ‘;3?
wlerest o p) yor & ooek 5%
al & tos" ot

k\)m"{v\“\/m: JC\JMS\\ L Pl e VO tu‘“‘) le - V <o)

Note: This looks like f (t) - f (t — h) . Thus, we can compute the derivative of ;V® by dividing by / and taking limy—o.

later time earller time

‘%"‘[b\]m] - "UtﬂS‘L?ﬁN:“[J‘ e ) /u"“’( m) \/\ 6\5 5 Ba(hww& E“’i\f\é

Approximating reserves — Starting from known values for ;V® at time ¢, we use the Euler’s approximation (& discard o(%) ) to find
the values for the next-earlier reserve .,V® . It’s easiest to do this by subtracting in the opposite order in Q1 above.

&*\f‘\J

oL (&)
(o) t°3

~\) = WS\/\ +/{7\/\ +/\;\ ("‘/m’%\]@ )v\ eV
) SO\UC DTM



Stert (2 Teb 2029

e @@ 9 ®
eV 2 S W U P [ ) () el

@ ) N
N MY do "

BT = G D sl disd aarllg by 1) 2? |
@
f*W‘J’?%%Nﬁ/BVU%%Lvam):w [Snﬁﬁf&%l_

xtt

P

: b (DV‘O&O Q\WW+ a_a-_owfk'\‘ cdr :mfﬁ[’ﬁ—g"" . . . ‘
A, Vs s e [ e cozhs o cntrenk sloke

) exvor vemms

Yoa V0T R L) R (s

VTG B el (-0 gl (527
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Q2:  Let & be a short time-step prior to some future time ¢ < 20.
What change occurs in the “disabled-state reserve” over [t — h, {] ?

(Change in reserve) = 1. Account grows

2. Account declines due to 3. The account is reduced by the expected cost of setting up
(think: change in due to interest earned

disability income benefit VO if needed and/or by paying the death benefit
reserve “savings acct.”)  during [t — 4, ] pd at rate B per yr during if needed. These costs are offset, however, by the

on healthy reserve [¢—h, £]. Use approximation “saved up amount” ,V©:
during(z-h, 7). Based for B &y...

on VW, this amt. of interest
is approximately...

Note: This again looks like f( i3 ) — f(t—h). We can compute the derivative of ;VV) by dividing by / and taking lim—.o.

later time  earlier time

Approximating reserves:

Starting from known values for V® at time ¢, we use the Euler’s approximation (& discard o(%) ) to find
the values for the next-earlier reserve .,V® . It’s easiest to do this by subtracting in the opposite order in Q2 above.
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To generalize:

VO — VO = (increase acct by = amt of interest,  then (add approx.. premium or , then (if a change occurs i — j, set up the proper reserve (VO
earned during (¢ — 4, t) ) subtract approx. annuity or pay death benefit, offsetting the cost using the
income benefit paid ) reserved amount V")
To approximate . ,V®, rewrite this equation in the form  ,V® — V@ = (each term’s + sign changes)... and solve for  ,V©

e You are given (or can compute) all of the values ui{), and you know & and the premium and death benefit amounts.
e For 20-year term insurance, you set each ,0V®? = ; for a 20-year endowment insurance, set each ,0V®? =
e To find 1975V?, use the equation...

e To find 1975V), use the equation...

e To find 1950V?, use the equation...

e To find 1950V, use the equation...

Et cetera. Of course, you would implement this using a spreadsheet.

HW “Thiele’s Differential Equation”:

1. Learn to write down and explain (in English) the “change-in-reserve” version of Thiele’s differential equations in the
temporary disability model. This will form a quiz problem later.

2. Learn how to do the same for the Kolmogorov differential equations (“change-in- p,°*” , etc.).

3. Learn how to go from the equations mentioned in 1 & 2 above to the derivative forms % V@ and % D0, etc.

Suggested Practice from ALTAM Sample Packet “Thiele’s Diff. Eq”: #8c, 16b
Add’l practice on the following pages.

l
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Homework — Kolmogorov equations: Do problem “W8.5”, below. Optionally: Read DHW sections 8.1-8.6.

W8.5: Consider the model (0 = Alive & well / 1 = temporary disabled / 2 = dead) from today’s
lecture.

Assume constant transition forces

K 6841rt =01
Heore =02
Heoqe =03
Hoose =04

Approximate 1p 28 , 1P 2(1) , 2D 28 ,and 2p 2(1) by using Euler’s method and the
12 12 12 12

Kolmogorov forward equations.. Maintain as much precision as possible throughout
your computations. I’ll post a solution soon.
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Also try this SOA Written problem — Thiele’s differential equation in the alive-dead model (more-or-less). (Treat “no cash value on
lapse” as saying tv(lapsed) =0. (V means t\/alive,in—force policy)

19. (6 points) An insurer issues fully continuous 1(kvear term insurance policies with
tace amount 100,000 to lives age 5. Level gross premiums of 300 per vear are
pavable continnonsly thronghout the term of the contract. There is no cash value
on lapse.

Gross preminm reserves are caleulated on the following hasis:

Mortality: g, = Be®, where B = 107", ¢ = 1.1

Lapse: Lapse transition intensity is (.05 per vear.
Interest: 4% per vear compounded continnonsly
Expenses: 50 per vear, incurred contimonsly.

{a) (2 points)
(1) Write down Thiele's differential equation for ;1" for this contract.

(1) Write down a boundary condition for Thiele's differential equation.

(b} (4 points) Using a time step of h = (1.2 years, estimate g5l

ans: 98V =10.90; o6V =20.44
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DHW3e Ch. 9: Multiple Decrement Theory (1) Introduction

Definition: A multiple-decrement model is a multistate model of the following form:

Multiple decrement models have their own notation, and so does DHW.

bl Aot tae

Notation: o T

£ - fwes R?(,A X on a vl L. pew‘. ifk—b“i

- : &
td(}J;) ;4{: ep{-s Via ] e liucs wlgs é(p{,’x% )

C s P e e by o

A7
AN 9 - % )
NS \(f&i\z\} .q (;) = ot (Pd\ah.,b.-l.'ﬁ o et = = elx
(S’Jijcdb () -
& tP (;) = Cc:?wngll"v\JW\'\h &% ¢ x /7 'Pf[”;w\;;m/ e 3

3 keq L - Vel (x) suvats & 2 G erifs vie 5 witlin subspnt 4 ij

When t = 1, we write d()’;), gD, p (;) and yq (i).

X b

Relationships between ¢’sd’s q’s p’s.
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Example 1:  In the following table, decrement 1 is accidental death, and Decrement 2 is death
by non-accidental causes.  Jk's cou(d adso be wdliabive obbreviations, et et i

/ A L

x e AV pecderle] | g® ootk
60 100 2 (1) fee—2-( =97
61 47 3 Q7-3-2 =
62 12 1 k)
63 85 8 2
64 75

a. Fill in as much of the table as possible.

b. Compute ,q (620), 2d (620) 24 (620)’ p(erl)

@ Dkl 2

@ = = 0.3
bo (T \00
2 L,
(D) *
e e = " = 006
,2_ 0 /C::.')
2 £ q
fu = = T 7y

C. A special 4-year fully discrete policy pays 100 for decrement by cause 1 and
200 for decrement by cause 2 at the end of the year of decrement. Write an
equation that could be used to find the level annual net premium .

trv Ei’rcmjr ETV CIB““'}

2 3 . | 3 g Y
2 5 Syt St — VT + =V
£ (2 o () o w
1?:,0) fpbﬂ 319"” 61'00 ,,clg,o ?_l Olﬁﬂ sl c’bu
( 2 L 3 2 \)3>
-+ 0O bt — et 2Vt —
0}6/{’ T / 2 (TJO * v o o
: o
UJ/1 TQO o
d. In (c), compute E[>L | Keo > 2], where Kep is the curtate future lifetime for (60).

That is, compute 2 V. \]m\‘%v” m
&/

/ ] 7_)
— M(./ | tele () \\jz\/i loO( qfi+ oV W{”ssx
b ZF - "
Yo i ptsarve S 1°OLQlV+ Qzu)

‘DF-WKL\&SW' G . 04\\! Q‘W_\(‘\MS & ML,,
s vl > T e sl 4
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Of course, we can study non-discrete situations as well. ol

. / m,u{-a'ﬁ‘!m
0
Definitions: u (i)t ovee oF decrement = M

(3)
(So Pr[immediate exit by cause j | survival of all decrements until age x + £] = M OUC )

(2
™ _ Z/Mx-f{

Hoxst
b T \
Fact: In a multiple-decrement model, we have /S P _/S P\lﬁ:s ds S/uun
xts
]
Pr[(x) survives all decrements throughout [0, /] ]= € e

Pr[Decrement by cause j occurs between t = a and ¢t = b | alive at age x]
& '& /‘;-:5 ds (J) db
= e Myee (draw timeline)
Ao o (C) L=t
t@ ,';"7;{, = 1':101 @

)
2wk

E]
Example 2: A fully continuous 5-year term policy on (x) pays 1000 for decrement by cause 1
and 2000 for decrement by cause 2.

Given constant forces of decrement and interest T a ) =W, U ﬁ)t = W2, and 9, find
the expected present value for this insurance.

5 SSM d [
— | = /St
D 5 6?\]:(000 @ ] Nle (ﬂ“k_ {—looogen
\ | SW ‘-’L“"
| S s ds ' %’r &ww«wkl Q [}
e
>
. |
\V
st [0 loeo ~(pepe 8> e 3

l-e e
= [000/[/1,‘ /M,*/Mﬁg 7\000/“9_ +/Ln,,+8
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HW Ch.9 SOA (below) #58, 206, 70, 179, 178, 135 (can split into cases and use “10E') ”),
Optional study: #232 (oV = E[future loss at time 2, valued at time 2]), 167, 105

58. xvz Paper Mill purchases a 5-year special insurance paying a benefit in the event its
machine breaks down. If the cause is “minor” (1), only a repair is needed. If the cause 1s
“major” (2), the machine must be replaced.

Given:

(1) The benefit for cause (1) is 2000 payable at the moment of breakdown.

(i1} The benefit for cause (2) 15 500,000 payable at the moment of breakdown.

(iii)  Once a benefit is paid, the insurance is terminated.

(iv) u =0.100 and ¢ =0.004, for t >0

(v)  &=004

Calculate the expected present value of this insurance.

Answer: 7841

*206. Michael, age 45, is a professional motorcyele jumping stuntman who plans to retire in three
years. He purchases a three-year term insurance policy. The policy pays 500,000 for death
from a stunt accident and nothing for death from other causes. The benefit is paid at the end

of the year of death.

You are given:

(i)  i=0.08
(i)
x ) dt= dv)
45 2500 10 4
46 2486 15 5
47 2466 20 6

where a’_i‘” represents deaths from stunt accidents and a‘f"] represents deaths from

other causes.

(iii)  Level annual net premiums are payable at the beginning of each year.

Calculate the annual net premium.

Answer: 921
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70. Fora special fully discrete 3-year term insurance on (55), whose mortality follows a double

decrement model:

(v)

(vi)

(vil)

Decrement 1 is accidental death; decrement 2 is all other causes of death.

. gV g2

55 0.002 0.020

56 0.005 0.040

57 0.008 0.060
i=0.06

The death benefit is 2000 for accidental deaths and 1000 for deaths from all other

causes.
The level annual gross premium is 50.

(L is the prospective loss random variable at time 1, based on the gross premium.

K, is the curtate future lifetime of (55).

Calculate E[ | L|Ky; 21].

Answer: 16.72

179. Kevin and Kira are modeling the future lifetime of (60).

(1)

Kevin uses a double decrement model:

x W ' d?
60 1000 120 80
61 800 160 80
62 560 - -

Kira uses a multi-state model:
(a) The states are 0 (alive), 1 (death due to cause 1), 2 (death due to cause 2).

(b) Her calculations include the annual transition probabilities.

(i11)  The two models produce equal probabilities of decrement.

L] ol (]

11
CHICUIME F{:al + F{:l + F{:l + F{:l -

Answer: 1.90
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*178. A special whole life insurance of 100,000 payable at the moment of death of (x) includes a
double indemnity provision. This provision pays during the first ten years an additional
benefit of 100,000 at the moment of death for death by accidental means.

You are given:

i 47 =0001, t=20

(i) ,um =0.0002, t=0,is the force of decrement due to death by accidental means.
(iii)  o=006

Calculate the single net premium for this insurance.

Answer: 1789.06

*135. Fora special whole life insurance of 100,000 on (x), you are given:
(1) a=006
(ii))  The death benefit is payable at the moment of death.

(iii)  If death occurs by accident during the first 30 years, the death benefit is doubled.

(iv) ') =0.008, r20

(v) yii =0.001, =0, is the force of decrement due to death by accident.

Calculate the single net premium for this insurance.

Answer: 13044
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*232. Fora fully discrete 4-year term insurance on (40), who is subject to a double-decrement
model:

(i) The benefit is 2000 for decrement 1 and 1000 for decrement 2.

(ii)  The following is an extract from the double-decrement table for the last 3 years of
this insurance:

x o) dl d)

41 800 8 16

2 _ 8 16

83 - 8 16
(i) v=0095

{iv)  The net premium is 34.

Calculate .}, the net premium reserve at the end of year 2.

(Note: Recall that oV = E[future loss at time 2, valued at time 2] )

Answer: 11.12

167. (50) 15 an employee of XY Z Corporation. Future employment with XYZ follows a double

decrement model:
(i) Decrement 1 is retirement.

{{}_{]{} O0=t<5

- n _
i L=
(1) sy 0.02 5<

(ii1))  Decrement 2 is leaving employment with XY Z for all other causes.

b ) _[005 0si<s
iv . =
Mo =003 524

(v) If (50) leaves employment with XYZ, he will never rejoin XYZ.

Calculate the probability that (50) will retire from XYZ before age 60.

Answer: .0689



MA398 |51

105. For students entering a college, you are given the following from a multiple decrement

model:
(1)
(i1)

(iii)

(iv)

1000 students enter the college at 1 = 0.

Students leave the college for failure (1) or all other reasons (2).

u? =u 0=r=4
#i =0.04

48 students are expected to leave the college during their first year due to all

Causcs.

Calculate the expected number of students who will leave because of failure during their

fourth year.

Answer: 7.6

33. Fora triple decrement table, you are given:

i 4" =03 t>0

i) 4™ =05, >0

i 4% =07, >0

Calculate qiz] .

Answer: é (1-e

—1.5)
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DHW22e Ch.9: Multiple Decrement Theory (2) UDD in the Multiple Decrement Table

Recall: UDD in alive-dead model. (UDD = Uniform distribution of deaths between integer
ages.)

e To “assume UDD” in the alive-dead model means to assume that

= S9 forx € Zands € [0, 1].

e By the FTC, the density fr«x(s) is related to q )

1 (=P Tuesy =67 = Sy .
iﬁ& Q‘ (.5) = Cf?& for seLo (S

e Under UDD, one has the ability to use linear interpolation between /.’s for consecutive
integer ages.

o logs = 05l 0bky Lyes = 3l (00

Example 1:  Consider the following life table, and do the following computations under
the UDD assumption.

X L, dx
60 100,000 2,000
61 98,000 3,000
62 95,000 1,000
b3 94 0c0

a. Find . ;g4 using the UDD definition. Also think about: # deaths (deaths are
uniformly “spread out” over each year.)

Vd \\S
Dooe _gem, deetts off T 2]
03760 2° (03)(9¢) = e S e At
L
b. Find gqgq3 under the UDD assumption by using linear interpolation to get the

necessary {.’s (which is only appropriate because of the UDD assumption)

*Take a weighted average of {s1 and £ , with weights 0.3 and 0.7 (=1 - .3)
used so that £e; counts more heavily in the average (Think: 61.3 is closer to 61 than to 62.)

Ly, 2 03w 07Ly = 1700
Loy E 01 O 09406y = 17700

&t ALaseos g, ataeo

=) 0% (751.5 = Ly T Tws | fueo
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Main point: One can choose from three common assumptions (MUDD, SUDD, iconstant force) in
order to make a reasonable guess concerning decrement probabilities between integer ages in a
multiple decrement environment. Each method has its own nice mathematical properties.

UDD in the Multiple Decrement Table (MUDD or “UDD in MDT”)
UDD = Uniform distribution of decrements btwn integer ages. )

KEZ, selot]
Similar to the above, we may assume ;q *, O = g,; whenever x is an integer and s€ [0, 1].
We call this assumption UDD in the multlple decrement table.

Example 2:  You are given the following multiple decrement table. Assume UDD in the
MDT.
X @ 4D o)
X X X
60 100,000 2,000 1,000
61 97,000 3,000 2,000
62 92,000 1,000 0
a. Compute .49 ¢ (1 ) for j =1, 2 in two ways: using the formulas, and by drawing

a little dlagram showing how the “cause 1 decrements” are uniformly spread out.
(O MubD ( (n 3@00
ox Ly — (i‘ol - ( ‘[70«:
() —_E- (» 200
o 9-‘1 ( 7(,’ ) — \ ( —‘f)

To

b. True or false: The total probability of decrement ,q (;) can be modeled by UDD if the

individual causes are modeled by UDD in the multiple decrement table. What does this
mean about using linear interpolation to find £.+, between integer ages?

(T erSF W ()
MDD @ )
+ --_ +
A A A tq, -ty
(™ —
o - (CL)C ) (e
c. Compute ,q ; and 2P ;.
(&) ‘ o) B Zpoo + 2 DOO L o (o
o Qibl =01 7"’ - 02 W) - 97 2P o = = el
b
97

d. Compute 39 @ (Plan: Start by thinking about £¢0.9 and ,d (1)

60.9 60.9 °
('5 w [1}] ([}
o> oicﬁw‘? 'fo.zfiet D ol o[.w + BUL 200 + (00

©.3 7/&0-'? B Kos - 094, + 0644 - 97300
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Single Decrement Environment / MUDD / UDD in the MDT

Consider a multiple-decrement scenario with forces of decrement given by functions

wle=n%©

We would like to consider a (hypothetical) parallel environment in which decrement () is the

only possible decrement, with the same force function u ;gr)t .
Definition: We define the “single decrement survival probability” ,p '(xj) by the equation
: 3
1(3) “S /fos Ak o n h SUD
. § €S 5
'b x = 6 0 f/ fF‘r ht A .SHQ MM? Lom

Define .q '(xj) =1- tp'(xj) :

Notes:
e These are also known as the “independent probabilities of decrement” (DHW
terminology)
e The multiple-decrement environment probabilities p (;) and .q ()’; ) are called
“dependent” probabilities in DHW.

i DI A l‘ e pf ejani) erthieses %324 10 A 5 -"75’/.’/ '(‘"/’0‘//.'1/‘(’," Yenadac/

1
//Vlaylﬂi‘ Uges o ¥7 Whe Knswos
0y
A .'f‘,rm)_‘, + ljx
t W ! wg gn
(Ong e /"N

:{P; pf/Px -~ "'t/Pt

Relationship between .q (;) and the (multiple decrement probabilities!) ,q (i ).

Important facts: To obtain ,p (;)from the single (!) decrement probabilities ,p

(2] 4ef (" 12) (v

ﬁ(??ﬁ — t7%+t7ﬂ +"'+1‘7x
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Fact: .q ()’;) < q '(xj) for any x and . Why? (Competition — look at survival factors in

Fa integral expressions for failure probabilities.)
&
la] (’\ ) lﬁ
I
[7) A g (7 OLS
S S)F 1 /Myﬂ S/V /{/{I*S

YT P

This means that the failure probabilities on the double decrement table and associated single
decrement tables will not be the same!

Assembling single decrement probabilities into a multiple decrement table—three methods:
e Assume UDD in MDT (MUDD),
e Assume constant forces of decrement between integer ages, or
e Assume UDD in SDT (SUDD).

UDD in the multiple decrement table (MUDD or “UDD in MDT”):

The basic relationship that we remember for the MUDD assumption involves the failure
probabilities:

a. Forx € Zand ¢ € [0, 1], we have...

@ (N
(;ohf = t?;t

b. From this, we can express (for t € [0,1]) si(t) = (p (;) in terms of .q (;)

(t) (c)
€ ?X = € 7%

(k]

C/F’K - ),_ “) _ /- {_7&)
c. The function ,q (i ) = Pr[Cause (j) decrement with time-to-decrement < 7 | alive at age x]

is analogous to a cdf (Probability that a time-to-failure <¢). If we differentiate, we get
something like a density: Y lineoy Al

[ o,;;)}ﬂ«f«_gb d Hm} cim

d. Dividing den51ty by survival probablhty gives us a force of decrement, so under MUDD

(J) 6)) (T ).

we can write p ' in terms of ¢ %, and

xed telyd
"
(B} "AWEL)’“ i n[a:J)

e T w e N
JuwVive \ ol;z_
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o _ 49
(‘L’))

x+t 1-tq T

(Continued from prev. pg.: MUDD = u

6))
e. Integrate both sides for ¢ € [0, 1] Get Z(’T‘) «—In (1 - ,(CT)).
%wes L,) q - ;-.;))
2‘%[ ﬁr /usz 5) - (:“' —0 1 {t) ’g“( (t)
f. The LHS fo .“;(cjﬁt dt looks nearly like In (p, U )) I Use (e) to find an expression for
In (p’(]))

L lg) (e “’“): ~§N‘~"u{~: 6

(l
V\/D&( Sut \)J\Lo-‘\‘ (D‘\ w.'.smf\ w0 Wwo[oaue—mg

q.'bw l’ —

g. Rearrange the equation In (p U )) = (T) “In (1 — (T)) into an easy-to-remember form.
h,_/

L(ey)
/&‘(T]? - O\m

h. We can further rearrange this to get a formula for the gq ()]; ) in terms of the single-
decrement probabilities.
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Example 2:  Under MUDD, if you know the single decrement probabilities, you know
everything!

You are given, for a double-decrement scenario, that g ' (1) = .1 andq; (2) = .2.

Assume MUDD.
. [ i
So— N
( n(>®) (r) ) G e
a. Compute the dependent probabilities q (510) , q (520) (Get .089804, .190196)
n %0 w
IPSD = l' '15.7 - 09 c[“) MupP /Q/‘A((P‘L ) qc—;) /6/\ Dcl " .
e [ b =l —1. 8 - 008’“\80
P - 0% > A (g ) o L 070
(5 R (O IRt A 34
st - ?%o .,pso = 072 (2) MuPD /é"‘ PF ) _ /?"—_0__. 0,98 = I\ 11019(,

(1"3“ — T (= c[
Qo = \-o72=0.2% Ly ¥ Lol

(1
506 °

Mupp 0 uop :dﬁy;/[wl/y wlwg exdn et

L, &

Compute ,q Tip: Make a double-decrement table. (Using t5,=100, get £505=83.2)

. &
50 lvop Suum
0.4 €22 N

e Q% 7
l) ”P% - - . = AL
l) uoey [tner 3“*(”VIWUFM : WZ fso = Ly >¥%2

—
2) Cok  erls wt ol ece- q‘ﬁ;-woo :@

o £ 1T00,50) D ot 9.0
Upps ‘Yon ¥ &
D (o

paeee | oy(8q.e0)

(1)) —- — —_—

L o~‘f7/9°"’ Q - 83 ~
506
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Source: DHW3e p.373
Comparison of notations
P . (DHW)

Homework for UDD in the Multiple Decrement Table:

187. For a double decrement table, you are given:

Age i) IS d?
40 1000 60 55
41 - - 70
42 750 - -

Each decrement is uniformly distributed over each year of age in the double decrement table.

Calculate g/

Answer: .0766
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224. A population of 1000 lives age 60 is subject to 3 decrements, death (1), disability (2), and

36.

retirement (3). You are given:

(1) The following independent rates of decrement:

x g g g
60 0.010 0.030 0.100
61 0.013 0.050 0.200
{ii))  Decrements are uniformly distributed over each year of age in the multiple decrement
table.

Calculate the expected number of people who will retire be fore age 62.

Answer: 265.63

For a double decrement table, you are given:

i ¢V=02
(i) ¢"=03

(ii1))  Each decrement is uniformly distributed over each year of age in the double
decrement table.

Calculate 1].3‘?&]4].1 )

Answer: .053
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DHW?2e Ch. 9: Multiple Decrement Theory (3) UDD in the Single Decrement Tables

Assume that we have uniform distribution of decrements in every single decrement table. How
can we relate the single-decrement probabilities tp' o) , tq ()]C ) to the multiple decrement

probabilities ;p */ D g9 92

X

a. The basic UDD relationship (in the single-decrement context) is that for ¢ € [0, 1]
andx€Z, ...
" (0
Ar =t he ez, belos
b. If we temporarily consider the single decrement environment to be an alive-dead model,

then we get the following cdf and density for the time-to-failure (for ¢ € [0,1]):
iy, A _ 2 ety
{mﬂgm; U Lof3
The formulas in (b) hold, even though they arise from a hypothetical context.

c. Remaining in the single-decrement context, we recall that a density for a time-to-failure/
future lifetime variable can be written as a product of survival and force of decrement:

() Lm

Je g~ 500 A

We’ll keep our eyes peeled for a chance to use (c).

d. Back to the multiple decrement context—all forces p g)t are operating.

(Note: We will not have UDD here if we have UDD in the single decrement context.)

Write down an integral to compute...
q (J]C ) (= Pr[(x) decrements by (j) within 1 year]) .

£=o €=t : [ ¥
i BTN R
o] — [] * srue everpthig
P W g ¥
v | M ) )

xtt ( l\) t :i)
v

-

R Y

|
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e. When there are only two decrements, the relationship

q(i) — q’ (i)fol[ni;tj(l _ t'q’(g?)] dt

becomes...
(7 (1) "
771&: 1 3 SU“H?)J{ o i#j

O Jw ’ ez 1 2 0 '
¢y, ? = S(l—(‘,?é‘)ﬂ = § '[1,['%7;)" 5 E'/L()(]h £ﬁ>c
(How to remember it.) b * \f\

T o Mﬁt‘ ‘HM- wwf" 4_:1[_‘9«4 Growm  exit 2 veduce, ?{'[CFH‘ Rrow (J ’a)/ o Yook £ lZ

o sugle dee

Example 1: S hat p’ V= 9andp’@=3. C @ ynder th onof S
xample 1: uppose that p"* ”*=.9 and p'*,” =.8. Compute q *,’ under the assumption o
UDD in each single decrement table. —> Su“Pyp

( ( O
O{ﬂ{)f 0{“)(% JZCIH); D.(([_ é(ozﬁfooq
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Competing discrete and continuous decrements and SUDD: If decrement #1 has SUDD and
decrement #2 occurs only at one discrete point in the year, then decrement #1 also has UDD in
the multiple decrement table until the time at which decrements by cause #2 occur.

Example 2:  Suppose that decrement 1 is death and decrement 2 is retirement,
r(1) _ (1) -9,

D 6 =P ¢
and
pr(620) _ p, 2 _ -8 .

subD
Assume that deaths|are uniformly distributed between integer ages in the
associated single decrement table and that all retirements happen immediately
before age 61 or immediately before age 62.

Find , q (610) and ,q (620) . Tip: Keep track of #deaths & retirements as you go.

i KE alov— 0‘{(@0&"’6"’4’”(
) CW\IQQWE"J%/ , B

X 4
; lfﬂft(/ T2 () Oitz)
| e die «g OK
Malﬂw‘- -2 bo.q— ?‘O (90 (00 [0 IS
uﬁﬁ L e of 72 72 2.7
{ ! 7|1 d SN e st
lo7e oie
0T g
L e
bL 5084 W _ {/0:1_2_“ — {71

ﬁba (00 Z
(29 (g«rm% 3094

1T~ 100
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Example 3:  Suppose that decrement 1 is death and decrement 2 is retirement,
p'{)=9,4~supD
and

pR=g. e ety f-eoe

Assume that deaths are uniformly distributed between integer ages in the
associated single decrement table and that all retirements happen at age 60.6.

a. Find q (620) . Tip: Keep track of #deaths & retirements as you go.

(Note: Although there is a way to find q (610) by determining #deaths after age

60.6, that method is somewhat more technical and is not covered by DHW. The
procedure is covered by MOR 5e Ex. 13.9 & solution on p.112 of DHW4e
solution manual. An alternate method is shown in (b) below.)

YA

(0/0 KL _ ,(0(0"’0(\00) (b e

wh o L gen | (55 e

G e e oD dees wt agply

WOWF Wew'ﬂ

b. Find p (670) and use it to find qé%)).

P = F g
(
eoled = - (4 4.)
1+ rJ\ ((\
Slue 010§

(o
Qo = O 01



Study problem: (This reviews the earlier UDD in MDT / MUDD topic from previous handout.)
X @ 4D o)
X X X
60 100,000 2,000 1,000
61 97,000 3,000 2,000
62 92,000 1,000 0
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Assuming UDD over each year of age in the multiple-decrement table, compute

a. .Sq(z) for x =60 and for x = 61.
&

b. 59 6(0.)6

C. (@

5P 606

Suggested Practice from ALTAM Packet: #2

Homework problems for UDD in Single Decrement Table:

1. This is from p.26 of the DHW e supplement (published long ago), rewritten in our
notation.

Show that with three decrements, the SUDD assumption yields the following
relationship:

’ 1 / ! 1 ! !
q(;):q (914) (1—5(q ()26)_|_q (i)) +3q ()zc)q ()36))

(Obviously, one can then derive analogous expressions for g ()26) and q (i) in the same
way—you don’t need to waste time doing this).
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2. Do the following from the SOA problem set:

SUDD in each decrement:

234. Fora triple decrement table, you are given:

(1) Each decrement is uniformly distributed over each year of age in its associated single
decrement table.

(i) ¢"=0200
(i) g™ =0.080
(iv) ¢ =0.125

),

x

Calculate g

Answer: 1802

SUDD/discrete: Do SOA #42, 83

42. For adouble decrement table where cause 1 is death and cause 2 is withdrawal, you are

given:
(1) Deaths are uniformly distributed over each year of age in the single-decrement table.
(11) Withdrawals occur only at the end of each year of age.

i) A7 =1000
iv)  ¢\¥ =040

vy d"=045 4

Calculate p'{I] .

x

Answer: 512
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83. For a double decrement model:

(1) In the single decrement table associated with cause (1), q;,'l[]l] = 0100 and decrements
are uniformly distributed over the year.

(i1)  In the single decrement table associated with cause (2), q;;[f] =0.125 and all
decrements occur at time 0.7.

Calculate qﬁj .

Answer: 11625
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DHW3e Ch. 9: Multiple Decrement Theory (4) Constant Force Between Integer Ages

Constant force assumption between integer ages — an alternative (to MUDD or SUDD) way to

estimate survival between integer ages

Suppose that the forces of decrement u

6))

)
Lyt are constants (say uY) for every ¢ € [0, 1].

(Note: Different constants will be needed for different age intervals [x, x + 1]: we can write y (i )
if necessary to distinguish these from each other.)

0
. Show that tq(’r‘) ” v 5 for everyte [0, 1]. .
o \ ok ”)S @ | (3
Lousder ﬂ;; o e el 0 /
- B, (O — - o
617 szﬂ/u, s /Mm 5/?7: s /t/t

. gV u
Setting £ =1, (1) says: %

x

o 9k (o ( s
0) 0) . Lt EE L C ‘Z U
So % = q(T) Rearrange to get tq(i)z 1 x 9 ¢’ V4 /t‘

.u,(T) '

Interpretation: Within any period of constant decrement forces,

)]

tq , 1s the fraction of .q (;) given by arranging the appropriate

one-year decrement probabilities into a fraction.

The total survival probability p ", 2 (and hence, the complementary probability .q (T))
is easy to get under constant force interage assumption from the one-year probability p *, ™

|- »,Vx{a: (- efﬂ(% = |- ( ” ) (P )

e R ?mlo

—
[
=

Hence, we can use .q ()]C )

life table.

= % “tq @ 1o compute tq ) more-or-less straight off of a
X
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Constant forces of decrement between integer ages

(]) ¢
< g ()]c) (r) tq (,Tc) and tP (;) = (p (;)) , tE[0,I,x€Z

— by 275, AL=5

1
Example: Suppose that' €50 = 80, d(slo) =3, d(szo) =2. Compute (q ¢ (1) under the assumption
of constant forces of decrement between integer ages. Note that we can
perform this computation without ﬁnding the forces of decrement!

(n

q/';) (o 5\
o t 7
KA SRR AT RO

) ) » q¥
Recall: Under the constant force inter-age assumption: % =5
x q

(Proof: Evaluate the integrals for q 7 and q and then factor out constant scalars.)

Theorem: Under constant force between integer ages, we get the same formula for ,p 'g—c’)
as we had under MUDD (x € Z, ¢t € [0,1]).

Proof: Write down the definition of p /) and use fact (above) about the ratios of forces.
N ‘im e oW
| w3 . - ~ CEY., Ix
N / v ) 'M. ,,,_5%‘ ./{A a.—." 4 ‘_“J-[ ») — '-T":'.'f_“);;_..‘/"{ ) N { ‘—_5.\ J "?f)
sl = @ > e’ — ¢ = e ]
N
(€1
r ‘L ¢ 0y ‘.t;
> ; <P [ g
(.'l
it [— €2 ?»’}‘;‘? {

—\\
%
N,

t
) ,me,g J

=
?

. A 19' (5 V %x (Sm dkion ship o3 Mu’Dbr)
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Example: You are given, for a double-decrement scenario, that g '; (1) = .1 andq; '(2) = .2.
a. Compute the dependent probabilities q (510) , q (520) under the constant force
assumption. (Use theorem and previous example. )
4‘9‘(1) P ,F‘tn S 7{90 /&/772 { ZQ)
J/fev 72> 7% > 23 ?/1;) ( 26)
b. Outline how to find 4q 5(3)6
) w
AL E = E S T a) - Be)
= %0 Tso
Summary —

L i S T and
pe
In(p,”) 4
° ~"®

(T) — (P (T))

Under the assumption of constant forces of decrement between integer ages

€[0,1,xEZ



Homework problem — From Spring 2019 LTAM
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Suggestion: Use the multiple decrement g% notation. The wy, ix, #x, dy are four decrements, so
think dV;, etc. How does the constant force assumption play out in a multiple decrement table?

5. A pension plan uses the following multiple decrement model:

Member
State 0

o i

W

s & e, e
a i S B
Withdrawn (w) | |Disability Retirement (7) Age Retirement (7) Died in Service (d)
State 1 State 2 State 3 State 4
You are given the following information:
(i) All transitions are modeled assuming constant forces of transition between
integer ages.

(it)  The following excerpt from the multiple decrement table:

X I.\' ‘1‘.\' r..T r.T d.\'

61 58,622 3.201 212 28.460 413

62 25,736 - s 2 =

o1
Calculate 4 Py -
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Summary of Main Facts — Interage Assumptions

(1 14
O op @ g™ and @0 =Dty q®

UDD in multiple decrement table:

(") _ qf

We do get the usual UDD facts in the multiple decrement environment:
Forx € Zands € [0, 1]: 4q ()]C) =s-q ()JC) ) sq (;) =s-q (;) ; linear interpolation between
Ex and Ex+1 .

UDD in single decrement table:

qP =q P [[[Miej(1—t-qD)] at

For a double decrement model, this simplifies to q (916) =q' (916) X (1—- %q,’c(z))

(Keep a fraction of q' (916) by removing 7> of the competing single-decrement probability,
which is what you might expect to lose due to introducing competition that behaves
under UDD in its SDT)

We do not get UDD facts in the multiple decrement environment.

Competing discrete and continuous decrements and SUDD:

If decrement #1 has SUDD and decrement #2 occurs only at one discrete point in the year,
then decrement #1 also has UDD in the multiple decrement table until the time at which
decrements by cause #2 occur.

Constant forces between integer ages:
. U t
9% _
tq (,]C) :qT;)' tq (;) and tP (,TC) = (P (,TC)) , t€[0,1],x € Z.
(These allow you to compute .q ()’; ) straight from multiple decrement table without knowing
the forces of decrement.)

(") _ qf

q¥ _ w0
qD ™

=

Also true that (proof: write integrals for the q’s and factor out constant p*+’s )
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;cﬂfﬁx: l/VLa/Pu";eJ. Cﬂur((, lpwe: hass fwf‘l—m:.msfﬁk

DHW 3e Ch.10 — Multiple Life Functions

Let Ty and T, denote the future lifetime random variables for (x) and (y). Xy = o it slefns oF

Definition: Ty = Txy and Tay = Ty X mo{ 4
: erds en Tirst (il
Tey = Fna vabil Sorst Railwre Ky c
' o X &Y
T = st sy stobis (e unhl oot Tbe) 4
7
Two cases can happen: - T ( b okl Bt Nl
Wiy 2 wxrz Y 3(*““‘)
e IfT.<T,, then Ty =T, Txy=7y Tomm = Toms (s whl st Tobe )
Useful conclusion: ° - o
x €y e)nf
T Ty T Tyt Ty = BRI~ gI7] = €17 < LT

T Sach Sov oy ?:_M_‘if'l" / ¥(T)+J?( )~ ?(’xr)““ Q(Jw

Notation:

at, = gl =P[R = PrloTets fst wefore b €3

¢
, = tq 5. y__f\)f[ lFLTYL(:] =R [ () Taids second, bt il J

Dy 0y =BLEHT - Reriwn s )

LV - 6957 = PrCTay 263 - T Tt oud 7,263

Independent lives case: We say that (x) and (y) are independent lives if T, and T, are
independent random variables. In this case: XLy & x wdep.

(For independent lives:) ;p x;‘i" tPx ey

1
(For independent lives:) th_yxz‘! e +9y
.. . . . ek W.ﬂ_
Not all joint statuses involve independent lives: e ek *lk o
e Common shock (Lilly and James Potter) @ - [e] 2221
e Common lifestyle (Tonks and Lupin) [7&“5 | Y“L"

e Broken heart syndrome (Severus Snape?)

D Hawnae w swevvebil
dwe ﬁtlm loss oF @ 'leZA oy Je

.xdcs . d’,,}-
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Insurance and annuity notation
EPV[benefit of 1], payable at end of year of the first death of (50) and (60), is denoted /{Aofsu.

EPV[benefit of 1], payable at end of year of the first death of (50) and (60) if the death ~ /4_1 o

occurs within 7 years, is denoted A&~ . (Be careful: Agg,g9;7 denotes EPV of an Sesbern
endowment-insurance.)

EPV[annuity due of 1], payable at the beginning of any year in which both (50) and (60)

are alive at year’s beginning, is denoted Cgores .

EPV[annuity due of 1], payable at the beginning of any year in which both (50) and (60) are
alive at year’s beginning, until the end of an n-year period, is denoted s |

Excerpt from SULT ati=5%

x I q, i, A, 4, . A i s A E, WF, oE x
50 98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50
60 96,634.1 0.003398 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
70 91,082.4 0.010413 12.0083 0.42818 0.21467 7.6491 0.63576 11.1109 0.47091 0.73295 0.50994 0.17313 70
X i A A i .= .o A A Qo X
50 15.8195 0.24669 0.08187 8.0027 0.12929 7.9044 ) 50
60 13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60
70 9.9774 0.52488 0.30743 7.2329 7.7208 0.63234 0.42760 6.4497 70

(Lives are assumed to be independent in the joint life portion of the SULT.)

Example 4: Use the SULT at i = 5% (above). In each case, compute from the life table and
give an English description.

a. A50;60 and d50:60'

LM _
(96’%;;""93(\«b' Asseo and WLse e Yact A‘gb“bv TAo:eu - As" A

Ag - 032048 Bgop - (¢.2699
0: b0

e (), M7
G — 0.A]931 +0.290%~8 — 0.32o4F
RON T > Aes = Agedy- Agn = 01800
et T g Bt B = (70245 4 To o 12089
g ) dee w - o T Ot
$lye v Wm,ﬂ.c. a50.60:10] © > —

. o #lfyr [ Dot de

ey Wl Quy Hlye uakl citber e B D yrs o



MA398 |74

Example 4:
x I q, i, A, 4, . A i s A E, WF, oE x

50 98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50
60 96,634.1 0.003398 14.9041 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
70 91,082.4 0.010413 12.0083 0.42818 0.21467 7.6491 0.63576 11.1109 0.47091 0.73295 0.50994 0.17313 70

- 2 .. - 2 .

X an‘ A_\'.\' An' ar;l--1_0| lfl"‘\':.\'+10 A.\':.Hll) A.\':.\'+10 al-;l-+10;ﬁ| X
50 15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50
60 13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60
70 9.9774 0.52488 0.30743 7.2329 7.7208 0.63234 0.42760 6.4457 70

(Lives are assumed to be independent in the joint life portion of the SULT.)

d. Let ,E, denote (i) the EPV of an endowment benefit of $1, payable at time ¢ if the joint

status x:y is surviving at that time; (ii) equivalently, »Ex; = Py, - v"™. Show how to

compute ,E., from ,Ex and ,E, in the independent lives case. N*m\f;” B

- ?Ir’ ’/‘T - — AN
= n n \)vl ’P = wbx ufy = wnby nby _ F nVy(I"f"t)
— — = s n w wvy
V\er =Py Vo= NG wfy v ok ! ! —
7

Dl’l h"f[ (Dr, Wilgen viemar
\)quw(‘ of Mos o lowes bl

€. Compute A 1 and dgg.50.507 assuming independent lives.
50:50:20]

A/%\;j\%;ﬂ = Aﬁu!ﬁw T e Eﬁorﬁn A’?u‘.‘lu

=20

= A&::sn — 20 f.‘:c 20?50 Alw:w = Asu:t;u‘zvfso'%f‘ﬂ'u A

~ kg — (Y1097 (52459

Rgo00 T8 = Oigoi50 — 2o Usoiso 7070
O . ~2o _
= Bgrso- 2005 gobs0 V' B

We get the same geometric series relationships between Ag.50.5,7 and dsg.50.5,7 (as well as the
continuous version). Note that the status subscripts must match.

e Godamt ot

- B l_ Ago;eo:m \'UIW\ r—
O‘%o:so:m - - v
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2

x I, q, , 4, ‘4, iy Ay i A SE, wE, »E  x
50 98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50
60 96,634.1 0.003398 14.5041 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
70 91,082.4 0.010413 12.0083 0.42818 0.21467 7.6491 0.63576 11.1109 0.47091 0.73295 0.50994 0.17313 70
x i A A i .= a0 A A Qo X
50 15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50

60 13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60

70 9.9774 0.52488 0.30743 7.2329 7.7208 0.63234 0.42760 6.4497 70

(Lives are assumed to be independent in the joint life portion of the SULT.)

Example 5:  Use the SULT (above):

a. Consider the following 10-year deferred annuity on independent lives Harry (50) and
Sally (60).

e Level annual premiums of © are payable for at most 10 years, and only while both
Harry and Sally are alive.

e There are no annuity income payments to Harry and Sally during the first 10 years.
e After 10 years, the annuity pays 50,000 per year as long as at least one of Harry or

Sally is living. 3\
Nelve MAU‘/(ILO
Compute . C/ o lur Hu. Ml‘.U‘wkM
g » ‘A‘ :
U leggeom = oliar) 9000 i Y é«'ﬁ ?ﬁw
. A
i e &l = b %’60 (60000) 5'60 + mfbu(Snoaoj b — \.,fso:uu (_50000) Dgoro & %
60:40 o

- P ..
= Gpoeo (loff” iy, ¢ jobie @y ~ Wbl V &qu

Solve Ko 1

b. Consider a multistate model in which (0) = both alive; (1) = Harry alive, Sally dead;
(2) = Sally alive, Harry dead; (3) = both dead. e Co3 (xLy3=0

Show how to compute sV® and sV(". Give an expression for the expected present value
at time 0 (money valued at time 0) of the time-5 reserve.

(D) — - — - t o 70 — / ) .
GU = 5000‘3( 5log Mo T sLes Cn” 6555-"50"""7) T Gosiesm

Se~—~——

Ogs s — gCssi0s P-6070

Lavering techniques:

C. Rework (a) but assume that the annuity income is paid at a rate of 80,000 per year while
both parties are alive but only at 50,000 per year if only one of Harry or Sally is alive on
the payment date. /;F bott alve) yobe paid " glooks, buk ooly el Bioks

—”--a‘vﬁo-w'm = S00C0 ( w Coo o * v bue a7°) = %0000 lefba:w Hozo

v (p.) + [l)Ejoilgo b"“q" “b0000
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Reversionary annuities: d., = EPV[1 unit/yr payable to (y) after (x) has died, payable while (y)
is alive].
(Strategy: Pretend you pay (y) throughout lifetime, and remove any payments made while
both alive.)

oty = Gy ~ Gy

(Example 5, ct’d) yoke bkl
x I, q, i, A, A, i 45 A = E, wE. wE. x
50 98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50
60 96,634.1 0.003398 14.9041 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
70 91,082.4 0.010413 12.0083 0.42818 0.21467 7.6491 0.63576 11.1109 0.47091 0.73295 0.50994 0.17313 70
X a, 4, EA.\:- a ol Gyvi10 A0 2A.\':x+10 d_\-;_‘-m;m X
50 15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50
60 13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60
70 9.9774 0.52488 0.30743 7.2329 7.7208 0.63234 0.42760 6.4497 70

(Lives are assumed to be independent in the joint life portion of the SULT.)

d. Harry is (50); Sally is (60); their lives are independent.
Find the expected present value of a reversionary annuity that pays 20,000 per year to
Harry at the start of any year in which Harry is alive but Sally is dead.

a’ﬁlibﬂ)
ITNY

7 0000 Gpose = 20000(5“50“
s |4 o

"LD@\(
k%e,
Q?/
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Homework problems for DHW3e Ch. 10 — Joint life and last survivor benefits

Suggested practice from ALTAM Sample Problems (Canvas): #18, 20ab

Fall 2018 LTAM #14

14. Joe, age 65, and his wife Lucy, age 55, purchase a special 10-year deferred annuity policy
with the following premium and benefit terms:

¢ Level annual premiums are payable for at most 10 years, while both Joe and
Lucy are alive.
¢ There are no annuity payments during the first 10 years.
e After 10 years, at the start of each year the annuity pays:
o 100,000 if both Joe and Lucy are alive at the payment date.
o 55,000 if only one of them is alive at the payment date.
You are given the following assumptions:
(1) Joe and Lucy have independent future lifetimes.
(11) Mortality follows the Standard Ultimate Life Table.

(i) i=0.05

Calculate the annual net premium.

Spring 2019 LTAM #12

12. For two lives, both age 50, you are given:
(1) Mortality follows the Standard Ultimate Life Table.

(11) The future lifetimes are independent.

(iii)y i=0.05

Calculate ”ﬁﬂ‘
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Spring 2018 Exam MLC #3

3. A couple, both age 65, have the option to receive one of the following:

o A life annuity of F per year, payable at the beginning of each year while at
least one is alive.
e A lump sum of 100,000 if both lives survive 5 years.

You are given:
(1) i=.06;
(i1) sE¢s = .65623
(i)  dgs = 9.8969; dgs.65 = 7.8552
(iv)  Their future lifetimes are independent.
(V) The actuarial present values of the payments under the two options are
equal.
Compute F. (answer: 4827.)

SOA Sample Problems (MLC/LLTAM) *You may have solved this problem earlier (Ch. 8)

194. For multi-state model of an insurance on (x) and (y):
(1) The death benefit of 10,000 is payable at the moment of the second death.

(i) You use the states:
State 0 = both alive
State 1 = only (x) 1s alive
State 2 = only (y) 1s alive
State 3 = neither alive

(i) #.’r]-nl-.r:;w = J‘”.Er:yw =0.06,¢20
: IE]

(1v) Misryer =0,120

(V) My = Mty =0.10,120

(viy 5=004

Calculate the expected present value of this insurance on (x) and (y).

answer: 5357
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Spring 2019 Exam LTAM Written #4

X I q. d, A, 2A,_ a il Ax:ﬁl ﬁ:-:zo A::EI SE. wE. 2E, X
40 99,338.3 0.000527 18.4578 0.12106 0.02347 8.0863 0.61494 12,9935 0.38126 0.78113 0.60920 0.36663 40
50 98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50

60 96,634.1 0.003398 14.9041 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
X axx An 2Ajc:r dx:x:l_ﬂ‘ ax:_'(+10 A:\':.'(+10 EAX x+10 dx:x+10:m X
40 17.6283 0.16055 0.03s09 8.0649 16.5558 0.21163 0.06275 8.0337 40
50 15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50
60 13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60

(11 points) Pat and Robin, each age 40, buy a fully discrete, last survivor insurance with

a sum msured of 100,000,

You are given:

(a)

(b)

(1)

(i1)

(iii)
(iv)

Premiums are payable while at least one life is alive, for a maximum of 20
years.

Mortality of each follows the Standard Ultimate Life Table (SULT).
1=0.05

With independent future lifetimes, &, -—=12.9028.

(2 points) Show that the annual net premium assuming that the future lifetimes
are independent 1s 620 to the nearest 10. You should calculate the value to the

nearest 1.

(I point) State two reasons why couples may have dependent future lifetimes.

#4 Continued, next page
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The insurer decides that premiums and reserves for this policy will be determined using a
mortality model incorporating dependency.
You are given the following information about this model:
(1) The future lifetimes for the first 20 years are not independent.
(11) If both lives survive 20 years, it is assumed that the future lifetimes from

that time will be independent, and will follow the Standard Ultimate Life
Table.

(1)  The mortality of each of Pat and Robin, individually, follows the Standard
Ultimate Life Table, whether the other is alive or dead.

(V) g =8.0703, &, ,—=12.9254, LE,,=035912, ,E,, =059290

(V) A_=0.13441]

(VD) g Pupae =0.9866, | ,p—=0.9980
Use the dependent mortality model for the rest of this question.
(c) (3 points)

(1) Show that 4, =0.158 to the nearest 0.001. You should calculate the
value to the nearest 0.0001.

(i1) Show that _E__ =0.606 to the nearest 0.01. You should calculate the

10 Ak
value to the nearest 0.0001.

()  Showthat a_ - =8.02 to the nearest 0.01. You should calculate the
value to the nearest 0.0001.
Hint: For question (c)-(i), use given info (iv) for the 20-year period and SULT

for the subsequent to assemble the whole life annuity factor dyg.49. Then use the
relationship between G4g.49 and Ayg.40-
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(d) (I point) Show that the annual net premium is 645 to the nearest 5. You should
calculate the value to the nearest 0.1.

(e) (3 points) Let ;L denote the net future loss random variable at time & for the

msurance.

(i) Calculate £ [ mL] given that only Pat is alive at time 10.
(i)  Calculate E[ ;L] given that both Pat and Robin are alive at time 10.
(iii)  Calculate E[ ;L] given that at least one of Pat and Robin is alive at time 10.

Hint for (iii):
P(at least one alive) = | P55 = P(exactly one alive) + P(both alive)
Use this to get

E[,,L | at least one alive] =
__ El 4ol | exactly one alive] - P(exactly one alive) + E|yol | both alive] - P(both alive)
- P(exactly one alive) + P(both alive)

Answers in (e): (i) 13738.59; (ii) 8223.25; (iii) §286.25



MA398 |82

DHW3e Ch. 10, Continued Practice with joint/last survivor benefits

These problems use the SULT, which assumes i = .05. (Table and solutions appears after practice problems.)

1. a. A fully discrete whole life insurance pays 1000 upon the death of the last survivor
of independent lives aged (x) and (v), who are both age 30 when the insurance is
written. Level premiums are paid while both (x) and (y), survive. Compute the
premium.

TIT 0o = (00D /457 = 1000 (245. thy, -Agy ) = 1000 /o.wm ©0.0768 ~ D-wm)

1§.5224 > = 90

b. At time 6, both (x) and (y) are still living. Compute ¢V, the time-6 reserve.

’a\/: IOOUAW — T Ay.z

= l_ﬁ()okg.wwuo.towf - U.ljl{go\ »—j\,(g“)oq,( 5.1643) = (S 0q420L7¢3

2. a. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first
death of independent lives (36) and (46).

(000 Ay,

b. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first
death of independent lives (46) and (56).

(000 Ay:5,

c. Compute 10E36:46 to five decimal places. Also: Show how you could compute
y 3E36:46 using £,’s .
Viwe = tobm e : 0. o 7o g ALy 0
(0 216 (109" 3 Egpeue Zfb Ly

d. Find the EPV of a fully discrete 10-year term life insurance that pays 1000 upon
the first death of independent lives (36) and (46) during the term of the policy.

[000 /43[,‘% “ 1 Crete Awau
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Find the EPV of a fully discrete reversionary annuity that pays 1000 per year to (40)

after (30) has died (and pays nothing to (30) after (40) has died). (Assume independent
lifetimes.)

Hint: Go ahead and pay (40) 1000 per year while (40) is alive. Then remove 1000 per year whenever ...

Find the EPV of the following special fully discrete reversionary annuity that pays
e 1000 per year to (40) after (30) has died, and

e 2000 per year to (30) after (40) has died.

(Assume independent lifetimes.)
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Excerpt from SULT @ i = 5%

2

x L, 4, a, 4, A, a A d 5 A 5 SE, 10k, wE X
26 99,843.8 0.000280 19.6499 0.06429 0.00841 8.0978 0.61439 13.0491 0.37862 0.78236 0.61191 0.37354 26
27 99,815.9 0.000287 19.5878 0.06725 0.00900 8.0974 0.61441 13.0474 0.37869 0.78233 0.61183 0.37334 27
28 99,787.2 0.000296 19.5228 0.07034 0.00964 8.0970 0.61443 13.0455 0.37878 0.78229 0.61174 0.37310 28
29 99,757.7 0.000305 19.4547 0.07359 0.01033 8.0966 0.61445 13.0434 0.37888 0.78224 0.61163 0.37284 29
30 99,727.3 0.000315 19.3834 0.07698 0.01109 8.0961 0.61447 13.0410 0.37900 0.78219 0.61152 0.37254 30
31 99,695.8 0.000327 19.3086 0.08054 0.01192 8.0956 0.61450 13.0384 0.37913 0.78213 0.61139 0.37221 31
32 99,663.2 0.000341 19.2303 0.08427 0.01281 8.0949 0.61453 13.0354 0.37927 0.78206 0.61124 0.37183 32
33 99,629.3 0.000356 19.1484 0.08817 0.01379 8.0943 0.61456 13.0320 0.37943 0.78199 0.61108 0.37141 33
34 99,593.8 0.000372 19.0626 0.09226 0.01486 8.0935 0.61460 13.0282 0.37961 0.78190 0.61090 0.37094 34
35 99,556.7 0.000391 18.9728 0.09653 0.01601 8.0926 0.61464 13.0240 0.37981 0.78181 0.61069 0.37041 35
36 99,517.8 0.000412 18.8788 0.10101 0.01727 8.0916 0.61468 13.0192 0.38004 0.78170 0.61046 0.36982 36
37 99,476.7 0.000436 18.7805 0.10569 0.01863 8.0905 0.61474 13.0138 0.38029 0.78158 0.61020 0.36915 37
38 99,4333 0.000463 18.6777 0.11059 0.02012 8.0893 0.61480 13.0078 0.38058 0.78145 0.60990 036841 38
39 99,387.3 0.000493 18.5701 0.11571 0.02173 8.0879 0.61486 13.0011 0.38090 0.78130 0.60957 0.36757 39
40 99,338.3 0.000527 18.4578 0.12106 0.02347 8.0863 0.61494 12.9935 0.38126 0.78113 0.60920 0.36663 40
41 99,285.9 0.000565 18.3403 0.12665 0.02536 8.0846 0.61502 12.9850 0.38167 0.78094 0.60879 0.36558 41
42 99,229.8 0.000608 18.2176 0.13249 0.02741 8.0826 0.61511 12.9754 0.38212 0.78072 0.60832 0.36440 42
43 99,169.4 0.000656 18.0895 0.13859 0.02963 8.0804 0.61522 12.9647 0.38263 0.78048 0.60780 0.36307 43
44 99,104.3 0.000710 17.9558 0.14496 0.03203 8.0779 0.61534 12.9526 0.38321 0.78021 0.60721 0.36159 44
45 99,033.9 0.000771 17.8162 0.15161 0.03463 8.0751 0.61547 12.9391 0.38385 0.77991 0.60655 0.35994 45
46 98,957.6 0.000839 17.6706 0.15854 0.03744 8.0720 0.61562 12.9240 0.38457 0.77956 0.60581 0.35809 46
= ] = . ] =

X ay An' An' ﬂ'x: 10l Ay vi10 A‘,\':.\' +10 AJ' x+10 a 110101 X

30 18.8224 0.10369 0.01917 8.0844 18.1212 0.13709 0.03001 8.0747 30
31 18.7253 0.10832 0.02052 8.0833 17.8924 0.14322 0.03227 8.0724 31
32 18.6238 0.11315 0.02198 8.0821 17.8579 0.14962 0.03472 8.0698 32
33 18.5176 0.11821 0.02357 8.0807 17.7176 0.15630 0.03736 8.0669 33
34 18.4066 0.12350 0.02529 8.0792 17.5713 0.16327 0.04022 8.0636 34
35 18.2905 0.12902 0.02716 8.0774 17.4187 0.17054 0.04331 8.0600 35
36 18.1693 0.13480 0.02919 8.0755 17.2597 0.17811 0.04664 8.0559 36
37 18.0426 0.14083 0.03138 8.0733 17.0941 0.18600 0.05023 8.0513 37
38 17.9104 0.14713 0.03375 8.0708 16.9217 0.19421 0.05410 8.0461 38
39 17.7723 0.15370 0.03632 8.0680 16.7423 0.20275 0.05827 8.0403 39
40 17.6283 0.16055 0.03909 8.0649 16.5558 0.21163 0.06275 8.0337 40
41 17.4782 0.16771 0.04209 8.0614 16.3619 0.22086 0.06756 8.0264 41
42 17.3217 0.17516 0.04533 8.0575 16.1607 0.23044 0.07273 8.0182 42
43 17.1586 0.18292 0.04882 8.0531 15.8518 0.24039 0.07827 8.0090 43
a4 16.9888 0.19101 0.05258 8.0481 15.7353 0.25070 0.08420 7.9986 44
45 16.8122 0.19942 0.05663 8.0426 15.5109 0.26139 0.09056 7.9870 45
46 16.6284 0.20817 0.06098 8.0363 15.2787 0.27244 0.09734 7.9740 46
a7 16.4374 0.21727 0.06567 8.0293 15.0385 0.28388 0.10459 7.9594 a7
48 16.2390 0.22671 0.07070 8.0215 14.7903 0.29570 0.11232 7.9431 48
49 16.0331 0.23652 0.07609 8.0126 14.5341 0.30790 0.12054 7.9248 49
50 15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50
51 15.5982 0.25723 0.08806 7.9916 13.9979 0.33344 0.13858 7.8815 51
52 15.3690 0.26814 0.09468 7.9792 13.7180 0.34676 0.14842 7.8559 52
53 15.1318 0.27944 0.10175 7.9653 13.4304 0.36046 0.15885 7.8272 53
54 14.8867 0.29111 0.10929 7.9496 13.1352 0.37451 0.16986 7.7953 54
55 14.6336 0.30316 0.11732 7.9321 12.8328 0.38891 0.18148 7.7596 55
56 14.3725 0.31559 0.12586 7.9125 12.5233 0.40365 0.19372 7.7199 56

(This table applies to joint statuses for independent lives.)
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SOLUTIONS to DHW3e Ch. 10, Continued Practice with joint/last survivor benefits

These problems use the SULT, which assumes i = .05. (Table and solutions appears after practice problems.)

1. a. A fully discrete whole life insurance pays 1000 upon the death of the last survivor
of independent lives aged (x) and (v), who are both age 30 when the insurance is
written. Level premiums are paid while both (x) and (»), survive. Compute the

premium.
Y st 209 AT
A = Y00 /4.14 3 /)q — /wo e ‘/
v =2.07
b. At time 6, both (x) and (y) are still living. Compute ¢V, the time-6 reserve.
\ — /'" P
[ \/ = /")#') ) /4 J’;"X_’,‘ Q W20

/ :

1000 (A +A =~ A ~V-a,...,,
\ 5 (A 36206 v Je

I%. 3¢

2. a. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first
death of independent lives (36) and (46).

100 Aye = IFRATD)

b. Find the EPV of a fully discrete whole life insurance that pays 1000 upon the first
death of independent lives (46) and (56).

\ y ; N\

Joco /"4(,‘.5(, =(Q3¢d ~l

c. Compute 10E36:46 to five decimal places for independent lives (36, 46).
Also: Show how you could compute 3E36.46 using £,’s .

[OE% [l _E‘{l'l

3
10Es6.46 = (#BadH BEZas) ~ V0 = .60240;  3Espae = 22 . 122 %

t36 laow
%
d. Find the EPV of a fully discrete 10-year term life insurance that pays 1000 upon
the first death of independent lives (36) and (46) during the term of the policy.

o000 A}(,,‘.(-l(, - roé:g(ofl{(j !OOOAQ&S‘(J ~ )E.QQ}
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3. Find the EPV of a fully discrete reversionary annuity that pays 1000 per year to (40)

after (30) has died (and pays nothing to (30) after (40) has died). (Assume independent
lifetimes.)

Hint: Go ahead and pay (40) 1000 per year while (40) is alive. Then remove 1000 per year whenever ...

N\l

2o)Y0
) O0C 0..90 - Jooo (:t-..qo
c . S
jooo [ 18,4538 < s¥aviy]
336.0)
4. Find the EPV of the following special fully discrete reversionary annuity that pays

1000 per year to (40) after (30) has died, and
2000 per year to (30) after (40) has died.
(Assume independent lifetimes.)

QI —

33C, (,
= +

25244
~ \2%¢6]
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O P (

MA 398 Midterm Exam Review -
Problem #1 will appear exactly as below on the midterm exam. \ > Z
1. Kolmogorov forward equation: Consider a temporary disability model with states
0 — alive, well 1 — temporarily disabled 2 — dead.

Suppose that we have calculated the transition probabilities ,p 2{; up to some time ¢. Suppose that all
values for u 6;’+ . are known and suppose that / is a small time increment.

th ’ID(Z: tP:(M) t’?uv “PBO*D %

a. Write out the Kolmogorov forward equations:
AN '_'_e_..‘.
R“.‘:)hé-le-f-&. rDs'v\l' Ce sifion
00 _ 4 - 01 +olh Jeare \"“‘ +ee
t+hp60_"' 0( )’ t+hp60 0( ) 1,\‘{-0("\)
~ it (1 e P W) P M
Check that you have labeled all forces (u’s) both with superscripts indicating the type of transition
and with subscripts indicating the age at which the forces are operating.
WA pight e ol
c. What does it mean to use Euler’s method in conjunction with the equations in (a)? }8 nove oC )
d. Give the boundary conditions Op 60 I and oD 2(1) = 0 thatallowa starting point for
the recursion. ~ €=0O e = O
oo oo ) »\ lu\‘
LI W I v e T

e. Give a formula for % D gg = o
hoe h = tﬂo /Msoﬂ; tﬂ"’ )Awb f'r“’ /M"HC
(You don’t need to show work in (e) unless you want to. Recall that you can rearrange (a) so that

taking lim;— gives the desired result))
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An insurance company issues a 2-year term insurance to a high risk individual (x). You
are given a three-state model with p xljk = M;; (= the (row-i, column-j) entry of M) for
k=0, 1, 2 where

8 .1 .1
(1) M= [ 2 .3 . 5]. (States are O - healthy, 1 — critically ill, 2 - dead.)
0 0 1

(i1) The death benefit is 1000, payable at the end of the year of death.
(ii1))  The insured healthy at time 0.
(iv)  The discount factor v is a constant.

Write an expression in terms of v for the expected present value of the death benefit.

(000 (ol + (08XONVE* (0do)v* )

0-°L O-0—1 0 -7 \O1T
Find ;p2°.
(offs')3 + (oo 02) + (o)D) 0E) ¥ (0D ED(02Y
oo oo | 0o L e
- 0-95

Solutions for #2-7 are on the pages following these problems.
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Consider a multistate model with three states:

0 — healthy
1 — permanently disabled
2 —dead

(x) is in State 0 at time 0. The forces of transition pu°' , u®, and u'? are constant and
represent the only possible transitions (i.e. no transition 1—0 is possible).

a. Find the probability that (x) remains in state 0 for two years.
Simplify fully.

-2 oAy "‘) 2 U ol 017‘
‘ pop S (/“

b. Find the probability that (x) dies within two years without becoming disabled
first. Simplify fully.

1 (e p®)
ehi(ya.wu)/“oz Jt - M@l(/‘ !
_/W' f—/'/‘m"

c. Set up an integral expression (do not simplify this time) for the probability
that (x) becomes disables by time 2 and is still alive at time 2.

That is, find an expression for ,p21.

z o ) u™
Se_t(/u / )/A"'@:(l ” dsdt

0

d. Set up an integral expression (do not simplify this time) for the expected present

value of a 2-year term insurance on (x) with death benefit of $1. (Sum of
integrals.)

1 —H(pMT)

0

Z 1-s 1
S g e:+(,4°'f/‘“)/“m€f5(r‘ )/o\'lﬁﬁw‘s) dsdt
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4. Consider the following multistate model:
8 ©-07(
Healthy Critically 111
0 1
'y ofd Dead Dhead (.01 L(
2 1
a. You are given that
A50 70] = .096
A50 70] = .080
A50 70] = 014

Compute the EPV of a fully continuous 20-year term partially accelerated death
benefit, written on a healthy 50-year old, that pays...

e $10,000 upon critical illness diagnosis,

e $20,000 upon a death that follows a CI diagnosis,

e $30,000 upon a death that is not preceded by CI diagnosis.
Simplify to the nearest cent.

[00©0 (00% A oooo (o o) ¢ }@000(0 0Bo) = 369‘{0

b. You are given the following values:
A% = 34; A% = .50;
AR =23 A% =36 A} =.62
10P80 = .75; 10P0 = -15; i=.05

Compute each value to the nearest .001:
— - o° "_ol
W A% A L =0
60:10] Aﬁn:m - Abo !"/FW 2 ©- 1o

ol {0 ‘_‘-'3
.. lo = O oo/
(i) Ao, 10 /4( n l°’rw v /47" (ofee V 1

*Remember that there are two states from which a 70-year old can reach State 3.
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5. Consider the following facts concerning a double-decrement model:

%o = 1,000

q (610) =.04

q (620) =1

Assume UDD in the multiple decrement table, so that

In (p’(j)) q(j)
—(;;:T’TC) for j=1,2; x€Z.
m(EP) d

()
60.7

(1,: = \*(lf 1‘“’)(% 0(@) = p.136

() _ M o.136 = O'OQQQ
O{w - ﬂ“(o_%\oll\

Compute , g to four decimal places.

o
looo , Ty = 4.6od3

1(,0.7 = ’—7(86‘0 + 3((000) ~ Qoy.s
) (9. o3

= - 0O.° A 667
.@a( 0+ 1o4. &
6. Consider the following facts concerning a triple-decrement model:
q (91{) =.05
q =10
qg®=.15

Assume UDD in each single decrement table, so that
. (el G
4P =q' D[ M1 -0 )] at

for j=1,2,3. Compute q (i) to four decimal places.

q(’&:: o\l(? S(\ftc(““}(l“ tqlm\o\% = —‘SS;(l-.os&b(l—o.tebotE ~o. |39
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Use SULT (below) at i = 5% to find each EPV. Assume that Moe and Johnny, who own
a popular Butler hangout, have independent lives.

. 2 . .
I, 9. a., A, 4, a .l Ax;m a_ s Ax;ﬂ sE, 10Es 2Ex x

98,576.4 0.001209 17.0245 0.18931 0.05108 8.0550 0.61643 12.8428 0.38844 0.77772 0.60182 0.34824 50
96,634.1 0.003398 14.9041 0.29028 0.10834 7.9555 0.62116 12.3816 0.41040 0.76687 0.57864 0.29508 60
91,082.4 0.010413 12.0083 0.42818 0.21467 7.6491 0.63576 11.1109 0.47091 0.73295 0.50994 0.17313 70
. 2 2
d A A 4

a A

xx XX peg ax:x:ﬂ x:x+10 x:x+10 x:x+10 ax:_wl(]:ﬂ X
15.8195 0.24669 0.08187 8.0027 14.2699 0.32048 0.12929 7.9044 50
13.2497 0.36906 0.16555 7.8080 11.2220 0.46562 0.24895 7.5110 60
9.9774 0.52488 0.30743 7.2329 7.7208 0.63234 0.42760 6.4497 70

Calculate 10Es0:60 and 20Es0:60.

—_

= ~-\0
oCooite = LB bwV = 05672 o Tww = 0 XT26M13

Find EPV of a fully discrete 10-year deferred annuity due that pays 100,000 per year until
the first death of Moe (50) and Johnny (60).

[000(90(0 ﬁﬁo:bb. &bo-‘?o = bz USS% SOL(D

Find EPV of a fully discrete annuity due on Moe (50) and Johnny (60) that pays 100,000
per year as long as at least one of them is alive.

[00000 (éi;. # g - "L'sp.-;.,) = 17 63 770

Find the EPV of a fully discrete reversionary annuity that pays 100,000 per year to
Johnny (60) if Moe has previously died, while Johnny is alive.

| 0oL (&w-'ds.,«,.,) = (03420

Find the EPV of a fully discrete 20-year term insurance policy that pays 100,000 upon the
first death of Moe (50) and Johnny (60).

lOOOOQ (}490:00 - Zogﬁoibo A'zo:go = {l{§07l‘?32(/

Find the EPV of a fully discrete whole life insurance policy that pays 100,000 upon the
last death of Moe (50) and Johnny (60).

fOOOOO(AsoJf /('w _/4«;0-'6) = (sl
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SOLUTIONS to Exam Review Problems

Covered in lecture notes.

@
/ooa~[.1\/ ¢ x,%)u)vl I (.1\{.5)‘,1]

¢ 0 €3 3
o0 O*sO%o-qog(‘-'—COYS N
L . +
OJ)" ' o ,\' e ;‘\am.n(.u /
= -~ o N
Ny oy - O}\(.l\(,q\(.q\ |+
+
(NG (Y
N——
oo .
e L5s
a. (1 could work 2b using matrix multiplication)
- (/AA”*/A“)Q-)
€
b.
\f - (/,\" ‘}/«o*)t _ﬂ.le\/fﬂ‘,ﬂ'*)‘
e oz .
A (p") AL T
- ﬂz (1—(\(ﬂ.}ﬂ.‘klj
- P
C.
R SR E ALY
g € Wanii o(/é
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#3, continued

d.
L
§ - AN -Jt
t= 0 ¢ ( od
T 2-¢& oy
~lp N _— “~J (3
ol M5
tg=o ?S\c M € S € olsod,
4. a
J0 000 A + 20000 A7 o, * 3ecec ,,‘. .
= 3640
b.
~ o) 00 - - o »
0 Apm = A WP VoA = L109FE (.uo)
- - AO3 . _ 'O -')
(i) Aﬁﬁm B Aéo '°7>60 } ,_)06. ’o

[
~ Loc¥19%
Ca,0cP)
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Problem 5:
5. Consider the following facts concerning a double-decrement model:
[23)
£60 = 1,000 “n_ o
') = Y= 96 (T
q 04 Pao = _
q,("’zs= . “ == P = (A)A6) =.86¢]
e

ey
R Q' = L=.%¥¢ 49 . 3¢
Assume UDD in the multiple decrement table, so that

Inp'Y ()] a
n(p(t))=qr for j=1,2; x€Z. — Cl\_ €Ty J-«(-,o
l"(px) Ty w = Qe
N (?m
Compute ,q .o (2) ’, to four decimal places. C 30 Al
J::): /0o ‘L‘\('ib‘-n
[ - 'O 9 2’0
t (r) )
o
6 -;X(‘o? = .3 (/”0)'} _){?“6‘:\
‘. ‘ = QOH.Y - @gxptl.f
' # Lallores & (2) ‘A Jio, ¢
@ — = I",' Yoy ‘ 2 L , 61
e1” Foo" e T 'S 0950 ~ jooo - 9%.0

A—\o‘ Vﬂ‘(" UAA (l"| MA 7)
» pw’brgs M’((\’eol IA .2 ‘\'t\_d

@ gt 22
- S T— . x O -/Ovo-
cl?".?. 90‘4,2 ,96

(n
Ge ‘t‘l’)
A~ L,02/0¢ £,

Problem 6:
(3)-_: ch\y('-t?q)(’tﬁ“‘\)a

x

U

s 1c1-. ose)(/- ;u oA
= .igf[l ‘o'S'é+.oos¢).¥

- - ¢ 9(
,.15({: ’% o ))

S .29
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Problem 7:
a.

~ ) e - 0 - =~ -~ o ~
re E“ibo 2 10bse "Eco-' v 2,507y 3 1.9;-!0:60- loéCo g.b‘,-"’ s, 2;26}

b. Find EPV of a fully discrete 10-year deferred annuity due that pays 100,000 per year until
the first death of Moe (50) and Johnny (60).

e Fpuiy ™ 100007 Q5 = 036, 55¢.3 3

c. Find EPV of a whole life annuity due on Moe (50) and Johnny (60) that pays 100,000 per
year as long as at least one of them is alive.

?/ooooo [ Oge * %, — ‘ig,,-(.,}: 1,765,870 /

d. Find the EPV of a reversionary annuity that pays 100,000 per year to Johnny (60) if Moe
has previously died, while Johany is of)'w

/oolooo[ A, = &50,607 = (, 3)(,/20

160000 &

-

oy LisercXe
e. Find the EPV m insurance policy that pays 100,000 upon the first death of
Moe (50) and Johnny (60).

1 - {\ — - >
/OO0 00 0O A,;",‘:*(:‘.,m - /eoooe Z 4#0-‘(,0 uL'Se'.cc Avo;go\l
/~ ".hu = 149%0 37
i) \l ‘\ ~ . ;;
f. Find the EPV of a m urance policy that pays 100,000 upon the last death of
Moe (50) and Johnny (60).

/00000 A =
s Iooooo[A‘, L As:»:(,:]

=1591)
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DHW 3e 11.1-11.3 — Introduction to Pension Mathematics

Two main categories of employer-sponsored pension plans:

DB_(D&Q;NO{ 'BEA/\.&'P'}'(" : C'“"ﬂ”}/w glkMO‘Ul bee QCM.SLBVI AL oL I o(\
e afr Eewple
—Guugoyer bears oM risk (e (.57 ?:mi selory prr 7 f.,s: e e

DC-efinek Combrladion @ Plam specifies gt of conbribubion <y Mateh
Eq Yo1(<), (03(¥) .\ Enplogee beors M sk

Want a pension to replace some of employment income. Some issues:

1. How to define the amount of income you’re planning to replace (various definitions of
final salary)

e.g. salary earned in final year of employment, or average of final 3 years’ annual

. . -207
salaries, or average of yearly earnings over all years of employment ~ ko ©

/ » ypred /
2. What percentage of income should be replaced? ff'wg"{_
(Dms'.w\ T weomae [N YLM Post ~<E.Q_;\‘

Fined  (average’) éoJuwy

3. How to project (from early part of employee’s career) the future salary near retirement

Definition: ~ Replacement ratio =

Salary scale.

Let xo represent the age at which employment begins.
A salary scale is a set of values s, for ages y > xo such that...

_ E 3 .5«/[0-'*7 ¢o-4“vu.¢l cl.lm.ua oot Ly, y+l)
B sedery conved ‘*“*""3 ame Ly, y+0)

(Think of the values from the salary scale as numerators and denominators that
you would use to assemble ratios of salaries comparing various years’ earnings.)

*Note that the subscripts indicate the age at the beginning of the year in question.

*Another note: The only thing that matters about a salary scale is the ratios
between pairs of values. The individual values themselves may or may not have
any real-life interpretation.

One main point: Get your hands on the total salary paid during a particular year and the endpoints
(usually ages) of the year during which that salary was paid. Watch out rate of salary—translate
into total paid and year endpoints ASAP.
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Example 1 (Based on DHW 2e Example 10.2 / DHW le Example 9.1; “assumption ii”)

Consider the following salary scale: )
Table 9.1. Salary scale for Example 9.1.

x 8x X £y Y hs X Sy

30 1.000 [ 40 2.005 | 50 2970 | 60 3.484
31 1082 | 41 2115 | 51 3.035 | 61 3.336
32 L1169 | 42 2225 |52 3.091 | 62 3.589
33 1260 |43 2333 |53 3139 | 63 3.643
34 1359 | 44 2438 | 34 3186 | 64 3.608
35 1461 | 45 2.539 | 55 3234

36 1.566 | 46 2637 | 56 3.282
37 1674 [ 47 2730 | 57 3.332 Solery Lo ¢ L e
38 1783 | 48 2.816 | 58 3.382 25 <
39 1894 | 49 2.897 | 59 3.432 Sony U3, ) 3
/ X See
a. An employee earns $75,000 during the year prior to her 35" birthday. 79000 Seq

Find the amount of salary earned by the employee during the year prior to her 61
birthday, assuming she remains employed. 76000 S¢p

(q2 27513 2 [q29°0

S
ad K
b. A pension plan for this company defines the “final average salary” for the pension benefit \
to be the average salary in the three years before retirement. Compute this quantity for Yoo tersionedd
the employee in (a) assuming that she retires at age 64. Round To
b z b3 6y a0k o MK
+—— 6 Klut ou
3 S 000 gstivmates.
76000( o ¢ 2 ) = 0% (s S Se) = | 18088 £ L
2534 2 18000 [\ el so
C. Assume that the pension plan sets a target replacement ratio of 70% and that the Ve W Knows

employee in (b) retires at age 64°. If the replacement ratio target has been met (on the

we'lre Cov it

basis of the final average salary defined for this plan & computed in (b)), how much
pension income will she receive during the first year of retirement, assuming she
survives?

*[ chose age 64 so that we are presented with a choice in which line of the table to use:
ss3or ss. (DHW asks about age 65.)

d. Suppose now that salaries are always adjusted halfway between ages (“six
months before the valuation date” (DHW)). N K (
€ Y .

Consider an employee who earns salary at a rate of $100,000 per year at exact age 55.

What is the predicted final average salary in the three years to age 65 (sic, DHW)?
d o 99 g5 50 ~ )
‘6: 5‘55 i ﬁsl' f Approv Sgys X ACTAEY

N
" | 0000
flwow (77 m (sz+ Sbf‘sﬁ‘l

070 (%w( awy Sofawr) 0-7((6{30“_73) < 136,66
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Carefull!!: Amount earned during a fixed year vs. rate of salary at an instant in time.
Example 2: (DHW 2e Example 10.2, under “assumption i”’)

a. Consider an employee whose salaries are always adjusted halfway between ages (DHW:
“six months before the valuation date”).

A member aged exactly 35 earns $75000 during the year to the valuation date (sic). The final

average salary defined by the pension plan is the average salary in the three years before

retirement. e. e F‘oed Y% reises
L/ Yeor —bo-yeor

Calculate the predicted final salary using the salary scale s, = 1.04” assuming that she retires at

age 65. 3
Sk L6, ©5) Sy e
— - < < = |0y

SoA L 34, %27 Say

75000 Loy ® + 104> + 1-0113) = 254,

— - 5

>

b. Consider another pension plan member, exact age 55 at the valuation date, who was paid
salary at a rate of $100,000 per year at that time. At this company, all salary adjustments
occur 6 months before the valuation date. Calculate his predicted final average salary
assuming retirement at age 65.

P locooe \6k 7: [0,_/
s 5%
)
|oove o loocoo[ 15 €5 s
2 CUREERARTS e w VAN I
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Example 3: DHW 2e, Example 10.3.

The current annual salary rate of an employee aged exactly 40 is $50,000. Salaries are revised
continuously. Use the salary scale given by s, = 1.03” :

oA
1 (a) Estimate the employee’s salary between ages 50 and 51.
399 10-6) Y 60,000
SeAer [ & 2 Sed E 5o 6/] S 0.5
‘ 5e A (ﬂ 8 ‘? U
= o Hoopo * |03 ~

>d[314005)  Sas

(b) Find the employee’s annual rate of salary at age 51.

Sed[50.5, 553 = Boooo - 103" X LILIL

DHW3e Homework problem for Sections 11.1-11.3 (Li and Ng / Actex)

30,  An employee aged exactly 62 on January 1, 2010 has an annual salary rate of 75,000 on
that date. Salaries are revised annually on December 31 each year. Future salaries are
estimated using the salary scale given in the table below, where S, / Sy, ¥ > x denotes the
ratio of salary earned in the year of age from y to y + 1 to the salary earned in the year of
age x to x + 1, for a life in employment over the entire period (x, x + 1).

x Sk
62 3.589
63 3.643
64 3.698
65 3.751
The multiple decrement table below models exits from employment:
(1) df'} denotes retirements.
(i) d!” denotes deaths in employment.
(iif) There are no other modes of exit,
x L dt” .-a'“]
B X x x
62 42,680 4,068 312
63 38,300 3,560 284
64 34,456 3,102 215
65 31,139 31,139 -
The employee has insurance that pays a death benefit equals to 3 times his salary at death
if death’ occurs while employed and prior to age 65; and pays 0 otherwise. The death
\ benefit is payable at moment of death. Assume deaths occur at mid-year.
\r The anmi:al effective rate of interest is 0.06.
Calculaté the actuarial present value of the death benefit.
Tosuts: .
Kﬁ\‘ w | year us S'JJ’"]‘ ok @ instaut

) Dk (sedory
?—\ Co Mgu’m\r‘.w / Mﬂpex ( SoAm '.s-sw.s)
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DHW 3e 11.4 — Defined Contribution Retirement Plans — Setting the Contribution Rate
(Based on DHW2e Example 9.3)

Consider a male employee entering a DC pension plan at age 25, when he earns $100,000/year.
The employee wants to make contributions at the end of each year at a fixed percentage of the

salary rate at that time. oQ
Wwe acciden :&“\ Us¢
Assumptions: / 4970 ‘Q(t:tj‘\ a,/” #—S L se L‘%

o The salary scale is given by s, # (1.04)” /Salaries are adjusted imfnediately after the
end-of-year contributions.

e Contributions to the pension are assumed to earn a 10% return each year.

e Survival and life contingent annuity present values given as needed, below.

Example 1 Let’s see what the man can buy in the way of an annuity income product if he plans
to retire at age 65 and contributes 6% of the previous year’s salary at the end of each year.

a. Determine the projected value in the retirement fund at age 65. (For projecting the amount
that someone saves to retirement, we use the future value, not the expected future value, so
that the person can evaluate what he/she can actually purchase when/if the age is actually
attained.)

ek \ F(lﬂ‘n ool 1-0 )L |00|<U'°'ﬂﬂ .
SAM [ 25 oi’c.v l[g_»—,‘f L "Fi""‘"lw gva/{ual\f ‘HZI.S
le= |ll lll |5'i Yo / How ﬂ—sswmmg 107,
v row¥u @ £t-1o
D lo\o,K (0o) o KlieHlooe) woku,o‘ﬁ“ (0-06) X (g0 K([O\I\ﬁ[ﬂ-%) 3 c. ade b5
(> gqvows v 0.06((00000) U.I)B.\ e o
( 3 39 %l x'“’) 103 /T’”’mk b ek b'&
I -* ¢ $4 054 523 9 oumnuskies From FH
b. Assume that d7%¢ = 10.5 and defermine the amount of annual pension income that can
be purchased at age 65 with the fund from (a).
Valwe ot fP mehc
M 5om ad | = Aes
—> ’? -1 335 37 givm each year
C. What is the replacement rate in (b), if we use the final year’s salary as the “final salary”?

Slegtt) . SO o §9.67, vwz\w&l‘
Sl [ 6Y,69) 100000 - 193"
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Example 2:  Same man, age 25, earning at $100,000 during first year, s, = (1.04)” with

adjustments occurring immediately after the end of the year. Contributions earn investment
income of 10% annually.

a. Project the man’s salary during his final year of employment.
e @0 (%) O west Sa}(tb"” 66) #1000 (|- D"D
= L/W ©36. vo
b. Find an expression for the value at age 65 of the man’s retirement fund if he contributes at

arate of ¢ at the end of each year. (For example, if ¢ = 6%, then he puts 6% of his previous
year’s salary into retirement fund at the end of that year.)

\} e ook WKy ok ,"L wokf’ poF'
t= F {. = = n Iaq ['fo
(x) 29 ‘lb [/17 l27 ALY (&,5
C e donion \(\)‘o\;t. Wwhye ook ‘('1 l;z““n—\o \® K e 39
{ 2 3"‘0@4“\ W70 ~> b0k c(l1°)
+ Coww+9~\
CQ{‘;OWU("H(WV/ :mma&nj amuuuk/ /g:‘;;;rm 0'{ o P feswms
v - (=)

PeoySund = oo™ - = o —|67130811c

T
c. The man plans at age 65 to purchase beth

(1) A life annuity payable annually during his lifetime, with target replacement ratio
65% of his final year’s salary, and

(1)) A reversionary annuity for his wife (who will be 61 when he retires at 65) at 60%
of his pension income (so she receives 60% of his pension income if he dies first).

Determine the price of these products at age 65 if
dmnele = 10,5, @™ =13.9, dlil, =10.0

. “W\Plf- — \ 7
D) o.w ‘lblc,a?) Qe 32190673

Mmm& E:& sl im.h[

(
et shodus: — 702_ l60
5 0b (folez) ai e ,
\P/("_] F:im
= Q= Bplius
d. Determine c by setting accumulated value of contributions at age 65 equal to the cost of

the retirement package. (DHW notes that ¢ depends only on the desired replacement ratios
and not on the starting salary rate.)

_ 3|H 0T + P02 —> © = ©.°°7T|
74 %e =73 a1
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Assigned Reading: DHW3e, Sections 1.6, 1.10 (including subsections; this is on Canvas.)

Practice Problem for DHW3e 11.4

5.9
Suppose the 25-year-old man from Example 2 decides to contribute at a rate of 9%t the end
of each year. His first year’s salary ([25,26]) is still $100,000.

a. His salary raises turned out to be 5% each year, but investment income on his retirement
fund was less favorable and was only 8% per year.

Determine the size of the retirement fund at age 65. (> .05\
k |- o%
kel Pond = (ooooo(l 0‘&3 (D 055) L5
7 ? |7 Tee
J*o""\\”ﬂ ?T"‘"“)\ %’” cgm\-l‘ ;‘0
> A e A
o-muw.\-|
= L LY Ay 24y
b. When it’s time to purchase annuities, the prices of the annuities have increased because

the interest rate is lower than was anticipated. Prices are based upon
dmnete = 1135, @/ = 1547, alvt =10.75

Determine the price of each of these products:

(1) A life annuity paying $1 per year for a man aged 65.

(i) A reversionary annuity paying $.6 per year to the wife (age 61) after the man has
died, if she is still living.

c. The man uses the pension fund in (a) to purchase this package:

(1) A life annuity paying level payments P every year while he is alive, and
(1) A reversionary annuity paying 0.6P to his wife after he has died.
What is the largest P that he can afford?

26 LYY = Pal «osPayly
(?(u,g,sf 010(\6-‘17—\0-75“
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DHW3e 11.5 - 11.9 — Funding Defined Benefit (DB) Plans part 1
Service Table, Accrued Actuarial Liability, TUC vs. PUC, Normal Cost

Key: wy = # withdrawals; ix = # disability retirements; r; = # age retirements; dx = # deaths

e

The Service Table (DHW2e Figure 10.1 & Table 10.2 = Appendix D.4)

Member
0
| Disability ,' Age
Withdrawn | Retirement | Retirement Died in Service
1 | | 2 | 3 4

Standard Service Table

X {.\ L {\ 'l:-.'\' r\ Cf:\ X f.\' ‘rl:l j.\' i.:( d.\'

35 218,833.9 10,665.3 213.3 0 835 51 114,5725 2,266.1 1133 0 150.9

36 207,871.8 10,1309 202.6 0 83.6 52 112,042.2 2,2159 1108 0 162.8

37 157,454.7 9,623.1 192.5 0 84.0 53 109,552.7 2,166.5 108.3 0 176.0

38 187,555.1 9,140.6 182.8 0 84.7 54 107,101 2,117.8 105.8 0 180.5

39 178,147.0 8,681.9 173.6 0 85.7 55 104,687.7 2,069.9 1035 0 206.4

40 169,205.8 8,246.0 164.9 0 86.9 56 102,307.9 2,022.6 1011 0 223.9

41 160,707.9 7,831.8 156.6 0 88.5 57 99,960.2 1,976.0 98.8 0 243.2

42 152,631.0 7,438.0 148.8 0 90.5 58 97,6422 1,929.9 96.5 0 264.4

43 144,953.7 7,063.7 141.3 0 92.7 59 95,3515 1,884.3 94.2 0 287.6

44 137,656.1 6,707.9 134.2 0 95.3 60 93,085.4 0 0 27,9256 0  ExactAge
45 130,718.7 2,586.1 129.3 0 99.7 60 65,159.8 0 61.9 6,187.6 2104

46 127,903.5 2,530.4 126.5 0 106.2 61 58,699.9 0 55.7 55731 2115

47 125,140.4 2,475.6 123.8 0 113.4 62 52,859.6 0 50.2 50175 2127

48 122,427.6 2,421.8 1211 0 121.4 63 47,575.3 0 452 45152 2139

49 119,763.2 2,369.0 118.5 0 130.3 64 42,805.0 0 406  4,061.0 215.1

50 117,145.5 2,317.1 115.9 0 140.1 65 38,488.3 0 0 38,4883 0  ExactAge

w, — withdrawals; i, — disability; 7, — retirements; d, — deaths
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Example 1: A warmup example adapted from Spring 2018 Exam MLC.
o O ouly e piece £ A po=teans-
XYZ offers a pension plan that includes a lump sum death-in-service benefit, payable
immediately on death:
e 10,000 for each full year of service on death-in-service between ages 63 and 64.
e 15,000 for each full year of service on death-in-service between ages 64 and 65.

You are given:
e Deaths are assumed to occur half-way through the year of age (simplifying assumption).
e Decrements follow the ALTAM Pension Service Table.
e 1=.05
®  (Included on exam, perhaps unnecessarily:) The traditional unit credit funding method is used.

/-H,unk veServing bt ju He oufext o% Fersion wetle baebics

a. What is the actuarial liability for this death benefit for an employee who is 50
years old with 10 years of service? Why 07 Werk beyeed (50) e W*‘_"";’_‘M to~dade

3.5 WN“’" 7"{7 Jo 7"" ”"7 Comsiele " gunsonable secvice )
ALe = 5% loooo(o) v AN
S —+ d"'" T () RV A= 230 296

—_—

= (Urues o prev. \’“‘V')

T {l‘ Q-.-'pk\t
. v Ww'w'
%& PR

b. Consider the employee from (a); if the employee remains in service at age 51, what will
be the actuarial liability at that time? Also find EPVso[ALs1].

iw 125 oLu 35
B (0ocol L + 2 gooo(ID V = 2711-91¥
Al W o Dscomnt +

/ Z (s°)

3.5

/—PUSDEAL‘N] = ,ego[" \oooounv +4 ‘_%i -[6000(4\)\/

S\

|
a_&oq-’ bwle“' s
’E‘\) \) accruol dwring aps - f{."_’ 0000 V) 't %ﬁi A% (0 V
90 L5050 heyord Ale. N (\ S

< /hf &5 beyod

: ..Amw\’\' @ st ”—\ pWL WMo e ‘\JC5Q
Dorbler

Cor vt 20t g el Servee

— I\}orv\'\al Co\/\kr bukien I ”NWWA (A
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C. Note the element of this situation that’s fundamentally different from our previous life
insurance reserving:
e The pension plan’s liability for the benefit (and the need to reserve for that liability)
is gradually accruing as the employee completes more years of service.
e The quantity ALso does not include a dollar amount for the additional benefit that
the employee will earn during [50, 51], because the employee hasn’t earned it yet
by working for another year.

To address this, the employer/pension plan makes a contribution at age 50 called the
normal contribution or normal cost.

B benefits to be paid out
ALso + NCso = EPVso[ mid-year in [50, 51], at the 1 + EPVso[ALs1]

value to which they will have
accrued

(EPVso[ALsi] is my notation: EPVso[ALsi] = pd - v - ALs; .)

Notice:

NCso = EPV5g[ additional accrual of benefit liability (beyond ALso) during [50, 51] ]

d. Consider what happens if this employee remains alive and in service to age 63,
at which time he’ll have accrued 23 years of service.

| O‘L 23 "Qﬂ | 5000 ( 22) o°
/l 630 Qw lDOOO( ) + s %

do
COV\S-
et N
m,m A in . 0( _yeasr eXi
(034) M ;(.SSUMYHO“

VvV

AL 05 !
— ooo ( 239 V —— 5000(#)
ALQ?)-O-f Mcb3 - l'o'ﬁ_l_o\;\/ &%W

T wum\. b‘lM gl" ﬁPUGj [/41'
CPUB'} &Rr N'.o\-'ﬂa_: ceb (oq]

4,
%U\,/\/ d’lk)-’ I\)Cb?) = p"f: IODOO(Os)UOS+ éﬂ [6000([\\)"6
k2
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Next: Peek at Example 2, but then return to the terminology on this page.

DB Terminology:

e Accrual rate

e Actuarial Liability / Accrued Actuarial Liability
ALt = EPV[aCCrued beneﬁts] — /LL[ J‘ll\JLllLI UL 1VoLVl vVuu 111 \.«\Jllll\.«\—z‘ti\‘lll

ynly with those benefits already accrued by
past employee service.

e Two methods/approches to compute AL, — 2 issues: (1) Final salary;
(2) # years accrued (@ accrual rate

o TUC - Traditional Unit Credit method (also called Current Unit Credit method).

= Uses salary/salaries from most recently completed year(s) as the “final

JQ;;U?F salary” on which actuarial liability for pension benefits is based.

Sjﬁ{ C { = Uses the number years of service in employment completed by time/age ¢
;""(b 4 to determine the number of years to which the accrual rate applies in the

\}‘”(7 9}) AL, calculation.

(Liability has only accrued for years actually worked thus far.)

o PUC - Projected Unit Credit method

= Uses projected salary (or projected final average salary) to each possible
@"‘ retirement date as the “final salary” on which actuarial liability for pension

) benefits is based.
Ly
f;‘r &\
- [ ]

A Uses the number years of service in employment completed by time/age ¢
Q‘y \j}v to determine the number of years to which the accrual rate applies in the
AL, calculation.

(Liability has only accrued for years actually worked thus far.)
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e Normal cost. aKO\ /Vwm-/{ C‘"’""f‘ bu.-’aon

As with our previous example:

e The pension plan’s liability for the retirement benefit (and the need to reserve for
that liability) is gradually accruing as the employee completes the next year of
service.

e Members still employed at the end of the year will have accrued an additional year
of service.

e At certain ages, retirements may happen midway through the upcoming year—For
members retiring mid-year, only a 2 year of accrual (at the accrual rate) will occur
in the year of retirement..

%., e The quantity ALso does not include a dollar amount for these additional accrued
(}b" \ benefits, because the employee hasn’t earned it yet b woiliing beyond age 50.
e Awn TUucC , CM\‘YM*’ Sojoxies Wwmst- oAse e ‘ush e —to- yeos
To address this, the employer/pension plan makes a contribution at age 50 called the
normal contribution or normal cost. NCsg is defined by

ALso + NCso = EPVso[ben’s paid out mid-year during [50, 51]] + EPVso[ALs1],
T

funds add’l liability that
will accrue during [50, 51]

where we define (for convenience) EPVso)[ALsi] = p28 - v - ALs

This means that

NCso = EPVso[additional (beyond ALso) benefits that will accrue during [50, 51] ]
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Example 2.  (Adapted from DHW2e Example 10.10) MCWC’J\
e Martin Ellingham (50) has 20 years past service on the valuation date. ¢
e His salary in the previous year was $50,000. é

e He s enrolled in a final salary DB plan that provides an annual pension benefit of 1.5% of
the salary earned in the final year of employment per year of service.
e The pension # benefit is a life annuity payable annually in advance

e There is no benefit due on death in service X a,
Assumptions: 60 14.9041
e Retirements follow the SOA Standard Service Table 60.5 14,7766
e Retirements between integer ages are assumed to occur mid-year. | 61.5 14.5176
e The interest rate is i = 5% 62.5 14.2506
e Salaries increase at 4% / year. 24312 1?2;2 Z
e Mortality in retirement follows SULT. T n 3: 5108

Calculate the accrued actuarial liability for this member’s pension benefits using

(a) traditional unit credit (TUC) funding; (b) projected unit credit (PUC) funding
Solution

a. TUC Method: _  eXxack
rboo - rbO
Tut 239150
=S /M ’# ks (et sel
] o g ,...,_,.—_.; i . L x Aa.ruvi Rv-l&
PﬂlL:u = :L_,::_'. W " |: 59, -0 5(10\}J n"[-‘-" SD foﬂan_ #I‘UG [3 Ycﬂf) " Survic
H—"WL .
C.|'?q.fP;:L‘ + X &Ma%('
Mgt .5

= v | som00% 015 (20 ];_mj /'_7 N
= [ N)f““* Whet & pa?J\ °"t |

T ‘{(.Wfl‘f Pwsc e WM
Moy | ‘N\r 06X Aeatn
{LMH ql g : A-\\Q meal‘r
r:‘G—q d VNIE “ }‘SU,GD'U =, elg L el l ;LH.E
jfn. [¥]
ot

I T3 = -
Wi V"‘_ [-t_‘alm:rﬂ'ﬂ ..f-'l"'i.I:'I.d'i‘E S &

/ Lea = 90430

exoc
Vieo = Vs
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Example 2, continued
e Martin Ellingham (50) has 20 years past service on the valuation date.
e His salary in the previous year was $50,000.
e He s enrolled in a final salary DB plan that provides an annual pension benefit of 1.5% of
the salary earned in the final year of employment per year of service.
e The pension is benefit is a life annuity payable annually in advance
e There is no benefit due on death in service

X Ay
Assumptions: 60 14.9041
e Retirements follow the SOA Standard Service Table 60.5 14.7766
e Retirements between integer ages are assumed to occur mid-year. | 61.5 14.5176
e The interest rate is i = 5% 62.5 14.2506
e Salaries increase at 4% / year. 24312 13.9757
e Mortality in retirement follows SULT. 3 5' Bgzg;
Solution, continued. ¥ Q
b.  PUC method JLLE 8"% S T
O-/Q ON~
g4t Y
_':T:‘»\:-'E- L- i% df-!-i‘{f \/ .
e . iy Lib ad
T 3] ”‘_ﬂ_" " Y oY !
M Z0e [ S oscen] a :
Awd A 1::.m-.:n<~.. Sl (B ¥ -
C!l?ﬁ b_i + ekl LY -Ih?I‘I‘I ‘.I 4
=
- I 4
oui -VQ“I simipx 0502 g =
Jsan goten | | ouy*E b

g";:ﬁ‘l, + T oﬂo.u s TRY,
I [ Y S I WS on Sma&aw

E ] L':I-\'u.:-.'n.u-."“;
gem e 4 .
WY ’(—5
":rf iy ﬁ‘ﬁﬂ" ,u';I:T-I"'IﬁII A
i W EE 0 (4=
: @O‘&:‘ criw‘"T
g‘< 147,569

c. Normal cost foethod (b) /—\,\ i K ,4[_ 50 i 'Aq,u. 3 w

Cq = AL Commn R0 yoors & St Qe
q\} 60 2 7:0-4-%30)0\ Srviea Azm oV ymenl VLo & v = f?\)g,(ﬂ(’—sx

d. Normal cost for TUC method (a): _ % ALSO
AL 6 > “20 p‘:eces:/ M,,Y Crortrh rrd s
EP\} ‘50‘; ALS‘] 9;:0 \.oy. ALso ’?"Nc p(lvqp‘fNCGo = ‘UFV ("E’s{\o + ET;) ['_t',}su) J
@W Yeox LMo k Loo s
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This page intentionally blank to facilitate facing-page examples.



More Examples — Reserving for DB Plans

Example 3.  Consider the following excerpt from a pension service table.

X 2y Ix
45 100,000 0
46 99,990 0
: 0

64 (exact) 5,000

64 4,000

65 (exact) 40,000 40,000

MA398 |112

The symbols 7,¢¥%¢t for 64 (exact) and 65 (exact) denote expected numbers of age-

retirements at exact ages 64 & 65.

For x = 64 (without the “exact” notation), . denotes the expected number of retirements

during the year, which are assumed to occur at age 64.5.

You are given:

Data: (i)

(ii)

(iii)
(iv)

)
(vi)

A 45-year old employee has a final-salary-style defined benefit pension plan

allowing age-retirement only at exact ages 64, 64.5, or 65.
She earns 100,000 during [44, 45].

She has accumulated 15 years of pensionable service by age 45.

The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined
to be 2.5% of final salary per year of service. There is no penalty for retiring at

age 64 or 64.5. Pension benefits are paid monthly in advance.

Future salaries are projected using the salary scale s, =

The EPV of annuities due payable monthly at a rate of 1 per year at various ages

arc a

0 =13.9; ady) =

13.7; @t =135,

Compute the actuarial liability (i.e. reserve for pension benefit liability) and normal contribution
at age 45 using the traditional unit credit approach (that is, base your calculation on the most
recent salary and the number of years of pensionable service actually completed by age 45.)

Use i =.05.

Al yg = z"'l v"\(% 24m)( (00600 o'y

4

fu’-{‘; \‘\ °

JZ%

fue

+

{5

( 15 - 26"27 (\00000)

o(l6.g.5ﬂo)[\oown\&2§‘ = Q457018
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EPV[AL4s] = w%a_);“ - v * 025 (193,000) ( AR
Aus
-+ \ NG
(r'....\-j@-l--a—\ = (103 000 ('(’ °~(,q.§
N A } = 103901
/00,000
-+

W iy
40,000 L

015 (ld“s,ooc\(/(’) RaA
> ' b .

£® Vi [/A\Lqu] ) (%"’05 ’A“,\L ¢s

v ot

(Or get EPV4s[ALss] = 103901 via shortcut...

...NCis = 9330.95)

0
S



Example 4.  Consider the following excerpt from a pension service table.

X 2x I'x
45 100,000 0
46 99,990 0
: 0

64 (exact) 5,000

64 4,000

65 (exact) 40,000 40,000
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The symbols 7, for 64 (exact) and 65 (exact) denote expected numbers of age-retirements

at exact ages 64 & 65.

For x = 64 (without the “exact” notation), 7. denotes the expected number of retirements

during the year, which are assumed to occur at age 64.5.

You are given:

Data: (i)

(i)

(iii)
(iv)

(V)
(vi)

A 45-year old employee has a final-salary-style defined benefit pension plan

allowing age-retirement only at exact ages 64, 64.5, or 65.
She earns 100,000 during [44, 45].

She has accumulated 15 years of pensionable service by age 45.

The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined
to be 2.5% of final salary per year of service. There is no penalty for retiring at

age 64 or 64.5. Pension benefits are paid monthly in advance.

Future salaries are projected using the salary scale s, = 1.03”.

The EPV of annuities due payable monthly at a rate of 1 per year at various ages

. (12) _
are dg, =

13.9;

. (12) _
64.5

13.7; dS2 =13.5.

Compute the actuarial liability (i.e. reserve for pension benefit liability) and normal cost at age
45 using the projected unit credit approach (that is, base your calculation on the projected
salary in the year of retirement and the number of years of pensionable service actually

completed by age 45.)

Use i =.05.

l_,/”//—\
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Or use shortcut to get EPVas[AL4e]. (Will get NCas = 11336.74)

l
Ny = 75 AL‘f.‘;
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From Spring 2019 LTAM

19. Abby, who is age 45 on 1/1/2019, is a member of a defined benefit pension plan. The

retirement benefit, payable annually at the start of the year, is 1.5% of her three-year final
average salary for each year of service.

19
Qo ~lo5 s 609
A ?‘QM Y:Jlu are given the following assumptions: e g"A [,(26) = |

W
?‘ (i) Abby’s salary in 2019 is 65,000, and she has 15 years of service as of
1/1/2019.
(ii) Her salary is expected to increase by 2.5% in each year on January 1.

(iii)  Retirement occurs only at age 65.

(iv)  No benefits are payable to lives who exit the plan before age 65.

V) WP =029 ZZ wU;Tzw“km @ b
v

(vi) i=0.06 — Lo

(vii) g =9.897

Calculate the normal contribution for Abby for the year beginning 1/1/2019, using the
Projected Unit Credit method.

AL%: 0 29 ([-ou)_ao ( 0-0!5[15)“:&3\) Gos

TAS = *‘3“[(05000)( 018 L0156+ (o257

(e seboy = by cancth )
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Remarks — Adapted from 2018 Spring MLC Written #6:

6. (9 points) A defined benefit pension plan with two members, Finn and Oscar, provides
for a pension benefit paid as a monthly whole life annuity-due. The annual pension
benefit is 1.7% of the final one-year’s salary for each year of service.

A partial list of assumptions:

(iti)  There are no withdrawals from the plan other than by death or retirement.

(vi)  Salaries increase every year on January 1. Future salary increases are
assumed to be 2% per year. S, = |.o% 14

(vii)  On January 1, 2018, Finn is 25 years old. He is a new employee with no
past service. His salary in 2018 is 60,000.

(viii) On January 1, 2018, Oscar is 64 years old and has 29 years of service. His
salary in 2017 was 95,000 and in 2018 is 100,000.

Think about:

(1) Without further calculation, state with reasons whether the Normal Cost
under the Projected Unit Credit (PUC) method will be greater or less than
the TUC for Finn.

(i)  Without further calculation, state with reasons whether the Normal Cost

under the PUC will be greater or less than the TUC for Oscar.

[SOA’s explanations, slightly modified:]

(1) Finn is the newer employee. The PUC will have the greater Normal Cost because the NC
under the PUC method includes prefunding the future salary increases. Finn has many
years of service ahead, so prefunding these salary increases will significantly impact
(increase) the normal cost.

(i)  Oscar is nearing retirement. The TUC will have the greater Normal Cost for Oscar: All
past accrued liability (and that’s many years’ worth for Oscar!) must be adjusted from
one year to the next according to current salary increases.

(The PUC prefunds future salary increases, but since Oscar has little time left in
employment, this cost is small compared with the TUC’s salary upgrade for all
previously accrued pension liability.)

See graphs for comparison (on next page)
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Comparing AL and NC at various ages under PUC and TUC methods. (DHW p.436)

12 Retirvee healih b rre i

" i e ¢
o
500 . —Projected Uit Crodu
Projecied Unit Credit /i i
. i - Tra

Illustrating the Normal Cost for Standard DB Plans Ou 4w v
XXX (4

Consider the following excerpt from a pension service table.

X 2y Iy Oy + ix + Wy
55 60,000 0
: 0
63 (exact) 50,000 5,000 0
63 45,000 3,000 1,000
64 41,000 1,000 1,000
65 (exact) 39,000 39,000

Alice is 55 and earned $100,000 during [54, 55]. She has 15 years of service.

Bob is 63 and declines to retire at exact age 63.0. He earned $200,000 in [62, 63], has 25 years
of service.

They are enrolled in a final salary plan with accrual rate 2.5%. Use s, = 1.04” and i = 5%.

We want to find AL and NC for Alice and for Bob under each method.

Annuities valued using c'iSSz) =13.9; aél325) =13.8; dgfs) = 13.6; d%z) =13.5.
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Alice, PUC  Alice is 55 and earned $100,000 during [54, 55]; she has 15 years of service.

L
x  sal[x-1, x] pct raise I_x Years Service H 0.05
55 100000 0.04 60000 15 v: 0.952381
Use 0 T for TUC
Base Sal accrual rate  years service vAn #ret /1 x a-dots(12) Product
63 136856.505 0.025 15 0.676839362 5000 60000 13.9 40,236.22
63.5 139567.2059 0.025 15 0.660527583 3000 60000 13.8 23,853.64
64.5 145149.8941 0.025 15 0.629073888 1000 60000 13.6 7,761.35
65 148024.4285 0.025 15 0.613913254 39000 60000 135 299,032.78
AL: 370,883.99
,5~5
e Ll 3900 %% 2 cm
Age €3 FeE N (lcooooclo") . 01'5*'5
A L - ( A + Ge090
54 e e e
Funuk a(cruecl-’l’b Sy = “}X ("L"s;
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Alice, TUC Alice is 55 and earned $100,000 during [54, 55]; she has 15 years of service.

x  sallx-1,x] pct raise I_x Years Service K 0.05
55 100000 0 60000 15 \'H 0.952381
| Use 0 1‘forTUC_|
Base Sal accrual rate  years service vin #ret /1 x a-dots(12) Product
63 100000 0.025 15 0.676839362 5000 60000 13.9 29,400.21
63.5 100000 0.025 15 0.660527583 3000 60000 13.8 17,091.15
64.5 100000 0.025 15 0.629073888 1000 60000 13.6 5,347.13
65 100000 0.025 15 0.613913254 39000 60000 13.5 202,015.83
AL: 253,854.32
Alice TUc
. CSond accrond ~ 5)* 55
EPV, s[““x‘ (3.5 ret. bey}
A i 451 ) B Jose ;;(“‘5 58
ng " termm Y Gosco ( loo, 000 <, 015*'5)0.“‘;
59 54,65) 0
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Bob is 63 and declines to retire at exact age 63.0.
He earned $200,000 in [62, 63], has 25 years of service.
-ﬂ: (95 y-o who pbdu/H' rvk“s\f‘o—-

Bob, PUC

x  sal[x-1, x] pct raise I_x Years Service i 0.05
63 200000 0.04 _56000 25 v: 0.952381
Use 0 “Mor TUC 45 < | .I
Base Sal accrual rate  years service vAn #ret /1 x a-dots(12)
63.5 203960.7805 0.025 25 0.975900073 3000 50000 13.8
64.5 212119.2118 0.025 25 0.929428641 1000 50000 13.6
65 216320 0.025 25 0.907029478 39000 50000 13.5
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Product

103,005.96
33,515.44
1,291,297.96

AL: 1,427,819.37
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Bob, TUC  Bob is 63 and declines to retire at exact age 63.0.
He earned $200,000 in [62, 63], has 25 years of service.

X sal[x-1, x] pct raise _x Years Service i 0.05
63 200000 0 yﬁ 25 v: 0.952381
[useopfortuc] ~ Yo
Base Sal accrual rate  years service vAn #ret /1 x a-dots(12) Product
63.5 200000 0.025 25 0.975900073 3000 50000 13.8 101,005.66
64.5 200000 0.025 25 0.929428641 1000 50000 13.6 31,600.57
65 200000 0.025 25 0.907029478 39000 50000 13.5 1,193,877.55

AL: 1,326,483.78

The easiest way to handle the NC for Bob under the TUC method is to work directly with the
terms of the equation that defines NC. There are other ways of breaking down sources of NC for
Bob under TUC, but I would not call them “shortcuts”.

Vi
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Practice Problem: Actuarial Liability and Normal Cost for DB Plans

Consider the following excerpt from a pension service table.

Data:

X 2y Iy Ay + ix + Wy
55 60,000 0
: 0
64 (exact) 50,000 5,000 0
64 45,000 4,000 1,000
65 (exact) 40,000 40,000

The symbols r, for 64 (exact) and 65 (exact) denote expected numbers of age-retirements
at exact ages 64 & 65.

For x = 64 (without the “exact” notation), . denotes the expected number of retirements
during the year, which are assumed to occur at age 64.5.

(@)

(1)
(iii)
(iv)

)
(vi)

(vii)

A 55-year old employee has a final-salary-style defined benefit pension plan
allowing age-retirement only at exact ages 64, 64.5, or 65.

She earns 150,000 during [54, 55].

She has accumulated 25 years of pensionable service by age 55.

The plan has an accrual rate of 2.5%, that is, the annual pension benefit is defined
to be 2.5% of final salary per year of service. There is no penalty for retiring at
age 64 or 64.5. Pension benefits are paid monthly in advance.

Future salaries are projected using the salary scale s, = 1.04”,

The EPV of annuities due payable monthly at a rate of 1 per year at various ages

are P =13.9; @l =13.7; a(P =13.5.

Use i =.05.
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Compute the actuarial liability and normal cost at age 55 using the projected unit credit
approach (that is, base your calculation on the appropriate projected final salaries and the
number of years of pensionable service actually completed by age 55.)

(z)

AL el v (0015 25 5000 | of ) 0\‘

25 ) (oooe 9.5\ - (V)

¢ Yoo 45 (0-025- 25 ISeoce (4 ) * 645
-V

lo ) - (@)

qoore 19 (o.025- 25 (500 1.0 Oes

boot? — Q445067 4447

Compute the actuarial liability and normal cost at age 55 using the traditional unit
credit approach (that is, base your calculation on the most recent salary and the number
of years of pensionable service actually completed by age 55.) (For this problem, you
can say ALss is “same as in #1 except ...”; do compute the values though.)

_.(1
AL@S - G; V [0-016- 25 90000 ) O-L‘}

[N o990

+ 2; \115(0 025 25 - 199020) A'(y’s
oY
¢ '1 (o 2% 2% lﬁoooc» — (0 L{/S’ﬁ"/ 253:7

Repeat #1 except change (i), (ii), (iii) as follows: Assume you’re looking at a 64-year-old
employee who had 34 years of service and earned 200,000 during [63, 64]; this particular
employee chose not to retire at age 64.0.

0.% uz
ALb‘{ qs VO 002534 Zosoco 1o O yys
| )

% J' 0025 -2 Zooowo. (ot Gy
1226605 {72

Repeat #2 except assume you’re looking at a 64-year-old employee who had 34 years of
service and earned 200,000 during [63, 64]; this particular employee chose not to retire at
age 64.0.

_ L y°% oers. 3 Zooced - 137
/4[,(0({ ‘(’6

- .ﬁj vV -D_ozs.gtfalooooo’l.%-s

73
= 2(44gq0 (45

Suggested Sample ALTAM Problem (Canvas): 42ab, 45
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Solutions
#1 AL:
‘l 3.8 LI o]
5000 R V"l. ; ;Soﬂ"“(l‘.O“l\ .(_015,‘ 5) QL
(,daoo :\3}1 foy
¢ f/
Ljec o R VQ.'; . Icooes ./f:u) 5(.035',1’)\; D"b‘#,.; SC }L}
(eeoo o ’ J
f.
fe lll‘)
Hooto v-o » 15 voce (lf-i”] (Cl") *25\
(o0 L
”)-S
#2 AL:
{ B

(3) Lot lbole (1.04) facky - T 69 FUG

S aasnl a§
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#3&4
Puc
— Yoy 5 4 v )
- —_— YV Jd x /.Oq\ 5 &
@ ’41—(.,'-) 45 g00 (ZOO’OO ( )< d‘j)o:iy
L 3.3 4,0 Loy
p {0 (2}
Yooo N \/1 (Qoo'ooo X (1.0"))[.03_5"3"):& i
L5000 “’v(:-s
___________ 3,5
Direct met ool
Ttode % ¥ 10
/V C N * 200 000 x (1,e4) (3% 5)a S
e 45000 VY (200, "Tw fh2 3029.919
3
- 34.5 34 59‘423,5?)
1 2 Cy65q)
Lj0000 y v [zov, coo x (Lay) (Ll )a cs
45,000

N C IM.JI o < F 4L, as
o)

NC, = oAy ~More "‘)(‘«%" l;.q\

;P4 ey 3Y segqmenis.
FQMOVQE_E//(?Q MA’xiro\ \\05 x .OzS ¥ Sdg ']

—>
Seém.,d Ll{'
ot should net Le Jaclocke of Lo r age 64,5 -ret 1.
. A
@B compuhng —~ A
J P J 34 Ll.‘-l ) Ror u oo.ﬂplz..’u,dq,.j
R - prrt Tes,esy o
o Work e,

e —————t——

TUC -
& ALy = (somwas ) bk bt (loy)” oy,

Gelt ALy = X,144d,9890.14
(T use “direct method” as in #3 -or- compute EPVs4 of 64.5-retirements + EPVss[ALss]

and solve ALss + NCs4 = EPVs4[64.5-retirements] + EPVsq4[ALss] for NC. If you imagine
the algebra involved, you could factor and get the expression in (3)—with % 1.04 deleted—

for NC.)
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DHW3e 11.11 — Retiree Health Benefits

Example: WilsonCorp provides its retirees with a supplemental health insurance policy to
cover some of the expenses not covered by public government benefits (such as Medicare).

Consider two employees, ages 50 and 60. (% &o) o VQ e o bme—'pifﬁ
Assumptions: B((po, O) é SF@I (J() e €t =¢

e Today, at = 0 (the “valuation date”), the premium for one year of coverage for a 60-year-
old 1s 5000.
e Atany time ¢, the premium to cover someone age (60 + s) for one year is

e (@ fine )loola,/ p tost o usore
{}C-Lf\ s /‘07\-([034-@(—\ K)

that is, the cost to cover a person older than 60 for a year is 2% higher per year of age
beyond 60.

e Health insurance inflation is 5% per year.

e The interest rate is i = 6%.

e Mortality follows the DHW life table, and we can compute level annuity EPVs (e.g. d,) at
any interest rate.

e Retirements follow the service table from DHW, so that if we have £, and
employees, we expect 75, 1o0, o1, o » Toa » Tee 2 retirements.

mid—year exits

(1.02)% x (premium to cover someone age 60),

exact
£60

a. Consider the 50-year-old employee Assuming an age 60.0 retirement for (50) (which
would occur with probability rw{ ), compute the PV at the valuation date # = 0 (age 50)
of the cost at age 60.0 to purchase the benefits.
/ ~lo 6000|'D9- (06™ ot L
& 000 ( [09)"°[ (-0©) 4Ry, 0000 (102 (108 (Lo« 2fh e e

e ——— l-fLW {l\[r “’\ i ],\m.l\)l. 3
o s Coobn Flow older” a5 dwt oldee s nf

wblokion  disimbing o

o l06 o
= oeottzy| 1wl e
L_J._,i

PR
”l/»c" ﬁw\r 2V

;n ko f?fcbh_so(vr_ \AS«""% VWOJ&?'-LDG‘ live hedole

Tles
( Lﬁf:i)lo s / B 6000( l'/osjwlbl -52000 -=¢IL{7,61"°
— 5000

= oo
— (.00 q(a()@?;* l 77
. B l 02 . (-06
Tuwd L Lo
o [ 06 > . _ | .o | o~ —0.0l0xT7
l“('l\' B ,t‘i:,/--l-—"ﬁ 1/“ l_o’)_ (.0% l -
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(Costs increase by 2% for each add’l year of age; health insurance inflation 5%, i = 6%)

b. Repeat (a) except assuming an age 60.5 retirement for (50)
(Wthh would occur with probability ""/&,)

-5

'P\)tm{' < ] 6000(‘ DG)I b(l 01) (l 0(0) ~+ Pbﬂ-S- Soon-ros" |-°1le,0la_ P

AR Ly &
|L“€a"

Geppar Porwn o7
fo.5 0-5 nh_,-?ch""f""\ {MDD/IDK
st 6000 ( 0. 0‘0) 07.) [ l Fo. 6 'f&:o 5\'[‘ - } / l MW nbegur g8

5000 Ios)ms(\og a‘bobéﬂ _ )MU"D“( 2. ‘{OTT) = 14557/
if= Jf:.ﬂ -1 [omm o o)

c. Calculate the actuarial value of total health benefits (AVTHB) per 50-year-old employee
at the valuation date 7 = 0.

Exact +
-— _ rf_wQ ro r ( r‘f‘:‘”’
AVTHB = 2. (147?00)1 if; (I%iﬂrwf Z‘;:[tf\ o = (#)

— (D7 1614
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MNotation Leom the ScA W

t what

S“— M. wipen
*(—\-n‘l:
"c @ +=0 (x) s 50> Yla. EPV 4@ ‘a;.\‘s, Y ﬂ\l) Sted Q t</o o}‘w PX
1o st
£ 00O 1,05 (LoG)

" =N
P Sooo (1.9s5) (1.e2)(1.00)
Go

7 1.
;'\"l- q’sﬂit v
! Ul =y
4 P’ 000N 5) %100 )ag)
FRREN
\/\/\/\/\/\/‘\/\/“\/—\—/\/‘\,—\M
R BlLy 1)
-~ - 10 {
1,06 [ Sooo0 (1,05) *
(S ——

1/"‘—*
P + 5000 (1.95)"(102) (1:9¢)
R (L2, 1)

+

i

. 5000 U.os)'zwl)?/ 0(.}1
7.‘)D<.o
O il
B(ea,zy Vv
—_— S
R(Z, f) = Cest, |

m T j“ S
7 QAssoc.

w/ PurcLArg
< 1 5(‘ L@V\ s
e #yrs

f age x
ai ‘le t-

—
~—

T st

‘P (1.05)(/:»:) (/4)
+ vy N
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Unnecessary notation, continued.

ret. ag¢ G ovihil
Xe retirerent
T

N |’t¢ A . nn
Q ((‘1() \ ’O) B Ep\/ \\'):‘UL{:} 0‘»\6 /4,‘»«!_,‘ A -‘Sz 1';M{ $i et oé
8 ‘ w

amts ,f,creqs’m-a) acco»dlﬁj lo

J.}xnj » A-Wf#‘/\ cCare ‘4(‘}0\710;/\
?xOMq[‘B L age ‘,.401 oo LU 2
L4 o nlocatss o g <flos<to2
\_Pw '7_5 102 ‘(\fbv - ) Y JTAN
/o C’ ).G (.‘a
Ojle o V'\( ‘J(':COU.«I
Assemble as follows:
12 ( /o) Ot
i
‘_. ‘ [ > fu.)\
A '.ﬂ?‘l",\»_-' g vk Y8 f. ~uL="~-f)~)
A ¢ 1
d. Consider the 60-year-old employee, immediately prior to exact-age 60.0 retirements.

Assuming an age 60.0 retirement for (60) (which would occur with probability ),
compute the PV at the valuation date 7 = 0 (age 60) of the cost at age 60.0 to purchase the

benefits.
Lotxla%

! f&z""'sl [ ) h L R%Y
'SC)OO[ N xS ‘*-‘Pc-o‘[ el TP

T o 2 x
sove L4+ P vie TP (oY e T ey s

ol

- Sgow doc@l‘- i /(J?. LﬁO"“'; 5
N
=2.510%
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e. Repeat (b) (retire @ age 60.5) for our employee who is 60 years old at the valuation date
t=0.
AN LT Ly P
Sose (102 (48 [y Ly e L] e
(’/"AC'UY L E V] Qe % 2165 L

N .5 A 2
5000(/‘(11-) (':5) Evi + 70('0.? [\:\_\l\“} ol zﬁo.il\i—':a}*“\]
Lﬁ/’ i
Roc@ve * 31793
— /60 334.2)

f. Find AVTHB for a current 60-year-old employee.

E‘l\av‘*
o
E';‘L (Uolwf.ﬁ) t f (loozecl) * - = 18 274
(1= o

Funding methods

Notation: V" = actuarial liability at time ¢ for an employee,
,C" = normal contribution for the year at time ¢

VR Cf = EPV of benefits for mid-year exits + v 1p(T) t+1Vh

T

Health benefits cost what they cost, regardless of # years of service; so that’s a little different
from DB actuarial liability, where the benefit level increases in compensation for additional
service in employment.

Pro rata method

Example: Use the pro-rata method with the following assumptions to calculate the accrued
liability and normal contribution for (50) and for (60).

Assumptions:

e For this example, we make the simplifying (and more conservative) assumption that all
retirements will occur at age 60.

e As an example, one could pro-rate by assuming the accumulated cost is spread over the

25-year period prior to age 60. (This includes employees who join the company within

that 25-year period‘).é

flf;;:ccs“ S(L)/X_o__
T ~— T —————
Ee=-t ) t-o t=10 - (__6_ - Y30
s | | V= & AUTHB, = e
25 bo R
70 = S auTug,,
(> Ve,.. = +5AUTHB,
0 10 LS = (48 L =LV
_—— ‘U > /ZTSAUWB‘BO - % 7q *[—5 0

pe = (Sl fundell)
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Retain the assumption that accrual over a period that begins 25 years prior to age 60.
Drop the assumption that all retirements occur by age 60, and use the service table.

Assuming (50) retires at 60.5, EPVso(premiums) = 145,871

Assuming (50) retires at 60.0, EPVso(premiums) = 147,900% /t VTHE 0(:10‘;”‘“"_"

Assuming (50) retires at 61.5, EPVso(premiums) = ...

e ’S lo
Assuming (60) retires at 60.0, EPVgo(premiums) = 162,604 \> \;—f__jo__“\
Assuming (60) retires at 60.5, EPVgo(premiums) = 160,374

Assuming (60) retires at 61.5, EPVeo(premiums) = ...

3

6o

|~— /s bos
o \ (.5 \
P ‘ (- ds

Voo s (oo \9 = [
VAR 1 UUC R (LA

Nco - ( e";‘:‘;“"‘“’ﬂ
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O -

()] ‘eoo
NC, = Of
(oo i}
s
:> AN“Lh N

.5
e 02
fh“ 265

(\)‘.cu\) oV oy 15 P‘«eccs)

(leoz74) +

(B -

E)

‘fi -Z%S(lkoo”sw() ~+

1T
205 Lo

1
e+l

%%(% (ﬂ7>

Vot 2,5_ (_,.>+,,\:
Doo 205 t

AV THB\ e
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DHW 3e: 13.1-13.2 — Profit Testing
Want to predict future profits on a policy and test profitability.

Example: Fully discrete 10-year term policy of $100,000 on (60) with
level annual (gross) premiums 7t — 7 — $1500. (DHW uses P here.)

Am‘ohm set

Profit test/basis: «— Used for all interest accumulations (e.g. projecting profits) except for
determining amount of each benefit reserve.

Interest: i=.055

Initial expenses: $700 (“acquisition costs™)

Renewal expenses:  3.5% of premiums (including the first premium — not part of the $700.)
Survival: Qoo+t = -01 +.001t forz=0,1,...,9

SO q60 = .01, q61 = .011, q62 = .012,...

~ 1 1 . 4 , . 1 . 1 1 m

the following assumptions are used for reserving:

Reserve basis: — so lower i and
greater gx+:’S

Interest: i=.04

Survival: Geo+t = -011 +.001¢ for¢=0,1,...,9

So deo = .011, de1 = .012, de2 = .013,...

1. Recall that the net premium reserve excludes consideration of expenses and profit and that
it is based on the net premium (which forms a portion of the gross premium). Compute the
net premium P (DHW: P') that we will use to determine the benefit reserve.

[ PULPronsy= EPU( Bens)

1 1 ~
__‘TV\ x — . Sy v, AT = 4763
[ | + /ﬁ:o Vlu'f A 1?00V0.ﬂ - q}P‘OO\)O'a{ B lom[ol\nuvo-ﬂ iMoot 0:.1&0 b":(
A A

T 2 ladh g b
) ]'0‘0“1)6 erm (roenlice) (i-e n\ﬂ(l*o.ou.)-,,‘—[\no‘oﬁ) poll (|-o-onyo. 02 /115 % ) (\-o.a8)e.otq
. i = ~p.ow)[l-©0e\2Z)" .- ~0.0V .o
. t ine the net préemium reserve for ¢t = 0, 1’ ). (oo

-
OV":O\/ =0 (Io/a t7u£w/{% pr;nc;,a’t)

2 Wosfs bo ?N““k

n — 7" &
D D& of V" = toooeo At o tore
=

[ .
Using veterus loe-azs

Q_) Recursin QOW[“*‘I"‘""‘““
n . —~ J"- Yo.o¢
(V- Y1) 07 e 1000 7
27 7?1t Efﬁ c.ouf
G

+ T n \
(lU‘ n)[t_“_‘. =Ii‘_’£_1\j * Tr‘,, '[00000 ~.d ;hr -7 0 .38
'f\l/l;':'° ey (-e4 - M
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T iV ¥ ¥

0 0.00 5 1219.594
1 410.03 i 119337
2 TA0 88 T 064,74
3 QEE.50 3 B27.76
4 [150.10 9 47545

(DHW 2e Table 12.2, p. 404)

Main idea:  Profit/surplus Pr; per policy emerging at end of year ¢ (at time ¢), given that the
policy is in force at time (¢ — 1), comes from...

(1) The previous year’s premium payment  and benefit reserve (-1V), less renewal
expenses associated with that particular premium payment...

Note: DHW uses the very standard convention that acquisition costs amount to a negative profit that emerges at
time t = 0, these are not subtracted from the premium (paid at time 0) that contributes to the profit at time t = 1.

“[P]rudent capital management requires us to recognize losses as early as possible...It would not generally be

prudent to combine the high acquisition costs with the other first year income and outgo, as that would delay
recognition of those expenses and lessen their impact” (DHW 2e p. 400).

2) ...plus interest accrued on (1)

3) ...minus expected benefits (and any associated costs) and the expected cost of
setting up the next reserve at time ¢.

*Note carefully the conditioning implied here: The profit values are conditional on (60) being alive at time 7 — 1.

3. Compute the profit/surplus per policy emerging at t = 0, 1, 2, 3, given that the policy is in
force at t — 1 for each t = 1, 2, 3. For this example, the insurer/DHW has decided to set reserves
equal to the net benefit reserves (other reserving choices are possible, cf. SOA Written #16a.)

Note that we use the profit test basis/assumptions here. The reserve basis is used only for determining the
amount of benefit reserves.

t=n-1 t=| ) $ N,MMV‘S

f ’ W A5 ot contusg!
ot T il S, (ecose Hets ol ¢ )
Jorr inesd

ggw«?rw E‘,_"

%\row@'f.-:]o
f”\:‘k-,s Vions
(P - —700 (1Il'$l’|°ﬂ EX“M L“D;:suﬂf’
., (Vma _0035@ ))((os) 1,. l 0000} ﬂ ) = A\
~\co00 ool wthben Ty %’0-03 DD
Y suwesr T e ()
?Vs- ( Uozﬂ“‘ -0 0351?")([.05) "L"" (lOOOOD) —/ﬂ,, L oia = | 2b. @l

= (3170
(U*TG‘_OD?’ST )(l O‘f)) 1 (lOOOOO) fbi( )
Toen s foMe @ op o peif-
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o PRRTS
Q&J" ,B“JM/\S’(P Ugy_l({-\

- & »

' el ¥ P E; I EDE, EWv Py \J
© Q@ @ A $  ® @ ™ Peot
0 700,00 0000

| 000 1500 5250  B250 1000 40595 A 100

2 410005 1500 52.50 102.47 1100 73273

1 74088 1500 5250 12036 1200 97704

4 ORB90 1500 5250 13400 1300 113505

5 115010 1500 5250  [4287 1400 1202.86 137.61

6 121994 1500 S250 M46TL 1500 117547

7 119337 1500 5250 14525 1600 104770

§ 106474 1500 5280 13817 1700 813.60 1367

9 2736 - 1500 3250  [25.14 1800  466.89 133.5

10 47545 1500 5250 10576 1900 0.00 8.7

DHW 2e Table 12.3, p. 405 (modified from le: Table 11.3, page 357)

Definition: ~ The vector (1, Pry, Pray, .., Pryg) of emerging profits Pry per policy during
the year (¢ — 1, ), given that the policy is in force at time t — 1 is called the

profit vector.

Definition:  The vector (Ilo, ITi, Ilo, ... , ITi0) of expected profits I1; per policy emerging
during the year (¢ — 1, ¢), given only that the policy is in force at time 0 is called
the profit signature.

Fort=1,...,10, we have [ Il,= &< Mﬂ.

4. Write down the profit vector and profit signature for the contract in our example.
(Recall ggr = .01, gg1 = .011, g¢, = .012, ... under profit test assumptions.)
U.Md.z/rmofl’t\ oo ) e
\ /,7 7]:’ - (00 E[pesHo102)) - E[f{evw?:‘"('vf,bl)l ) ]]
\ I = \7 = Yoo, + O
* "_’,9 B lp\l = o (57'
&§£Is ' \ / fk QM core
' /[_rg_,: VACRE Poo = 12-2-12,
doth

: =\1% 95 (
Tgf 12 70 2 feo L)
/”_L[ = F.‘«L( . 3/ﬁ90 < %0 8¢

Definition: ~ The expected value of future profit or AEEPIESEREVAINENNPV) at rate 7 of the
contract is equal to Y T, (v,)', where v, = (1 + 7).

5. If profits are discounted using an effective annual risk discount rate of » = .1, compute the
NPV of the contract in our example. (74.13).

L~
rws b by 5[—{;(1\?1“ VAL cate a_lomnk,u) Y
IS; . COM(GQ . 5'5"?03 /I/L L(-gly,r Vujfwl‘h ‘)"Oaubh?y
Wowld (v HU( oy (‘IbF? Ve<d J# e 3
q
/\]@\} _ et TTup T TuE e TV
=00

= /2
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Finally, DHW begins this entire discussion by looking at the profit vector if ;V = 0 for every ¢,
i.e. if no reserving is done at all.

6. Find the profit vector if we set ;V =0 for every . n.b. This is a terrible idea!!

(Recall i =.055, q¢p = .01, qg, = .011, g¢3 = .012, ... under profit test
assumptions; G = 1500; acq. cost = 700; renewal expenses = 3.5% of premiums.)

Get  (-700, 527.11,427.11, 327.11,227.11, 127.11, 27.11, -72.89, -172.89, -272.89, -372.89).

Additional examples:

%289, ¢ @

(i)  The death benefit is payable at the end of the year of death.

insurance of 1,000,000 on (60), you are given:

[‘11} - — A Nt

(i11)  Cash flows are accumulated at annual effective rate o

(iv) The
{(v)  Pre-contrac 1000 and are paid at time 0.
(viy © fter i 100 payable immediately after the receipt of each gross
premium.
H QQ ln"lo /—\
(vii) | o4 TR AT b
(viii) Profits are discounted at annual effective rate of | (Ch
- -218.%\
A
Vet
ot
Calculate the net present value of the policy. ? Sxﬁua/ifow&
05 \ wm blwe
= 700 —ZT&I = lk{SGO N
LU= 00 = toco
4\: _ —000 /Pr = L\] « - lOO) ((-otp) - %Q‘IPOGOOO - iL\L - G5
(AW
~ 0b) — lOOOOOD - U = 3”05 Veckot
’F(} ( \ ¥ 1500 loc)) - (a) ‘1,&:5 1: o5 fu
p-ot o1y 7en O 5|1 29

\7‘,%;(1 . quwloo)(\o(o\ — p-otb -[000000 o‘isq}l/
=

- ;ﬂn
= 6.%)
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*290. Fora 10-year term life insurance on (60), you are given:

(1) Mortality follows the Illustrative Life Table

(i1) The I I lapses occur at the end of the year.

(ii1) The profit vector:
t Pr.

Time in Profit
yedrs

0 -700
1 180
2 130
3 130
4 135
5 135
6 140
7 140
8 140
9 135
10 130

Hordle Rede/Pedit Rede/eke.

(iv) Profits are discounted at an

Calculate the expected [;res.enl value of future profits for a policy that is still in force
immediately after the 7" yearend. —> e. @ t-7

7" yearend.
'?;‘ ={o ?r‘?— \%5 LG W \%0
( From the life table: g0 = 8,188,074 and \l I' !
s
: ] 7 8 9 lo
5] ,373,338 )
g ey, 0w e
TomE W D e
5 ' v ) V ’n— :(Pr _,_‘11 . 0‘51
10 Ly

_ Mo+ Tquim,vo = Bl.0%0
IUE\J(‘:IO')U

Suggested reading: Read DHW 3e 13.1-13.5, especially the introductory nonmathematical
material.



MA398 [139

DHW3e Sections 13.3-13.5 — Profit Measures

Recall from last time: For an n-year contract with annual cash flows, we make the following
definitions:

Definition:  The vector (Pry, Pry, Py, ..., Pryy) of (expected) emerging profits Pr; per
policy during the year (¢ — 1, ¢), given that the policy is in force at time ¢ — 1, is

called the profit vector. Yo puerchiods)  msns fer Pe, Het (0O olie
Computing Py /3‘3 - — Qacia.‘swf,'m cost [ [’Ut ) Sum __LV\-SM'&Q— Puserves Por
(S hext )(C!M’a

1)

T, (HU+ ﬂG*MVl‘fﬂﬂW%5 ) (140 - c|(1+te~0(.9m(%w>— ’Iopu—o'a\/

Definition:  The vector (ITo, [Ty, I, ..., I1y) of expected profits I1; per policy emerging
during the year (¢ — 1, ¢), given only that the policy is in force at time 0 is called
the profit signature.

Fort=1,...,n,wehave II,= (P'{'t' {-,Hoy,

o\ /zw .

Definition:  The net present value NPV (or expected present Value of future profit EPVFP) at

rate 7 of a contract is defined b e Rake
. ] L\ Eﬁf frebercncs Roke G all spompues
NPV =27V wherev=(1+r)" Riske s covt Rate ~

- Requived Rode of Redorn

Note: that was used to accumulate cash flows
when computing the profit vector and profit signature.
than the rate used for the purposes of determining net premium reserves.

Definition: ~ The internal rate of return (IRR) is the” rate » for which the NPV of a contract is

equal to zero. — Polynewm! hs ia
. . . . . . (S my bhore
* Assuming that this rate exists, in which case, it may not be unique! , K [1‘ (oo

30 l‘v- f-‘ M3

Definition: = Hurdle rate (or risk discount rate): This is a rate r, chosen by the insurer, at Wthh
to compute the NPV of the contract. The contract is deemed profitable if the IRR
is higher than this rate. wm\\‘«”“

Example 7:  Given the profit signature

(-700, 121.17, 125.72, 128.95, ... 119.75, 113.37)

v —

for a “term insurance, find the NPV at the hurdle rate 10%. (74.13).
What information does this give the insurer about the profitability of the contract?

- -0
— 700 4 2017007 2eqa (DT - L B3 BT0 T = 7403

;mtﬂ&bﬂi v W“Ju co,s“}lvws N ﬂ-wmy bcytmi A MJ\( BSF

L ?T"&“"F/F‘"’aa‘k O A G
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Profit margin = EPV s, [ evnus} , evaluated using the risk discount rate”
(or discounted exactly as instructed on an SOA exam).

Definition:  Profit margin.

*DHW says “for all calculations™ (2e p.412) , by which they appear to mean...

e Use the risk discount rate to turn the profit signature into an NPV

e Use the mortality model (from profit test basis) and the risk discount rate
to determine the APV of gross premiums. (This won’t have been done
yet.)

¢ Note that the amount of the gross premium and the profit signature were
determined independently of setting a hurdle rate—in this sense, we have
not really used the risk discount rate for all calculations.

Example 8:  Continuing the “10-year term insurance on (60)” example.

otk T&S"F‘tl\a Bo,g-.s
MOI‘talltyZ Uq60 = .01, de1 = .011, 462 = .012, 463 = .013 5o Qog = .018

Gross premium: $1500

Profit signature:

(-700, 121.17, 125.72, 128.95, 130.84, 131.39, 130.56, 128.35, 124.76, 119.75, 113.37)
t=0 1 2 3 4 5 6 7 8 9 10

Compute the profit margin at hurdle rate 10%. (Get 74.13/9684 = .00765 = .77%)

. ; t _ V=
f‘?\) 0" [%F'l‘s}: qu\) 1©7c - 2 _”;- v B 7 L( » [3 = (P ?.‘- N
SVAE = Q638Y > T T K
Rew = i ¢Px VElsee q
E PV L s ) = = 0117
Remark: We can see now why the -700 is assigned to time zero. We wouldn’t want to accumulate the 700

expense at one interest rate and then turn around and discount it at a different rate.
& Spremms ), M figombed bresk —cven period”
Definition:  Discounted payback period or break-even period. This is the smallest integer &

of years (periods) for which Y.¥_ T, - v is positive. < this sum is called the K4n= t;w%%
partial NPV; NPV(k) Cent-cact

Example 9:  Let v =(1.10)"! Consider the following computations (based on the profit
signature of the previous example):

D _ - ' Tirst new-we A
MoV ( 700 + 121.17v'=— 589.85 O

: =700 + 121.17v'+ 125.72v* = — 485.95
NEU('Q\) - : ﬁ< DeLurS @ {TEVV\L
IVPVIE) = 700+ 121.17v'+ ... + 128.35V + 124.76v8 = —20.37 £
vVeviq) = -700 + 121.17v'+ ... +128.35v" + 124.76\° + 119.75@

This contract has a(n) 9 -year discounted payback period:

Suggested practice/ALTAM Sample Problems: #34 (omit 34g), 35
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DHW 3e Section 13.7 — Zeroization and Zeroized Reserves

Main idea:

e Typical NPV calculations use a higher interest rate than the (1 + 7) factor used in

one-year accumulations of premium, reserves, expenses.

e Thus, reserving capital is costly and reduces NPV.

e Earlier emergence of profits increases NPV.

e We can set a reserving structure that exactly meets expected insurer liabilities
near the end of a contract, thus zeroing out the Pr; and I1; for the #’s that occur at

the late stage of a contract. Payoftf: More profits emerge earlier.

Sketch of Example from DHW 2e: $100,000 discrete 10-year term policy on (60).

Gross premium: $1500/year.

Expenses: 52.50 associated with each premium payment, and $700 acquisition expense at ¢ = 0.
Cash flows are accumulated at i = .055 .

deo = 01; vy des = 014,

An insurer could choose to do reserving based on net benefit reserves and reserve basis

assumptions. We did this earlier in class, and got...

[]/f} Preamivm (lzj_‘;eru@. Method

t v ¥ ¥

0 0.00 5 1219.94
1 410.05 i 1193.37
2 T40.88 T 1064.74
3 ORE.00 B B27.76
4 (150,10 o 47545

So, for example,

CLe VV\-C‘-‘I‘C h
f&fﬂﬁl'e J\ V{)o»ft?"\-';‘)
l’_;/{/t\ CWEFCUR& e
é "_‘,:D/ %leuv-v-’)wr@k

PRTA Lo

Prs = (1150.10 + 1500 — 52.50) (1.055) — ge4(100000) — ps4(1219.94) = 137.61

and

s = ,peo- 137.61 =131.39.

= Profit Signature = (-700, 121.17,..., 131.39,..., 113.37)
- t
= NPVioy = i “t V

=74.13
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DHW Example, continued

Gross premium: $1500/year.

Expenses: 52.50 associated with each premium payment, and $700 acquisition expense at 7 = 0.
Cash flows are accumulated at i = .055 .

Suppose the insurer decides to use a different method of reserving. We’ll use [V for the time-¢
reserve computed via the “new” method:

Zeroizing reserves: For as many years as
e Start with 9VZ (Recall it’s a 10-year policy): possible at the termination-end of the
o What value for ¢VZ would give Prip=0? contract, choose positive reserve amounts
/ (Use geo=.01 9 ) so that emerging profit is zero for those
peres years. This causes profit to emerge carlier
/gwﬂ- o vorad ( \/ + [‘:‘mo - 61 50)[ l.o 6(’) in the contract, increasing NPV.
l.lci /Prw Gt 'BW‘
(¢ - 0 o\‘i (o000 j

2z
- 9-‘]8l m Pa D\V = 56:5"{5
Vé

o If that value for 9VZis positive, keep it. Otherwise set ¢V equal to zero.

e Repeat to find sVZ:
o What value for sVZ would give Pro=0? (Use ges =.018.)

O-= ( VZ+ (o - B2 so)(loes) - 0 otﬁ{loooocD - oqv(%}%) N g
a8 B (41 Pes Bew Pos qv'?

y2=68765 >0

o If that value for sVZis positive, keep it. Otherwise set sV equal to zero.

e Continuing, it turns out we get the values in the table » — — Tble 12.6 Zemiged

FEXEFVES.
...and these values guarantee that Prs=Prs=... =Prio=0. o Ve
6 73263
e Next, to find V% i 333'33
o What value for V% would give Pr; =0? (Use ge2=.012.) 3 247 62

O=(2V%+ 1900 ~52.50) ( |.085) _ oot?_,( looooo) — 0.988 (247 .62)

(?‘"3 -
D G NE - #0 — V=0

o If that value for »VZis positive, keep it. Otherwise set 2VZ equal to zero.

° Compute Prs. [ 0 + |6oo- '51.5%( 1.055\ -0 b\l( loow\ - HQa%8 (7.“{7101—) - BXL M7 =

e We likewise find that VZ would need to be negative to zero out Pro. So we set 1VZ =0
and obtain a nonzero Pra (= 427.11). Similarly, ¢VZ =0 and Pr; = 527.11.
Recall Pro =—700.
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DHW Example, continued:

F 4 Pr; nr
. 0 —700.00 —~700.00
e Using pso = .99, psi =.989, pex =.988, etc., 1 527.11 527.11
; 2 427.11 422.84
show how to get each I1; from the corresponding Pr.. 3 9247 80,74
4 0.00 0.00
1T q) 5 0.00 0.00
‘ I ¢ = ’P?( rb 6 0.00 0.00
£t 7 0.00 0.00
8 0.00 0.00
0 9 0.00 0.00
e Compute NPViow. (Get 189.31) ki 0.00 0.00
— € Emerging profit after zeroization.
NPV = 2 T v ging proft o

SL,LS'\— L\f O\I\Mém |,,0|wv\ Wi Pedesve, &w_ b JJL'.; cewhm% mlru WL YMove Ao
3 Aol o Mewef
DHW3e Section 13.9 — Profit Testing in Multistate Modelsl

dor

S e &wwm

DHW3e Example 13.2 ’ 6&‘ ?ﬁe%::omamg , oot e dkee
&o% ))v/ ot GV“+

——— ——

~ [.95%s
| Healthy —— CI Diagnosed | Fully discrete 10-year partially — 00195 ~!
0 \ ‘ 1 \ accelerated CI and term insurance,
— T . E sold to a healthy (60).
l L Benefits:
] ] $100,000 at end of year if (3) entered
l Dead, no CI l \ Dead after CI | during year
3 ’ .
. _] [_ - _2 - _‘\ $SQ,OOO at end of year if (1) entered
during the year.
e $50,000 at end of year if (2) entered
g VO v during the year.
0 o 0 Premium:  $2500 if healthy,
1 700 43000 0 otherwise.
2 1200 43000
3 1600 42 000 Profit test assumptions:
4 2000 42 000 $250 acquisition expenses
——————— — Annual renewal expenses:
o 5% of each premium or
5 2000 40000 $25 if in state 1.
§
_: I(:( - 'jx 000 Investments earn 6%/year
: 1200 34 000 Risk discount rate is 12%/year
3 1000 27000
9 500 17 000 Transition probabilities — next page.

Compute: NPV, DPP, Profit Margin. 57 He 2;:‘1’:‘;5
(O Gyross Qe e - L K y Hurough Yo
@wﬂ ‘. 5\) —————— 5000 Abm A5 0

() o3 of o oo ..ol
5\/ = tOOOOOAw:ﬂ + 5°0°°(Ab3:’ﬂ “Aia) 4 oos(Lo)bgq 58T

= 1600 0.;;“
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t X px"00 px*M1 pxt02 px*03 pxtM1 p_xM12
0 60 0.983 0.01 0.005 0.002
1 61 0.981 0.01 0.006 0.003 0.65 0.35
2 62 0.979 0.01 0.007 0.004 0.65 0.35
3 63 0.977 0.01 0.008 0.005 0.65 0.35 $
4 64 0.975 0.01 0.009 0.006 0.65 0.35 Al Ben
5 65 0.973 0.01 0.01 0.007 0.65 0.35 O 2 (
6 66 0.971 0.01 0.011 0.008 0.65 0.35
7 67 0.969 0.01 0.012 0.009 0.65 0.35 ’
8 68 0.967 0.01 0.013 0.01 0.65 0.35 \5/ AV4
9 69 0.965 0.01 0.014 0.011 0.65 0.35 Z
ﬁ\omm 4 50000
‘—/[wm stale & He wodel are we i) Pt Ben Teotl Ben
g\“(lll —’L 5 0] oo
Yot T /*73 N T
0
(.0) ( O+ lgw -0 05(2§oo\) ('l 0‘0) — 0 ‘183 U 1)@0 (6[7)\0004' IV
Accelereded
Wi\' Feom
/ Centrack o,‘HM-Y“ deach
o prom — ’P{” (60000+ 50000 +
L. cfpenses ( /Tq)
0] 'L /Plgo \o® 00°
?g /P( C\\ = | \} + O - 2—5 (;l,D({J)
9- u U (.,l)
- /f Ll 9-' |~
— /P o G o000
Table 13.12 Profir signature and NPV function for E vample 13.2
— - S T
¢ oy oy By(0) prl! n NPV
{th (2) (3) (4) (5) (6) (M
0 100000 0.00000 250.00 0.00 _ 250.00 .:«tT_m
| 0.98300 0.01000 199 40 0.00 199 40 ~71.96
2 0.96432 0.01633 252.30 103.50 249.05 126.57
3 0.94407 0.02026 203.10 753.50 208.16 274.74
4 0.92236 0.02261 39.50 306.50 11.08 204,49 PV — Z _‘TT Ut
S 0.89930 0.02392 287.50 993,50 287.64 457.70 /U |07 €
6 0.87502 0.02454 500,70 173.50 454.43 687.93 &
7 0.84964 0.02470 308.30 6531.50 28581 817.22
L] (1.82330 002455 -49.50 963.50 18.26 809 84
9 0.79614 0.02419 124.00 43.50 103.16 847.04
]E_ 0.76827 0.02369 47.50 493.50 49.76 863.06

EPV120,[Premiums] =2500 Y 0% x v/ = 14,655.31
NPV 129, + EPVi2y; = .0589 / [
[

00 ? (0) ol w

.= Peo = — Acq. erprse o= A, T + P Tr,
(o) (o) ol D))
(\Dcl - ¥, }‘Pbo (l)r Tt PPy
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(From Weishaus LTAM/ALTAM)

ExamprLe 73D For a disability policy modeled with the following Markov chain:

Healthy Disabled
0 1
Withdrawal Dead
3 2

you are given
(i) A benefit of 500 per year is paid at the start of the year to a person disabled at that time.
(ii) A benefit of 90% of the reserve for the healthy state at the end of the year is paid at the end of the
year to someone withdrawing from that state during that year.
(iii) A benefit of 10000 is paid at the end of the year of death.
(iv) The following probabilities:

P2 = 0.65 % =0.10
plle = 003 Py =001 Py = 0.05 piZy = 0.02

(v) The following reserves at the end of the indicated years:

Year Healthy Disabled

9 1250 6400
10 1400 6580
(vi) Premium is 250, paid at the beginning of the year whether healthy or disabled.
(vii) Expenses are 5% of premium.
(viii) i = 0.055
Calculate Iy, the tenth year profit per policy issued.

(Should get ITip = .65(~65.0875) + .1(~173.3375) = —59.640625)
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DHW3e, Chapter 14 -
Universal Life Insurance, Introductory Examples
(See also MQR 4e 11.5 (on which this example is based) and 16.1.)

UL Type A Example:
Consider a fully discrete universal life contract issued to (30) with level total death benefit
(“Type A”), face amount 100,000.

Mortality assumptions for determining contracted cost of insurance (COI):
q 5, =.00076, q;, = .00081 ,q, =.00085 , g, =.00095

(These ¢”’s are called COI rates.) For now, we will pretend that no one surrenders their policy.

Percent-of-contribution expense factors are 1 = .75 for the first year and », = .01 for subsequent
years. Commisiion o 5% [ 7o

5?\7‘""5"'{‘"‘«{»4 um&if*{
Fixed expense amounts of e; = 100 in ﬁrst year and e; = 20 in subsequent years are due at
beginning of the year.

Interest is credited to the account value (on a contractual basis) at i =i = .03 . «— These rates are not
The interest rate used to compute the cost of insurance (COI) is {©91= i = .03 . « required o be cqual!

Unfortunate notation: In both MQR and DHW, ¢ seems to represent the year number, which is one higher
than the time at which the transaction occurs. The account value AV, is the account value at the end of the
" year, and thus matches the account value at time #. Yuck! The subscripts on G, r, e represent which
contributions and expenses contribute to AV,.

The insured makes an annual contribution of 5000. Calculate the end-of-year account value
for years 1, 2, 3.

One-vyear recursion for level-benefit UL account values:

For Hype A [ leved duoth loenchiv)

.{;A\J u.’)a“ ?\M«'JL \Oo\f\' SI‘ LO'DO;O
- |
ﬁwf I"f"];-fi \

AV [ AV s gy v ) (04)

/i A’j'\B ol detts Ben™F

@D”)“O? Tusuronce NAK M MV\.M‘\’ 0‘>{: cisk

ToC o "
kéc/cwwv— LL = v ¥ oo ?’ rete
CoT wnterest /
Au: ({;’l‘AU* m-— cq05 (l.fﬂ - {1/#7”6_1 ([00000 —eAU) hot WH;FY
¢ MSU-\M.P"iWIﬂ bos-s

—7 Y _ -i_AU—"'[{ﬂe\LP- ‘f_'(ODooc;
bAU{\ ci/x«»b-!‘x_ 6 Twee

A
e
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This page intentionally blank.

AU - e AV e g e

%
197(.1‘5‘1

(O 4 5000([“075)_(00)((‘03) "0-0007(9((Doooo>

| AV = AV € T (e k) ~Sied erp )49~ 4% (100000 we Fhink

De. Wilsem gort

[-— 0.007b

AV s coromg Hs
uoq_gii')—r Sooo (-0-01) - 107((.05) — ©.00081 (106000 / o veconsion

Q\AU: > way oF €

SV |- 0 0008

—

( (9‘6?9;_@22:3 + Booo((-o,oﬂ "20)(([53) ﬁO_OOGSS{‘UOOOO)

A V=

3 | —0. 00085
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UL Type B Example:
Consider a fully discrete universal life contract issued to (30) with death benefit equal to the face
amount plus the account value (this arrangement defines “UL Type B”).

nen-lved deeckln boratit
IVAR= ADB: (00000 ((ij

Mortality assumptions for determining contracted cost of insurance:

Face amount: 100,000.

30 = .00076 , q3; = .00081 , g3, = .00085 , qs4 =.00095

Percent-of-contribution expense factors are 1 = .75 for the first year and », = .01 for subsequent
years.

Fixed expense amounts of e; = 100 in first year and e; = 20 in subsequent years are due at
beginning of the year.

Interest is credited to the account value (on a contractual basis) at i = .03 .
The interest rate used to compute the cost of insurance (COI) is i“°'= 7= .03 .

The insured makes an annual contribution of 5000. Calculate the end-of-year account value
for years 1, 2, 3.

One-year recursion for variable-failure-benefit UL account values: aAwsesrs [wg)

"F““”L A A

L
(AV=1 AV« 1 ~exp - Vsee Ve (‘OOQQ")S('”Q

(A\/ = (0\*5000({‘ 076) —_(Oc)((‘OB)" 7/4 - (Vo Poo = //057~.50
3o

QAU = (l(Oﬁg t 5000/(%).0]\‘ 7\0) [(43"5) - ii; loooop — (p3%.65
A\/ = “’(35"65 + 9000(!‘0401%25)([.03) ~ z"Bz - fooooo =~ [f315.7/
3

ADB = VAR~ (0occr VZ
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For your reference, here is an excerpt from SOA’s notation document for the 2014 MLC Exam.

SOA Notation and Definitions (ALTAM 7/2023):

Universal Life

The following terminology and conventions will be used in examination questions. These are all
consistent with AMLCR, but may differ from terminology and conventions used in practice in
some cases.

(1)  Account Values (AV) are calculated at discrete, regular intervals. The question will
indicate the calculation period.

(i)  Premiums are paid at the start of each time interval, and benefits are paid at the end of
each time interval.

(iii)  Premiums are level and paid throughout the term of the policy, unless the question
explicitly states otherwise.

(iv)  The Cost of Insurance rate is the mortality rate used to determine the cost of insurance.
(v)  The rate of interest used to discount the mortality charge may be assumed to be equal to
the credited rate unless otherwise specified.

(vi)  Expense charges, credited interest rates, and other account value factors are assumed to
be constant throughout the term of the policy, unless the question explicitly states
otherwise.

(vil)  The Death Benefit at 7, DB, , is the amount of benefit that would be payable at 7 in the
event that the insured dies in the time interval that ends at 1.
(vii1)  The Additional Death Benefit at 1, ADB; , is the difference between the Death Benefit
and the Account Value at 7, i.e., ADB, =DB, — AV,
(ix)  Corridor factors set an age-dependent minimum Death Benefit at 7, in terms of the
Account Value at t. Specifically, given a corridor factor ¢, the Death Benefit at 7 must be
at least ¢ x the Account Value at .

(x)  Ifno corridor factors are stated in the question, assume the policy has none.

(x1) Type A UL policies have a fixed Death Benefit, unless the corridor factor minimum
death benefit applies.

(x11)  Type B UL policies have a fixed Additional Death Benefit, so the Death Benefit is the
sum of the pre-specified Additional Death Benefit and the Account Value, unless the
corridor factor minimum applies.

(xiii)  The Cash Value of the policy is the Account Value minus a Surrender Penalty if
applicable. Cash Surrender Value is an equivalent term to Cash Value and may also be
used on the exam.

(xiv)  Reserves are equal to Account Values unless a no-lapse guarantee applies, or unless
otherwise specified.

So, in particular, what SOA calls COl is calculated as follows:

— col
COI = x+t > Vto discount mortality charge X (amt of total DB above AVend)
"coI rate" ADBeng= (AVena— DB)
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Universal Life, More Examples

MOR 4e 16.1 (Modified to match SOA conventions.)

Fixed death benefit: 100,000 «— the base death benefit is called “face amount” for either type of
AV on April 30: 4000 UL policy.
May 1 contribution: 1000

Credited annual interest rate: 4.5% (effective)

Annual rate for discounting COI: 0% <« Recall that v*°! could be based on a different rate than the rate used
for crediting interest to the AV.

Monthly expenses: fixed expense of 40 and 4% of contribution
Monthly mortality for COL:  “g” =.0001
Surrender charge®: 10 per 1000 of face amount.

Outstanding loan balance: 500 on May 31

*The surrender charge can vary depending on the duration of the contract, and is likely to be
highest during the early years of the contract. Also called surrender penalty.

Find account value, cash value, and actual cash surrender value on May 31.

(oL

LA = (o AV 7 Crpess = v ((oooe~ A ) [Lous)™
e

s
(’*(000 41000 —]O — 0.0l ((oowo))(q..pqs) 4
NN ad AU; T e
1
— Ha27.95
DB

/
(E4
Swr Ao C(AW’J—E SC = “?_i?/ 4 ]OOOOD — 000

(000
T
Sc ?WLL

Coole Velwe = Fa11.55 —4(00073"[2765

T\
w = —~50¢
MO‘O\ T /(Ac('ual Cda!ngrW ver

— 23427.55
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*296. For two universal life insurance policies issued on (60), you are given:

(i) Policy 1 isa Type A Universal Life with face amount 100,000,
(i) Policy 2 is a Type B Universal Life with face amount 100,000,

For each policy:

(i)  Death benefits are paid at the end of the month of death.

(i1) Account values are calculated monthly.

(ii1) Level monthly premiums of ¢ are payable at the beginning of each month. Past
premiums may have been different from G, and may not have been the same for
both policies.

(iv) Mortality rates for calculating the cost of insurance:

a. Follow the Illustrative Life Table.
b. Assume UDD for fractional ages.

(v) Interestis credited at a monthly effective rate of 0.004.

(vi) The interest rate used for accumulating and discounting in the cost of insurance
calculation is a monthly effective rate of 0.004.

(vil) Level expense charges of E are deducted at the beginning of each month.

At the end of the 36™ month the account value for Policy 1 equals the account value for
Policy 2.

Calculate the ratio of the account value for Policy 1 at the end of the 37" month to the
account value of Policy 2 at the end of the 37" month.

(Use x L 1000 g,
60 8,188,074 13.76
63 7,823,879 17.88
64 7,683,979 19.52 )
nweed fws ( Loy = 837 i

uogy \
- Il,;;(/(ﬁ 2 ‘1(7/‘03) 3
(Lo
) A (o e G ol
A Stot

-2 onch A\/[lfo.ootvlfi] - (Sl_m_,‘-/A’U <+ G ,g)( |.ooq)_ .0l 49 (00000

— ~ Q.00 . ([D 000) o4
) ok AV (sw 6 g oot v, [t (1od)
N ek /’YU = (SL“J‘AU*("”g)U'OO({) ~ Q.00 ¢ -(0oooe

- rukw = lro.ool‘fﬂ
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Universal Life, More Examples

MOR 4e 16.1 (Modified to match SOA conventions.)

Fixed death benefit: 100,000 «— the base death benefit is called “face amount” for either type of
AV on April 30: 4000 UL policy.
May 1 contribution: 1000

Credited annual interest rate: 4.5% (effective)

Annual rate for discounting COI: 0% <« Recall that v*°! could be based on a different rate than the rate used
for crediting interest to the AV.

Monthly expenses: fixed expense of 40 and 4% of contribution
Monthly mortality for COL:  “g” =.0001
Surrender charge®: 10 per 1000 of face amount.

Outstanding loan balance: 500 on May 31

*The surrender charge can vary depending on the duration of the contract, and is likely to be
highest during the early years of the contract.

Find account value, cash value, and actual cash surrender value on May 31.
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*296. For two universal life insurance policies issued on (60), you are given:

(i) Policy 1 isa Type A Universal Life with face amount 100,000,
(i) Policy 2 is a Type B Universal Life with face amount 100,000,

For each policy:

(i)  Death benefits are paid at the end of the month of death.

(i1) Account values are calculated monthly.

(ii1) Level monthly premiums of ¢ are payable at the beginning of each month. Past
premiums may have been different from G, and may not have been the same for
both policies.

(iv) Mortality rates for calculating the cost of insurance:

a. Follow the Illustrative Life Table.
b. Assume UDD for fractional ages.

(v) Interestis credited at a monthly effective rate of 0.004.

(vi) The interest rate used for accumulating and discounting in the cost of insurance
calculation is a monthly effective rate of 0.004.

(vil) Level expense charges of E are deducted at the beginning of each month.

At the end of the 36™ month the account value for Policy 1 equals the account value for
Policy 2.

Calculate the ratio of the account value for Policy 1 at the end of the 37" month to the
account value of Policy 2 at the end of the 37" month.

(Use X L 1000
60 8,188,074 13.76
63 7,823,879 17.88

64 7,683,979 19.52 )
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UL. conclusion: Corridor factor requirements and UL profit testing

Example 1: DHW 2e Example 13.5 p. 457 (1e Supplement p.45): Project the account values
and cash values for a level-death benefit (“Type A”) UL Policy issued to (45) with corridor
factor requirement. Assume that interest is credited to the account at 4% per year.

/ o Face Amount $100 000

e Death Benefit Tyvpe A with corridor factors () applving to benefits paid in respect of

(\2@%\}1&’ deaths in the #th vear, as follows:
i 1 2 3 4 ] §] 7 5 ] 10
%b 7 \ék’ i [ i i ‘ L = L L ) [
— e | 2150 209 203 197 191 185 1.78 1.71 L6d 1.57

P
71N . .
Wy Yt [1500 146 142 138 134 130 128 126 124 1.24
UU"' ‘\‘%ﬁv ,,,\’j

Q&\V@; ¢ e Col based on: 120% of SSSM, 4% interest; the Col is caleulated assuming the fund earns

4 11 12 13 14 15 16 17 18 19 20)

x s . =
1. XKT‘»S“&W o 4% interest during the year. T Cl/"‘ - L ,1(5”‘” 1‘/001 - LCM‘"""Q . p.oY
oy . v
”‘&f U;L [N *"‘: e Expense Charge: 20% of first premium + $200, 3% of subsequent preminms.
) sp\»\(”"&'
(uos W“ﬂaﬂ}.ﬁol- Initial preminm: $3500).
S
(ii}:wﬂg;h& e Surrender Penalties:
Quﬂ‘\n}\% \MB Year of surrender 1 2 3-4 7T =8
koj_ax‘w Penalty 2500 %2100 51200 %600 50

(SSSM: qas) = .0006592 ; gpasy+1=.0007974 )
>S5

/3 oL Cor . c
" AV, - (/Jt\)o*”ﬂ— erp - Cf;ﬂ'\) L P8 - Av] )(m )
oj}:;iuk\;‘wy '—v—J
<\ N W\L cox
\ WY
Q/\PQ/,J \[5(\) — { 3600( 1-0.2) — 200 — [./)_(0-000(05‘41){ (00000 ’AU,S)({'C"/)
P\ :\’“\r&‘(‘q’d\ > LT
L‘\»‘*’S&w /A‘\}l [ - "(17,55*1531 = (3 Goo (-0 ~200) (1) —(.2 fg{:) TLZENS

- geb Ay, = 2620 47

\NLLC\ DR, ] (00000 3507 3 205 Ve Boo&% o Finit
COu T e A i

ver 4o W&

will ne

Cox =400 !
(C\j - IA\} _ ‘S('__ z ,J_koa"»"’i‘?‘ [LBUU =1Lb . 9%
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This page blank to leave space for your notes.

AV, - (262617 «3500((- 003)- 9 sy v (oomﬂ/iut))({.oq)

AVANSEs E (L6206 47 3smom)CLed) 1245, ©* Coooe)

7;[45]+|
5 Ay, = 6B
C\j\q}/u\ fDE)')‘ﬁ_ li)j_)_@f_'b P, 1(0“222\0? v C71oo«J ‘o continue

AV, T 6B



MA398 |158

Example 2:  Repeat Example 1, but change on/y the face amount of the policy. So...

Project the account values and cash values for a level-death benefit (“Type A”)
UL Policy issued to (45) with corridor factor requirement. Interest is credited at
4% per year.

New face amount: 5000
e Death Benefit Tyvpe A with corridor factors () applving to benefits paid in respect of
deaths in the #th vear, as follows:
i 1 2 3 4 ] b 7 5 ] 10
T | 2150 209 203 197 1.91 185 1.8 1.71 164 1.57

4 11 12 13 14 15 16 17 18 19 20)
7 | 160 146 1.42 1.38 1.34 1.30 1.28 1.26 124 1.24

Col based on: 120% of S5SM, 4% interest; the Col 1s caleulated assuming the fund earns

4% interest during the vear.

Expense Charge: 20% of first preminm + 5200, 3% of subsequent preminms.

Initial preminm: $3500).

o Surrender Penalties:
Year of surrender 1 2 3-4 7T =8
Penalty 82500 52100 S1200 %600 50

(SSSM: qas) = .0006592 ; gpas+1=.0007974 )

A\]lz (O « 26o0(1-02) - 200 - 7/';:;; \/601{600@_/4\)') (oY)

5 AU(C 170219

STOP Breo ket g Sederak (on

) _
DYy 90 - |55 ;/ 215 -
Ay Tt .
| R R
/—vu:x\

LeX OB = K MLWF"JE AU/
—H/wv\ 51)[% QE{ DB
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This page bla_’f‘_k__t.o-_l?_a,"Q_SpaG@féwaf—nm\ (1
- A \/‘ = (O + 3600( ( —o.’.q ~J200 — CLM)U @— /-W. [.0

T llﬁﬁ;(m—r)\ _ (36unto) 209 (140

S /A(\/t ~ 2700.84

5 D8z gqelsd 2t
= Hgog .3l
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Example 3:  Back to the setting of Example 1; i.e. $100,000 level death benefit. We computed
AV1=262697, AV>=6173.07,

Profit test:
{b) Profit test the contract using the basis below. Use annual steps, and deter-
mine the NPV and DPP using a risk discount rate of 10% per vear.

Assume e e A eetn b—)llto-+ ‘fJIL: c ;MOZ"‘L(J
& H4 o
¢ Level premiums of $3500 paid annually mady FW“ lees ok whet o> Goven polier
® o [nsurer's funds earn 6% per year.

oG Lof = 27

—
—

e » Policvholders’ accounts are credited at 4% per vear,
e Swurrenders ocour at year ends. The surrender rate given in the following table is the

proportion of in-force policyholders swrrendering at each year end

/\ L L -
' - .
Id e O Duration  Surrender Rate
i P !
1 at year end qirt_1

5
U\/LW“Z ,zl,: > 1 5% «— Note: DHW should have said
£ x¥ = ) 9 K 907 g™ is the independent probability that a
/ \( G = =41 policy surrenders (“independent surrender

\( 5 \ A c G-1101 35 rate”?), given in-force at year’s end.
w g .
S N || 10% : @ — g (@ i
‘ l oS¢ Note also: We have ¢ q' @ as there is
“ Q, 12-19 15%, no competition with the withdrawal
20 100% decrement during any policy year.
& L

o Mortality follows the Standard Select Survival Model.
(SSSM: ¢%4s) = .0006592 ; gusy+1=.0007974 )
e Incurred expenses are:

— Pre-contract expenses of 60% of the premium due immediately before
the issue date,

= Maintenance expenses of 2% of preminm at each premium date includ-
ing the first,

" — %50 on surtender,
— 3100 on death.
o The insurer holds reserves equal to the policyholder’s account value,

» Surrender charges are SCi=2500, SC, =2100 for surrender charges at times =1, 2.

The insurer 11{11{1:-; reserves {1{111:11 to the policyholder’s account value.
( ) ’Pr = '(chu- CO‘}“") = -0 ‘0{5500) = -2eo
’\/ ‘e Oj/msj ‘%tﬂ Vs © v »

?F, = ( 0+ 3500("0%?2))[ \‘9'0) - ‘1, [loamo +100) ut

Ay -sc =cV

GL W%}« 1/!1‘16%[ — CL[% [u,.ua q1- zsou+5,:>)
rd  (nee 11\

W v

6" (4s3~ [ c1/[45]11) CL [y53« \ H :
’C’_ A v — (06

et = (o

e
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AV, =V msurer's deaston A v ( AVgo ’)_T:'; * 5E;P>
_ - 07~
Ve, = | 202647 % 3‘500("0'@) (i '0“’3 Vresyu ( ‘03(330) 4w L 17

7_\/’/ AUL
g L tmer )
L5k (OHB' o1

= 13



2o

MA398 |162

We get the following profit vector (Pro, ..., Pr2):

Pr,

—2100
1067
213
268
342

1839
—12% Recall: SSSM: ¢us; = 0006592 ; g%usy1

Show how to compute the profit signature and NPV at 10% hurdle rate.

/W,/,/Pr—*zu)@ /U/OU:
D L]
— 1067
‘T((__, ?(l o “,J P
)
= fuey T = fyss C" SR

- ((w %[qu : ‘7/[‘{53) /Prl
©
= ’)_/ﬁ_‘fsz)@rg - /f[_qgj ’P[‘{SCH.‘ @rzr_ Zb{q

tace oumt

If time: How do the recursions change for a policy with D.B. = 100,000 + AV,?

_ U T - ere— ’Eiﬁq Ucol(lODOCD) (l’ftc)
AU‘t [/(' €~ o ‘i}n ¢ ﬁ QA"}BI

e
//ﬂji' CoT
(Pf t - (’t“ \/ T *C&P)(I‘*l “5::{,> 7,[x3+e ! ( (ocoeo +AU )

- ‘me ( é\H e,ﬁPj

()

- ?mfe 4 U }/

Reading: DHW3e Sections 1.4, omitting subsection 1.4.3
HW: You may now attempt the suggested exercise at the end of this UL notes.

Suggested ALTAM Problems (Canvas): 50a, 52, 53, 54

Il

=.0007974 ; ¢"™[451 = .05; q' "1as1+1 = .02 )

20

5 vt

t=o

— 102.2'7

w. Lk
Type B w <

Lmswf‘ _3

ogccs BN
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DHW 3e 14.3.7 — UL policies with no-lapse guarantees

Context: Consider a fully discrete Type A policy (level death benefit = S) with annual cash

flows.
Excerpt from DHW 2e, p. 446:

An additional feature of some policies is the no-lapse guarantee, under which the death
benefit coverage continues even if the account value declines to zero, provided that the
policyholder pays a pre-specified minimum premium* at each premium date.

This guarantee could apply if expense and mortality charges increase sufficiently to
exceed the minimum premium. The policyholder’s account value would support the cost
of the death benefit until it is exhausted, at which time the no-lapse guarantee would
come into effect.

*This pre-specified premium can, in some policies/contracts, be as low as 0 after the
policy has been in force for a specified amount of time.

Reserving is the main issue that DHW considers in this context (p.462):

Example: DHW 2e, p. 462:

Suppose the Type A UL policy has been issued to (x) and has been in force for ¢ years.

Suppose this policy has a no-lapse guarantee, in this particular case allowing the
policyholder to cease premiums and still maintain their death benefit insurance.

Note: Such a feature usually wouldn'’t kick in until the policy had been in-force for a specified
number of years.

EPViime : [Death Benefit] = S Ay+..
Account value = /AV.
If /AAV>S A+ , then the account value is enough of a reserve.

If /AV <S A,+, then additional reserving to support the no-lapse guarantee is needed.

Deﬁne tvNo—Lapse—Guarantee — zVNLG _

VNG s referred to as the reserve for the no-lapse guarantee.
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Example Same setup, but with a variation: The no-lapse guarantee expires at
time n (age x + n).

EPViime : [No-Lapse Guaranteed Death Benefit] = S A 1

x+t : n—t] ’

Account value = /AV.

e [f, AV>SA L then the account value is enough of a reserve.
x+t i n—

e [f,AV<SA L then additional reserving needed to support the no-lapse guarantee.
x+t i n—

Define tvNo-Lapse-Guarantee — tVNLG —

Example: May 2012 MLC #27
27.  For a universal life insurance policy with death benefit of 100,000 on (40), you are given:
(1) The account value at the end of year 4 is 2029.
(i) A premium of 200 is paid at the start of year 5.
(iii)  Expense charges in renewal years are 40 per year plus 10% of premium.
(v} The cost of insurance charge for year 5 is 400.
(v) Expense and cost of insurance charges are payable at the start of the year.

(vi)  Under a no lapse guarantee, after the premium at the start of year 5 is paid,
the insurance is guaranteed to continue until the insured reaches age 49.

(vii)  Ifthe expected present value of the guaranteed insurance coverage is
greater than the account value, the company holds a reserve for the no
lapse guarantee equal to the difference. The expected present value is
based on the [ustrative Life Table at 6% interest and no expenses.

Calculate the reserve for the no lapse guarantee, immediately after the premium and
charges have been accounted for at the start of year 5.
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Suggested ALTAM Problems (Canvas): 50a, 52, 53, 54

Suggested HW exercise:
Recall: profit margin is defined to be (NPV + EPV(Premiums)).
Note: “COl rate = .022” is telling you ¢x = .022 used in computing the cost of insurance.

18. (13 points) A life insurance company issues a Type B universal life policy to a life
age G0. The main features of the contract are as follows.
Premiums: 3,000 per vear, payvable vearly in advance.
Expense charges: 4% of the first premium and 1% of subsequent premiums.

Death benefit: 10,000 plus the Account Value, pavable at the end of the vear
of death.

Cost of insurance rate: 0.022 for 60 < = < 64; discounted at 3% to start of
policy vear.
Cash surrender values: 90% of the account value for swrrenders after 2 or 3

vears, 100% of the account value for surrenders after four years or more.

The company uses the following assumptions in carrving out a profit test of this
oontract.

Interest rate: 6% per year.

Credited interest: 5% per vear.

Survival model: ggpee = 002 for ¢t =10,1, 2, 3.

Withdrawals: None in the first three vears; all contracts assumed to surrender
at the end of the fourth vear.

Initial expenses: 200 pre-contract expenses.

Maintenance expenses: 50 incurred anmmally at each premium date including
the first.

Risk discount rate: 8% per vear.

There are no reserves held other than the account value.

(a) (4 points) Show that the projected final account value for an insured surren-
dering at the end of the fourth vear is 12,365 to the nearest 5.

(b) (7 points) Calculate the profit margin for a new policy.

(¢} (2 points) Caleulate the NPV for a policy that is surrendered at the end of the
second year.

SOA’s Solution, next page.



18. (a)

(b)

AV = (3,000 (0.96) = 10, 000({0.022)v45,) (1.05) = (2, 880.0 — 213.59) (1.07

AV = (2,799.73 4 3,000(0.99) — 213.59) (1.05) = 5.833.95
AV = (5,833.95 4 3,000(0.99) — 213.59) (1.05) = 9, 019.87
AVy = (9,019.87 4 3,000(0.99) — 213.59) (1.05) = 12, 365.10

Profit test table: (note, numbers rounded for presentation)

t AV P Exp
0 - - 200
1 03,000 a0
2 2800 3,000 50
3 5834 3,000 50
4 9,020 3,000 a0

EPV of premiums is

Int

LD
L |
=] o =3 |

=] <

oo

EDBE
2506
317
3800
447

ESB

12,118

EAV;

14
7

o ba

=] =1

5.71
830

o0

5

PJ":
=200
127.27
G0.76
91.12
122.96

3,000(1 + 0.98vsg + (0.98vsg)” + (0.98vs%)" ) = 10, 433.84

Hence, the profit margin is

NPV 123.42

EPV Prems  10.433.84

=1.18%

Now there is no uncertainty with respect to survival,

The NPV 1=

PV initial expenses
PV profit in first vear ((3, 000 = 50)(1.06) = 2, 799.73) = 327.27
PV profit in second year ((2, T99.73 4 3, 000 = 50)(1L.06) — 0.9(5, 833.95)) = 844.16
= NPV = =200+ 327.2Tvgy + 844. 1605, = 826.76

= =200
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o
o
Il
_I:\.-'
=]
w0
=}
=]
o

NPV(t)
-200
-82.16
-31.11
38.35
123.42
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DHW3e Chapter 15, Part 1 — Equity Linked Insyrance — Deterministic Methods
¢ ARA Varehole Awninly (US), Seqreqaks Fund ’H:l:c( (CAN)

e “Equity-linked insurance — an example of insurance contract in which the main purpose of
the contract is investment.

e DHW3e p.571: Includes a death benefit, predominantly as a way of distinguishing from
pure investment products, but designed to emphasize investment opportunity, with a view
to competing with pure investment products sold by other financial institutions.

e Premium paid goes two places:

o Allocated premium (AP) — goes into an investment account owned by the
policyholder (managed by insurance company). Account invested in a fund that is
selected by policyholder. Variations of the symbol F; are used for the time-¢ value
of this fund.

o Unallocated premium (UAP) — the remainder of the premium, which goes to the
insurer’s funds.

AP eredikd b PH aeck

(ﬁm\“ﬁ\"\""“\) UAT  kept by nswres
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Fr; = Tumd

DHW3e Example 15.1

A 10-year equity-linked contract issued to (55).
Annual premium 7 = 5000
Expenses deducted by insurer: 5% of first premium and 1% of subsequent premiums.

So allocated premium APy = 4750 and APi> = M
and unallocated premium UAP = 250 and UAP>; = &

At the end of each year, the policyholder is charged a management charge (MC) of .75% of policyholder’s
fund, which is transferred to the insurer’s fund.

Death benefit is equal to 110% of the policyholder’s fund at end of year of death, less that year’s end-of-
ear management charge. —~
y g g Mc£ - 0.0075% f'—t

Cash value (amount the policyholder can keep if surrenders contract): Value of fund at the end of year of
surrender after the management fee has been deducted.

Maturity value with Guaranteed Minimum Maturity Benefit “GMMB”:
If contract held to maturity date, policyholder receives the greater value between value of fund and total of

premiums paid.

Project the year-end fund values for the policyholder’s fund for a contract that remains in-
force for 10 years. (Notation: F,, F..)  Assumptions: Fund earns 9% interest per year.

0 Y750 |09
MC; F

b E —,(TFO + /{?,Hl ﬁ) —~ MC,

38.83 5138.67
82.47 417
1091417 Q.00 75F‘

129.69 17 162.26 |

180.77 23921.60 - O-OD?S{F; -+ Ar’?‘)
236.03 11234.01
295.80 30 144.77 .
360.47 47702 .83 - Sl }8'”7
130.44 56961.14
S506.12 66977.00

s F s (Bt AR (14)- Mea
5138 4950  |.oq
= (F‘ ’(’A"(\)Q_)(l -!’L) ( (- 0.0079) =oUY.17

IO‘II‘/ 'ﬁs\

— 2.2b
[’5" ng A’P3 [7['0

(;;,:]( |-o0-00 75) =
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_— next pege

b. Compute the profit vector, profit signature, agd NPV at 15%using the following profit test assumptions.
(Deterministic profit testing.)

Pr;

1 0
e Interest for policyholder fund: 9% per year. —650.00

sv{ w.\.\n\d“’a e Survival model: q(d) =.005 for all x = 55, 56, ... , 64 301.2¢
lef e Lapses: B :
L o 10% of (lives in-force at year end) surrender in the 1 year. 103.52
() o 5% of (lives in-force at year end) surrender in the 2™ year. 147.61
= ( (-0 “’5) ol o No lapses after the 2" year. 95 3

6% ] )3 e ]
(9 o  All surrenders assumed to occur after MC is deducted. 146,91
‘L‘;b: U~0.00’5\' 095 e Initial expenses: 10% of first premium, plus 150. So, $650 total. ;(]".7 R
L_J e Renewal expenses: .5% of second and subsequent premiums. So, $25 each. bkl
A g e Interest for insurer fund: 6% per year. 363.12
? ‘lf e Noreserves. &> DB o o less PU mect UWL"& 428.46
(w) oAread + 499.14

_ SO W av\uf e '-/ eX.stS
75—“1; =0 60 575.60

P = ~b5e
ya S0 V4 [.06 38.823

o
cost o€ deth (L) (D 7 -
$M,L‘“SW R {W' F“) ~Tss [ﬁ) — /'Q.‘;s(M = 3ol 26
s 0.005 O.l(SlBZ.(:.?) SN /’7
ot
\j UAP ’EF( AR ML,y \0%¢ &

(O ( 0+90-29 ([o(a) gLy - ‘Lsu "Lo1-0ad) = 103 52

T - (01502100 ¢ 8¢ 48 (o1 7%2) 557 ()
\O

c. Suppose we project the policyholder’s fund using a much lower earnings rate, such that F;o turns out to be
$44,000. Write an expression for Prip under these modified assumptions.

jl/:,ecﬂ o

|

Pe o (o t Go- l.6> ( l~0‘0) + 5%‘6 CLH (0 Y000 G;I‘J/IMB

N —F

'(\Mb (l Ooo© - 0\
e g, Slgen e

T—__ ) Ct=te
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DHW3e Example 15.2 A 5-year equity-linked insurance policy issued to (60)

e The single premium is $10,000. The insurer deducts an expense charge of 3% and invests remainder in
policyholder’s fund.

So AP= and UAP =

e A management charge (MC) of .06% is deducted from policyholder’s fund at start of each subsequent
month and transferred to the insurer.

e Death benefit: 101% of all money in the policyholder fund,
or guaranteed minimum death benefit (GMDB) of 10,000x 1.05'~? for ¢-th year;
paid at end of year.

e Cash Values / Surrender benefits: 90% of fund value during 1° year; 95% during 2™ year; 100% after 2
years.

e  Maturity guarantee (GMMB): If contract held to maturity date, policyholder receives money in the fund
with guarantee that payout not less than 10,000.

Test profitability (which includes determining fund values F;) at under the following profit test assumptions:

e Survival model: Constant u®@ =.006 so that ;,1,p, = e2°%/1% ~ 9995

e Lapse rates: Surrender can only occur at end of month. Given an in-force policy at month’s end, probability
that policy is surrendered is .004, .002, .001 for the 1%, 2", 3" years, respectively.

e Interest: 8% for policyholder fund, 5% for insurer’s fund

e Insurer expenses:

Initial: 1% of the single premium plus $150 (so $100 + 150 = $250)

Renewal: After 15 month: payable at start of month .008% of single premium plus .01% of
policyholder’s fund at end of previous month. (So $0.80 +.01% of previous month’s
ending fund value)

e Risk discount rate: 12%



Table 15.4 Deterministic projection of the policyholder's fu;d

for Example 15.2.

t AP, Fio1 MC, Fi GMDB

B 9700 0.00 000 976241  10000.00
7 0 976241 586 981933 10000.00
R 0 9819.33 589 987657  10000.00
s 0 987657 593  9934.16  10000.00
5 0 9934.16 596 999207  10000.00
B 0 999207 600  10050.33  10000.00

1 0 10346.74  6.21 10407.07 10000.00

15 0 1040707 624  10467.74  10500.00
2 0 1109429 666 1115897  10500.00
275 0 1115897 670 1122403  11025.00
3 0 1189585  7.14 1196520  11025.00
315 0 1196520 7.8 1203496  11576.25
4 0 1275532 765 1282968  11576.25
4 0 1282968 770 1290448 1215506

5 0 13676.89  8.21 13756.62 12 155.06
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Table 15.5 Deterministic projection of the insurer’s fund for Example 15.2.

I UAP,; MC; E; I EDB; ECV; Pr;

0 0 000 25000 000  0.00 0.00  —250.00
b 300 0.00 080 122 042 -390 304.20
& 0 58 178 002 009 393 7.93
i 0 5.89 178 002 006  -395 8.01
. 0 5.93 179 002 005  -397 8.08
s 0 5.96 179 002 005  -399 8.13
1 0 600 180 002 005  -4.02 8.18
! 0 6.21 183 002 005 416 8.50
115 0 6.24 184 002 005  -1.05 5.42
2 0 6.66 191 002 006  —1.12 5.83
21 0 6.70 192 002 006 0.00 474
3 0 7.14 199 002 006 0.00 5.11
35 0 7.18 200 002 006 0.00 5.14
4 0 7.65 208 002 006 0.00 5.54
44 0 7.70 208 002 006 0.00 5.57
5 0 8.21 217 002 0.00 0.00 5.99
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P cg e mmm ey

Table 15.6 Calculation of the profit signau]re for Example 15.2.

-

Probability
t Pr, in force @t = 5 I,

0 ~250.00 T0600_ ~250.00
s 304.20 1.0000 304.20
B 7.93 0.9955 7.90
i 8.01 0.9910 7.94
& 8.08 0.9866 7.97
& 8.13 0.9821 7.98
. 8.18 0.9777 8.00
[ 8.50 0.9516 8.09

|
I 542 0.9492 5.14
2 5.83 0.9235 5.38
275 474 0.9221 437
3 5.11 0.9070 4.63
315 5.14 0.9056 4.66
4 5.54 0.8908 4.93
1
a4 5.57 0.8895 4.96
5 5.99 0.8749 5.24

At risk discount rate 12%,

60
NPV =Y T, (1+ P~ = $302.42.
k=0
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Stochastic Techniques in Equity-Linked Insurance

DHW3e Example 15.1

e A 10-year equity-linked contract issued to (55).
e Annual premium 7 = 5000
o Expenses deducted by insurer: 5% of first premium and 1% of subsequent premiums.

So allocated premium AP = and AP;>; =
and unallocated premium UAP — = and UAP > =

e Atthe end of each year, the policyholder is charged a management charge (MC) of .75% of policyholder’s
fund, which is transferred to the insurer’s fund.

e Death benefit is equal to 110% of the policyholder’s fund at end of year of death, less that year’s end-of-
year management charge.

e Cash value (amount the policyholder can keep if surrenders contract): Value of fund at the end of year of
surrender affer the management fee has been deducted.

e  Maturity value with Guaranteed Minimum Maturity Benefit “GMMB”:

If contract held to maturity date, policyholder receives the greater value between value of fund and total of
premiums paid.

a. Use Excel to project the year-end fund values for the policyholder’s fund for a contract that remains in-
force for 10 years. (Notation: F,, F..)  Assumptions: Fund earns 9% interest per year.

b. Compute the profit vector, profit signature, and NPV at 15% using the following profit test assumptions.
(Deterministic profit testing.)

e Interest for policyholder fund: 9% per year.
e  Survival model: q)(cd) =.005 for all x =55, 56, ... , 64
e Lapses:
o 10% of (lives in-force at year end) surrender in the 1 year.
o 5% of (lives in-force at year end) surrender in the 2" year.
o No lapses after the 2™ year.
o  All surrenders assumed to occur after MC is deducted.
o Initial expenses: 10% of first premium, plus 150. So, $650 total.
e Renewal expenses: .5% of second and subsequent premiums. So, $25 each.
e Interest for insurer fund: 6% per year.

® No reserves.
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Instead of x 1.09 for the policyholder fund, we simulate a random accumulation factor Rj;-1, g

for each interval.

For this example, we assume Ry 1, is lognormally distributed with parameters

©= 1n(1.09 —%(.15)2) (1) and o=.15.

Note: For a lognormal r.v. R, the symbols p and ¢ are not the mean and stdev of R.

Rather, they are the mean and stdev of In(R).

12
E[R] turns out to be e**27",

Simulate NPVisy, and Future Losses (def’n |) Lev

Monte Carlo simulation of # = 1000 NPVs |

Table 15.8 Results from 1 000 simulations
of the net present value.

E[NPV]
SD[NPV]

95% CI for E[NPV]

5th percentile
Median of NPV
95th percentile

N— ::41/ nA r,\.;r- 'l}? S

N* #(GMMB

ANPY)

Ve

380.91
600.61
(343.28,417.74)
-859.82
498.07
831.51

87

')
—~
~
Vi
-
—
ce
O
|




Some Uses of Monte Carlo Simulation Methods

Stochastic Pricing

(DHW p.589) Modify design of contract such that, at 15%,
e NPV is + at bottom 5" percentile point
e E[NPV]is > 65% of the $650 acquisition cost
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Here are four (separate) suggested modifications to the original equity linked contract:

(1) Increasing the premium from $5000 to $5500, and hence increasing the
GMMB to $55 000 and the acquisition costs to $700.

(2) Increasing the annual management charge from 0.75% to 1.25%.

(3) Increasing the expense deductions from the premiums from 5% to 6% in
the first year and from 1% to 2% in subsequent years.

(4) Decreasing the GMMB from 100% to 90% of premiums paid.

In each of the four cases, the remaining features of the policy are as described
in Example 15.1.

Table 15.9 Results from changing the structure of the policy in

Example 15.1.

Change
Increase P Increase MC Increase UAP Decrease GMMB
(1) (2) (3) 4)
E[NPV] 433.56 939.60 594.68 460.33
SD[NFPV] 660.67 725.97 619.75 384.96
95% CI (392.61.474.51) (894.60, 984.60) (556.27, 633.09) (436.47, 484.19)
5%-ile —-930.81 —-617.22 —724.40 145.29
Median of NPV 562.87 1 065.66 721.74 500.00
95%-ile 929.66 1625.44 1051.78 831.51
N™ 86 78 80 46
N* 897 882 894 939
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Stochastic Reserving

(a) VaR reserving

e Value at Risk (VaR) — Example:
e Set up a 95% quantile reserve — Simulate e.g. N = 1000 values for future loss L, and find

the loss amount for which it appears that Pr[L < amt] = .95.

DHW simulated $1259.56, so after acquisition costs are paid set aside oV = $1259.56 per policy.

Re-evaluate at time 1, and could set 1V equal to ¢V. Considering expected future losses and
whether current reserve was/seems to remain sufficient (or now seems excessive).

Calculations by the authors, with N = 1000 and j = 0.06, gave a value for

oV of $1259.56. Hence, if, after paying the acquisition costs, the insurer sets
aside a reserve of $1259.56 for each policy issued, it will be able to meet its
future liabilities with probability 0.95 provided all the assumptions underlying
this calculation are realized. These assumptions relate to

expenses,
lapse rates,

the survival model, and, in particular, the diversification of the mortality risk,
the interest rate earned on the insurer’s fund,

the interest rate earned on the reserve,

the interest rate model for the policyholder’s fund,

the accuracy of our estimate of the upper 95th percentile point of the loss
distribution.
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(b) CTE reserving

e Conditional Tail Expectation (CTE), Tail Value at Risk (TVaR), Expected Shortfall —
Example

e Setup areserve at time 0 if the 50 worst (highest) simulated values for L ranged from
1260.76 to 7512.41 and had mean 3603.11.

Remarks: DHW32:

(1)
The CTE reserve was estimated using simulations based only on information available at the
start of the policy.

(2)
In practice, would update the CTE reserve regularly, perhaps yearly, as more info becomes
available, particularly about the realized value for Ry +1.

3)

Holding a large CTE reserve, which earns interest at a lower rate than the risk discount rate, and
which may not be needed when the policy matures, will have an adverse effect on the
profitability of the policy.



MA398 [179

Review topics for MA 398 final exam (Note: This is a 2-page document)

DHW 3e 8.1-8.3: Probabilities and present values for insurance payments/continuous
annuities in a continuous multi-state model. See esp. quiz and midterm problems. Includes
multiple decrement models and permanent disability models (esp. constant forces)
Maximum likelihood estimation of transition forces under constant forces assumption.

DHW 3e Ch. 8: Present values of benefits and premium streams in a fully discrete multi-
state model. See problems from notes, quizzes, midterm (recall the matrix-style
presentation of transition probability data)

DHW 3e Ch. 11 (2e Ch. 10) Using a salary scale. See, e.g., the homework problem from
notes.

DHW 3e Ch. 11 (2e Ch. 10) Projecting the value of the retirement fund in the context of a
defined contribution plan, amount of annuity income, replacement ratio. Can include
reversionary annuities as well as life annuities with a guarantee period (during which the
annuity is an annuity certain and not life contingent).

DHW 3e Ch. 11 (2e Ch. 10) Computing actuarial liability and normal cost in a final-salary-
style defined benefit pension plan. Be able to use either the projected unit method or
traditional/current unit method. Similar to review problem & problem covered in lecture.
(I’1l ask about AL at an age that is well before retirements are possible/permitted)

DHW 3e Sec. 11.12 Computing actuarial liability in a retiree health plan (consider
inflation, age cost factor, discount factor)

DHW 3e Ch. 13 (2e Ch. 12) — The basics of profit testing:
o Calculating Pr; for the #" year, given premium/contribution, expenses, previous
reserves, reserves to set up, mortality info, etc.
o Using mortality info and a given profit vector to compute a profit signature.
o Obtaining a NPV of a contract from a profit signature at a specified hurdle rate.

DHW 3e Ch. 14 — Projecting account value for UL and profit testing type-A or type-B.

DHW 3e Ch. 15 — Equity-linked insurance: Computing policyholder’s projected fund
value after management charge; computing Pr; and I1; for insurer in a profit test.

We’ve covered a lot! I'll try to keep things straightforward and unambiguous. The exam will
probably be around 20-30% pre-midterm material and the rest drawn from more recent material.

I will not ask anything outside of what’s listed above. If you see a formula on the review problems,
I will supply that formula in the exam.
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MA398 Final Exam Review
1. Consider an employee a defined contribution plan.

Her salary during the year [27, 28] was $55,000, and she began contributing to her
retirement fund at the end of that year.

a.  Project the value of the retirement fund at retirement using the following assumptions:
e She retires at exact age 60.0.
e She contributes 5% of each year’s annual salary at the end of the year.
e Her salary increases by 2% on her birthday each year.
e Money invested in the retirement earns 9% effective per year.

b.  Upon retirement, the employee plans to purchase a fully discrete whole life annuity due
with level payments of X, and with payments guaranteed for 10-years. (Take the view
that it’s a 10-year annuity certain with a 10-year deferred life annuity.)

The annuity is priced using i = 6% with d,q = 9.5 and 1¢pgo = .98. Use (a) to project
the value of Xif the retiree spends the full account value to purchase this annuity
product.

c.  Find the replacement ratio using the assumptions in (a) and the projected annual annuity
income payment X in (b).



2.

Data:

Note:

MA398 |181

Consider the following excerpt from a pension service table.

exact exact

(Key: sx = salary scale; re“““ and 165*“ are expected numbers of age-retirements at
exact ages 64 & 65; res is expected number of age-retirements at exact age 64.5)

X Ex 'y d)(c_lz)
45 1,000,000 0
p4exact 5,000 given
64 4,000 given
65exact 40,000 40,000 given

(1) A 45-year old employee has a final-salary-style defined benefit pension plan
allowing age-retirement only at ages 64, 64.5, or 65.

(11) She earns 60,000 during [44, 45].

(111)  Salaries are projected using s, = (1.04)”

(iv)  She has accumulated 15 years of pensionable service by age 45.

(v) The plan has an accrual rate of 1.5%, that is, the annual pension benefit is defined
to be 1.5% of (salary in final year of employment) per year of service. There is no

penalty for retiring at age 64 or 64.5. Pension benefits are paid monthly in advance.

Give an expression for the actuarial liability (i.e. reserve for pension benefit liability) at

age 45 using the projected unit approach. (Your expression will be in terms of

502

x ~andv.)

Show how to find the normal cost in (a).
Give an expression for the actuarial liability using the traditional/current unit approach.

Show how to find the normal cost in (¢).

In both cases the accrual factor used to compute ALy is multiplied by the number of years worked
by age x (not the number of years that will have been completed by retirement). The only liability
that has actually accrued by age xis the result of employee work actually completed by that time.)
The difference between (a) and (b) is in the way that the ‘‘final salary” is projected.

PUC: use projected future final salary. TUC: use current/most recent salary.
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3. Consider the problem of reserving for retirement health benefits for a 50-year-old
employee. Make the following assumptions:

e Today, when the employee is exactly 50 years old, the premium to purchase one-
year of coverage for a 60-year-old is $10,000.

e At any point in time, it costs 2.5% more to purchase a year’s coverage for a 61-
year-old than for a 60-year-old, 2.5% more to purchase coverage for a 62-year-old
than for a 61-year-old, etc. (2.5% more to purchase coverage for an (n + 1)-year
old than for an n-year-old for each integer n > 60.)

e For each fixed n = 60, 61, ..., the premium to insure an n-year-old increases by
5% every year due to inflation.

e The effective rate of interest is i = 4%.

e Out of £so = 100 fifty-year-olds, we expect 75yt = 30 retirements at age 60 and

rEEt = 45 retirements at age 65. No other retirements are expected.

a. Write a “term-by-term” expression for the actuarial value of total health benefits
for a single 50-year-old employee.

b. Identify coefficients and a decimal number j for which the expression in (a) can
be written in the form

(coefficient) (Ggo@j) + _ (coefficient) (Ges@;)

Y ou should accomplish this by rewriting (a) in terms of life annuities with level
annual payment amounts, discounted at a different rate j. Identify the coefficients
and the rate .
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Consider a fully discrete 5-year term life insurance policy on (60).

Project the profit Pr4 emerging at time 4 for a policy that is in-force at time 3. under the
following assumptions:

3V =1500

n=3000

The insurer experiences expenses at time 3 of 5% of the premium.
Interest on invested premium and reserves is 4.5%/year.

The death benefit is 500,000.

qe3z = -002

4V =1500

A four-year term insurance policy on (60) has profit vector

(Pro, 100, 200, 300, 400).

Assume the survival model ;pgo = 1 —.001¢t for7=0, 1,2, 3, 4.

The acquisition cost per policy is $1000.

Find the profit signature and compute the NPV at hurdle rate 10%.
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Consider a fully discrete 10-year equity-linked contract issued to (40).

Determine the time-5 management charge and the fund balance after the management
charge is deducted for a contract that remains in-force at time 5. Assume the following:

e The insured party’s investment fund balance at time 4, immediately before premium
payment, is $24,100.

e Attime 4, the insured party pays a premium of $5000. 95% of the premium is allocated
to the policyholder’s investment fund, and the unallocated portion of the premium is
transferred to the insurer.

e The fund earns 12% interest per year.

e At the end of each year, a management charge equal to .1% of the fund value is
transferred to the insurer.

Project the profit Prs emerging for the insurer for a contract that is assumed to be in-force
at time 4. Assume:

e The insurer has expenses of $10 due at the time the premium is paid.

e The insurer’s funds earn 6% per year.

e The death benefit for each year is equal to 125% of the fund balance after the
management fee has been deducted.

o q44=.0005.

e The cash value (for surrendered policies) is equal to the year-end account value
immediately after the management charge has deducted.

e Reserves are 0.

Compute the element 7s of the profit signature under the following additional
assumptions:

e The mortality decrement is modeled by g0+, =.0005 fort=0, 1, 2, 3,4, 5.
e During the first year, 10% of those who survive to the year’s end will choose to
surrender their policies. No other surrenders occur.

(Do not compute the entire profit signature.)
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Consider a continuous multistate model with the following states:
0 — healthy 1 — permanently disabled 2 —dead

Suppose that p°!, n%, and p'? are constant forces of transition, and that these are the only
transitions possible.

a. Find the probability that a healthy person dies within 5 years. (Just set up the
integral(s)—you do not need to simplify at all.)

b. Find the expected present value of a 5-year term insurance of 100 issued to a
healthy life. Assume that the force of interest is a constant 5. Again, do not
simplify the integral(s).

c. Find an expression for the probability that a person who is healthy at time 0 is in
the disabled state at time 5.

d. Find an expression for sp2°.

Fork=0,1,2, pi’;rk is given by the i, j entry of

.8—.05k .1 .1+4+.05k
.2 .6 .2 . (0 — healthy; 1 —sick; 2 — dead)

Find EPV of death benefit of B for a 3-year term insurance policy on (x), assuming a start
in State 0. (Make a tree!)
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0. Consider a temporary disability model with states
0 = healthy, 1 = temporary disability, 2 = dead.

Assume constant forces of transition between integer ages, and consider the following
individuals:

e A dlsableii( 40-year-old who became healthy at age 40.5 but then died at age 40.6.
(¥ ({0 S

17— @ i)

e A healthy 40-year-old who remained healthy the whole year.
Yo

Y/
2] >\
e A healthy 40.8-year-old who remained healthy for the rest of the year. This

person was not under observatlon prior to age 40.8.
Yo g

(o) — &

e A healthy 40-year-old who became disabled at age 40.1 and then died at age 40.5.
4o ©y. ¥0s

o) — W—>{D

Estimate the transition probabilities u33 and ui3. (The MLE estimate for ,ui];), i#J],18

. N3 # transitions i—j
given by ,114]0 = J )

Total of all time spent in (i)

AT
/l/(% = earled ‘/Vl‘{t’)k”/*.?)
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10 Universal life insurance. Assume that reserves are set equal to account values.

Assume that withdrawals occur at the end of any year with independent rate 4%.

(a)

(b)

For a Type A product with 100,000 level death benefit:

tAV =

tPI' =

For a Type B product with face amount 100,000 (so d.b. = 100,000 + ;AV)

cw: If needed, just say how to modify (a).

tAV =

tPr =
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MA398 Final Exam Review

1. Consider an employee a defined contribution plan at exact age 28,
Her salary during the year [27, 28] was $55,000.

a.  Project the value of the retirement fund at retirement using the following assumptions:
+ She retires at exact age 60.0,

She contributes 5% of her annual salary at the end of each year. Y

®  Her salary increases by 2% on her birthday each year.—> S, = (Lo2y

Money invested in the retirement earns 9% effective per year.

b.  Upon retirement, the employee plans to purchase a fully discrete whole life annuity due
with level payments of X, and with payments guaranteed for 10-years. (Take the view
that it’s a 10-year annuity certain with a 10-year deferred life annuity.)

The annuity is priced using i = 6% with d;y = 9.5 and 1ypge = .98. Use (a) to project
the value of X if the retiree spends the full account value to purchase this annuity

product.

¢.  Find the replacement ratio using the assumptions in (a) and the projected annual annuity
income payment X in (b).

F1]
LA . : \
& Gs(stom‘}(r.oq}n +  ,05(55000 % Lo¥)clon)  + 0555000 (1O )().09)

£t (337_"" Lepn)

2 1 =~ (lozsl00)’3 A o Terwm
- 'OEKSQDG‘Q‘J(I{_G”;H e — For each
4 = (rer r108) )
Year o
= gqqi—c’gz,&l ________ o {_?_'9) !‘9‘}
— ) i
— -
@ 599, ¥4%2.02 = X"(qm + ru"!'_(,,..q’)c.)
L T
] [}
Hu:h.*luf e cﬁn\i:*q‘g
B I [ —_—
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2. Consider the following excerpt from a pension service table.
(Key: sz = salary scale; rss™* and rss*™ are expected numbers of age-retirements at
exact ages 64 & 65; rgs is expected number of age-retirements at exact age 64.5)
X F< e &(121
45 1,000,000 0
G4 exact 5.000 given
od 4,000 not given
1 40,000 40,000 given
Data: (i) A 45-year old employee has a final-salary-style defined benefit pension plan
allowing age-retirement only at ages 64, 64.5, or 65.

(i)  She earns 60,000 during [44, 45].

{(iii)  Salaries are projected using s, = (1.04)"

(iv)  She has accumulated 15 years of pensionable service by age 45.

(v) The plan has an accrual rate of 1.5%, that is, the annual pension benefit is defined
to be 1.5% of (salary in final year of employement) per year of service. There is
no penalty for retiring at age 64 or 64.5. Pension benefits are paid monthly in
advance.

a. Give an expression for the actuarial liability (i.e. reserve for pension benefit
liability) at age 45 using the projected unit approach.
b. Show how to find the normal cost in (a).
c. Give an expression for the actuarial liability using the traditional/current unit approach.
d Show how to find the normal cost in (c).
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3. Consider the problem of reserving for retirement health benefits for a 50-year-old
employee. Make the following assumptions:

*»  Today, when the employee is exactly 50 years old, the premium to purchase one-
vear of coverage for a 60-year-old is $10,000.

* At any point in time, it costs 2.5% more to purchase a vear’s coverage for a 61-
year-old than for a 60-year-old, 2.5% more to purchase coverage for a 62-year-old
than for a 61-year-old, etc. (2.5% more to purchase coverage for an (r + 1)-year
old than for an n-year-old for each integer n = 60.)

* For each fixed n =60, 61, ..., the premium to insure an n-year-old increases by
5% every year due to inflation.

The effective rate of interest is i = 4%.
Out of Lso = 100 fifty-year-olds, we expect r&F** = 30 retirements at age 60 and

rEFact = 45 retirements at age 65. No other retirements are expected.
a. Write a “term-by-term™ expression for the actuarial value of total health benefits

for a single 50-vear-old emplovee.

b. Identify coefficients and a decimal number j for which the expression in (a) can
be written in the form MR R gusn —
330l ) $335.25

(coefficient) (Geomj) + __(coefficient) (dgsamj)

You should accomplish this by rewriting (a) in terms of life annuities with level
annual payment amounts, discounted at a different rate j. Identify the coefficients

— e A,
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Consider a fully discrete 5-year term life insurance policy on (60).

Project the profit Prs emerging at time 4 for a policy that is in-force at time 3. under the
following assumptions:

e LV =1500

e« 1=3000

# The insurer experiences expenses at time 3 of 5% of the premium.,

e The death benefit is 300,000,

™ sz = 002 P 5

o LV =1500 Y

= _ 0% \ 045 — ,00% x5evsuo
]I:jr"#r ( 3 v + :E OS> | ,
— b ! . w
J.TS-:.L. Joe Sl 3oca 93 L

. -jl-; 1S

A four-year term insurance policy on (60) has profit vector | .
\ = 204%,775
(Pro , 100, 200, 300, 400). -
Assume the survival model "pgfﬁz?= 1-.001tfore=0,1,2, 3, 4.
The acquisition cost per policy is $1000,

Find the profit signature and compute the NPV at hurdle rate 10%.
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6. Consider a fully discrete 10-year equity-linked contract issued to (40).

a.  Determine the time-5 management charge and the fund balance after the management
charge is deducted for a contract that remains in-force at time 5. Assume the following:

/ ' * The insured party’s investment fund balance at time 4, immediately before premium

/ payment, is $24,100, > ICA (ST Q50 A P
{ * At time 4, the insured party pays a premium of $5000. 95% of the premium is allccaled
i to the policyholder’s investment fund, and the unallocated portion of the premium is

transferred to the insurer, L{)’{JS o
N * The fund earns 12% interest per vear.
At the end of each year, a management charge equal to .1% of the fund value is
transferred to the insurer. 32.73) — Fs B
|-_'_5 :(ﬂ_ﬁf?'aﬂ o 43 SG\"(’“’E’,) —_— P'V]C = _ﬂl_l?c“?.{aq
\_"L'_\-\.J
G + M C =001 (e +arsarcr i)
b.  Project the profit Prs emerging for the insurer for a contract that is assumed to be in-force
attime 4. Assume:
. The insurer has expenses of $10 due at the time the premium is paid.
The insurer’s funds earn 6% per year.
The death benefit for each year is equal to 125% of the fund balanpe after the
management fee has been deducted. L_) port ¢ ¢ ek i3 e oo
gae = 0005, isel £,
The cash wvalue (for surrendered policies) is equal to the vear-end account value
immediately after the management charge has deducted.
» Reserves are (.
¢ Compute the element 75 of the profit signature under the following additional
u assumptions:
» The mortality decrement is modeled by gap+ = 0005 for¢=10, 1, 2, 3, 4, 5.
* During the first year, 10% of those who survive to the year’s end will choose to
surrender their policies. No other surrenders oceur.
— (Do not compute the entire profit signature.) |‘—,_J_
<E’) (O + 25 - “’3’)(! al) — %L,“.’&‘E (R2 2 32.69) [ .
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7. Consider a continuous multistate model with the following states:

0 — healthy

1 — permanently disabled 2 —dead

Suppose that p"', p, and u'* are constant forces of transition, and that these are the only
transitions possible.

(/5] [a. Find the probability that a healthy person dies within 5 years. (Just set up the
& el ] integral(s)—you do not need tosimplify atall)s S-« o oy, _re
T (A IRZ Y R O P} e e R ol
! 3 e ONE 4D & » M
= / ey M L £=a
or '; b. Find the expected present value of a 5-year term insurance of 100 issued to a
~ healthy life. Assume that the force of interest 1sacnnstant6 Agam, do not , N
oo srmpllfythclntcgral(s} U6 Wik LN S (1
£ ~Ji o ) L
l{‘—s"”_ 10 it PR S _Ljsde E e ot
c Find an axpressmn fur the prubnblllty that a person who is healthy at t|rne: 0isin
l gy perso e :f
r the disabled state at time 5. e A5 1 i '/u‘w - At ) Ny
L0 /
. . Fﬁ
d. Find an expression fo&px S anld e Yﬁﬁ 1.‘5|
~(p PS5 ° ts
. e
I.“'Hoylfu \ . _ 7 || P bvthei 7 f =3 ) .2) 3
Ton row 8. ork=0,1,2 p., . is given by the i, jentry o e A G )
|
K9 8—.05k .1 .1+.05k Enve | T ORIV
_Pot.. § 1. .2 .6 .2 B [ e DGO + (N6 2
> 8.0 o © 1 |y Cntar Y
K=l _ Find EPV of death benefit of B for a 3- term insurance policy on (x), assuming a start
\P%: A5 115 in State 0. (Make a tree!)
Ef—[ — —_— ]I_ = | T [ 3
K=t - Y 75 =~ -1 o
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Consider a temporary disability model with states
0 = healthy, 1 = temporary disability, 2 = dead.

Assume constant forces of transition between integer ages, and consider the following
individuals:

s A disabled 40-year-old who becalme healthy at age 40.5 but then died at age 40.6.
A ur

Loge
0 52—(g) =2
Hor L];] Ha 5 @ Yo, {’
* A healthy 40-year-old who remained healthy the whole year.

* A healthy 40.8-year-old who remained healthy for the rest of the year. This
person was not under observation prior to age 40.8.

S L
[ .
< ' J8) g1
* A healthy 40-year-old who became disabled at age 40.1 and then died at age 40.5.

Y Moy
) aBo Ty il 55
Ye e, | e, 'S
Estimate the transition probabilities uJs and p}Z. (The MLE estimate for u'), i /. is
et i _ # transitions i—j
given by Ay, _Tcul:ah:rfalltlmes;:mznth-u(:‘]l':|I T :M{' R fa) R 4 +. 2 +,
(lf_c- el variemaw o = /.5
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